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Preface(First edition) 


The International Mathematical Olympiad(IMO), which started as a simple 
contest among seven communist block countries in Europe in 1959, has now 
encompassed the whole world. With nearly 100 countries participating in this 
mega event, this has acquired a true international character. Mathematical 
olympiad has effused new enthusiasm in the last few generations of young stu- 
dents and really talented young minds have started getting attracted to the rare 
beauty of mathematics. Along with it, new ideas have emerged and many intri- 
cate problems woven around these ideas have naturally been discovered. This 
has enriched basic mathematics, strengthened the foundations of elementary 
mathematics and has posed challenging problems to the younger generation. 
In turn, high school mathematics has undergone a profound change. 


Even though the concept of inequalities is old, the mathematical olympiad 
movement has generated new problems based on these inequalities and newer 
applications of these old inequalities. There are classical inequalities like the 
Arithmetic mean-Geometric mean inequality and the Cauchy-Schwarz inequal- 
ity which are very old and which have innumerable applications. The main 
purpose of this book is to give a comprehensive presentation of inequalities 
and their use in mathematical olympiad problems. This book is also intended 
for those students who would like to participate in mathematical olympiad. 
Hopefully, this will fill a little vacuum that exists in the world of books. I 
have not touched on integral inequalities; they are not a part of olympiad 
mathematics. 


The book is divided into six chapters. The first chapter describes all the 
classical inequalities which are useful for students who are interested in mathe- 
matical olympiad and similar contests. I have tried to avoid too much of theory; 
many results are taken for granted whenever a need for some advanced math- 
ematics is required(especially results from calculus). Rather, I have put more 
emphasis on problems. The second chapter gives many useful techniques for 
deriving more inequalities. Here again the stress is on the application of differ- 
ent methods to problems. An important class of inequalities, called geometric 
inequalities, is based on geometric structures, like, triangles and quadrilaterals. 
Some important geometric inequalities are derived in the third chapter. In 
the fourth chapter, the problems(mainly taken from olympiad contests) whose 
solution(s) involve application of inequalities are discussed. The fifth chapter 
is simply a large collection of problems from various contests around the world 
and some problems are also taken from several problem journals. The reader 
is advised to try these problems on his own before looking into their possible 
solutions, which are discussed in the sixth chapter. 


As I said earlier, the problems have been taken from various sources. I have 


tried to give reference to them where ever possible and whenever I had one. 
I deeply regret and apologise for any inadvertent omission in mentioning the 
source. 

This whole exercise of writing a book on inequalities is the outcome of my 
discussion with the bright students who have attended training camps and 
with my colleagues from the training camp. I am really grateful to all of 
them. Special thanks go to my colleagues, Prof. C.R.Pranesachar, from the 
Mathematical Olympiad cell and Prof. R.B.Bapat from the Indian Statistical 
Institute, New Delhi, for their encouragement. I also wish to acknowledge the 
support given by Prof. Arvindkumar, Director of the Homi Bhabha Centre 
for Science Education(TIFR), Mumbai. I would like to thank the referees for 
giving their valuable comments and invaluable tips to improve the quality of 
the material in this book. 

Finally, the moral support I got from my family throughout this work is 
something I never forget. 

My thanks are also due to the Homi Bhabha Centre for Science Educa- 
tion(TIFR), Mumbai/the Tata Institute of Fundamental Research, Mumbai, 
my parent institutions. 

I also acknowledge the support of: the National Board for Higher Math- 
ematics, Department of Atomic Energy; Department of Mathematics, Indian 
Institute of Science, Bangalore. 


B J Venkatachala, 

MO Cell, HBCSE(TIFR), 
Department of Mathematics, 
Indian Institute of Science, 
Bangalore-560012, INDIA. 


Preface(Second edition) 


Eight years have elapsed after the first edition of this book has come out. 
More inequalities have been generated as a need for various national math- 
ematical olympiads and International Mathematical Olympiads. New books 
have emerged and newer results have been added during these years. This has 
prompted me to revise the book adding more material to the existing one. New 
problems based on the old methods, new solutions to the old problems and new 
methods have been added to the book to make it richer. 

A section on proving symmetric inequalities has been added to chapter 
2. More problems have been solved based on these methods. More than 70 
problems have been added to chapter 5 and their solutions have been given 
in chapter 6. It is my sincere wish that the new edition will help all those 
who aspire to study inequalities for mathematics competitions and for general 
interest. 

I thank all my colleagues and students who have enriched me with their 
lively conversations and made this revision possible. 


B J Venkatachala, 
Professor (Retired), 
HBCSE, TIFR, 
MUMBALI-400088, INDIA. 
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Chapter 1 


Some basic inequalities 


1.1. Introduction 


As we all know, one of the important properties of real numbers is comparability. 
We can compare two distinct real numbers and say that one is smaller or larger 
than the other. There is an inherent ordering < on the real number system 
R which helps us to compare two real numbers. The basic properties of this 
ordering on R are: 


(i) Given any two real numbers a and b, one and only one of the following 
three relations is true: 


a<b or a=b or a>bJ; 
(law of trichotomy.) 
(ii) a>0 and b> 0 imply a+b> 0; 
(iii) a > 0 and b> 0 imply ab > 0. 


Any new inequality we derive is totally dependent on these basic properties. 
These properties are used to derive the arithmetic mean-geometric inequality, 
the Cauchy-Schwarz inequality, Chebyshev’s inequality, the rearrangement in- 
equality, Holder’s and Minkowski’s inequalities, and are also used in the study 
of convex and concave functions. Here are some easy consequences of these 
fundamental properties of ordering on R: 

(1) a<b, thena+c<b+ce, for any real c; 
2) a<bandc> 0 give ac < bc; if c < 0, we have ac > bc; 
3) 0<a<b implies 0 < 1/b < 1/a; 
4) a<Oand 6 <0, then ab > 0; a < 0 and b > 0 imply ab < 0; 
5) a< band b <c together imply a < c (transitivity); 
6) if ac < be and c > 0, we have a < b; 
7) 0<a<1 implies a? < a; if a > 1, we have a? > a; 


8) for any real a, a? > 0; 


(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 


9) if a and b are positive and a? < b?, we have a < b. 


We emphasise here that the subtraction of inequalities is generally not al- 
lowed. If a > b and c > d, we cannot guarantee either a—c > b—d or 
c—a > d-—b. The reason is obvious: x > y implies —x < —y. Similarly, 
we cannot divide an inequality by another one. If a > b and c > d, none of 


; a 2 6. d 
a,b,c,d equal 0, neither — > q is true nor is — > rs Again the reason is 
a 


simple: « > y gives — < — (2,y not equal to 0). On the other hand, we may 
xv 


add any two inequalities. If all the terms in two inequalities are positive, we 
may also multiply them : if a,b,c,d are positive and a > b, c > d holds, the 
inequality ac > bd also holds. 

For any real number «, we define its absolute value by 


x ifx>0 
|z| = 
—x ifx<0. 


Note that |x| > 0 and |a| = 0 if and only if x = 0. The absolute value function 
x —> |x| has some nice properties: 


(1) |-2|= a); |el?=27; |ey| =|al|yls |e/yl = |2l/lyl for y 4 0. 


(2) |a+y| < |x|+|y| and equality holds if and only if x and y have the same 
sign. This is known as the triangle inequality. 


(3) |le| — Il] < le - yl. 


On the other hand, there is no useful ordering on the complex number 
system C; there is no natural ordering on C as enjoyed by R. (This is the 
inherent universal principle that you have to pay some thing if you want to 
get some thing.) However, we can come down to the real number system using 
the absolute value of a complex number. For any complex number z = a + ib, 
we associate its complex conjugate by Z = a — ib and absolute value by |z| = 
Va? + b?. Note that |z|? = z-Z. It is easy to check the following properties of 
|z|: 


(1) |z| > 0; and |z| = 0 if and only if z = 0; 

(2) [2122] = lz] |2l; 

(3) |z1 + z2| < |z1| + |z2| and equality holds if and only if z; = Azz for some 
positive real number \, or one of 21, Z2 is zero. 


1.2 Arithmetic mean-Geometric mean inequality 


The basic inequality in the real number system is x? > 0 for any real number 
xz. This is so fundamental that any other inequality for real numbers is a 
consequence of this. Consider any two non-negative real numbers a and 0. 


Then we know that \/a and Vb are meaningful as real numbers. Since the 


square of a real number is always non-negative, (Ja = vb)’ > 0. This may be 
rewritten in the form 


at > Vab. (1.1) 


b 
The real number aia 


is called the arithmetic mean of a and b; similarly Vab 


is known as the geometric mean of a and b. Thus the property that x? > 0 
for a real number x implies that the arithmetic mean of two non-negative 
real numbers cannot be smaller than their geometric mean. Moreover, the 
derivation also shows that equality in (1.1) holds if and only if a = b. 

This may be considered in a general setting. Starting with n non-negative 
real numbers a1, d2,... ,@n, we define their arithmetic mean A(a1,a2,... ,@n) 
and geometric mean G(a1,a2,... ,@n) by 


A(a1,42,-.-,4n) = vee aranl5 


G(ay,a2,... ales) = (aya2 +++ Gn) 


1/n 


As in the case of two numbers, a comparison between these two means leads 
to the AM-GM inequality. 


Theorem 1. Given any n non-negative real numbers a1, a9,... ,@n, they satisfy 
the inequality 


ay +ag+-+-++4n 1/n 
> “An . 1.2 
. = (aa2 a ) (1.2) 
Equality holds in the inequality if and only if ay = ag =--- = Gy. 


Proof: There are several proofs of this classical theorem. We give here a clever 
induction proof which was originated by Cauchy. It also illustrates how one 
can go ahead in an induction proof leaving out the validity of induction for 
some numbers and subsequently prove the validity for missing numbers using 
an interpolation argument. 

We have already obtained the result for n = 2; 


ay + ag 


p> (arta). (1.3) 


Here equality holds if and only if a1 = ag. Consider 4 non-negative real numbers 
@1,02,@3,a4. Divide them in to two groups; {a1,a2} and {a3,a4}. Applying 
the known inequality for each group, we obtain 


ay + a2 


\? a3+ a4 
2 


1/2 
; ‘eat 


> (ara2 > (asa4 


This leads to 


a + ag a3 + @4 
ni 
a, + a2+a3 +44 _ 2 2 

4 2 


(ayaz)/” 4 + 
2 


fem)" 


= (a, 424304) Me) 


saa) 


IV 


Thus the inequality (1.2) is obtained for n = 4. It may again be observed that 
equality holds here if and only if a; = ag, a3 = a4 and a,a2q = agay. Since all 
numbers are non-negative, it follows that a, = az = a3 = a4. Now this can be 
used to prove (1.2) for n = 8. Now induction shows that (1.2) holds for n = 2* 
for all k € N. Here again the condition for equality is that all the 2* numbers 
be equal. 

Now consider any n non-negative real numbers aj, d2,... ,@,. We choose a 
natural number & such that 2*-! < n < 2*. Put 


a, + a2 +++ + Gn 


9 


A= 


n 


and consider the set {a1,@2,... ,@n,A,A,...A} of 2* numbers; here A appears 
2* —n times. We apply the AM-GM inequality for these 2° numbers; its validity 
has already been ascertained for such a collection. We thus obtain 


1/2* 
a, + ag+-+:+a,+A4 At +A>2(araq:0, A.A ) : 


XX ——— yy 
2k—n 2k—n 


This reduces to 
r 1/2* 
A> (eras 11+ Gn A? +) : 


A simple manipulation now yields A” > a,a2---a@, which is equivalent to the 
inequality (1.2). 

We also observe that equality holds if and only if all the numbers are equal. 

=) 


Example 1.1. Let a),a2,... ,a@, be n positive real numbers whose product is 1. 
Prove that 


(1+ a,)(1+a9)---(1+a,) > 2”. 


Solution: Using the inequality (1 + aj) > 2,/a; for 1 < j <n, we obtain 
(Ga) (Lag) (1 ia) 2 (aie a) = 
Example 1.2. Show that for any natural number n > 1, the inequality 
(2n)! < {n(n + 1)}", 
holds good. 


Solution: We split (2n)! as two products: 
(2n)! = (1-3-5---(2n—1))(2-4-6---(2n)). 
Using the AM-GM inequality, we get 
2-4-6---(2n) = 2"(1-2-3---n) 
p(Heleete 


n 


} =G+n 
and 


(B.hena =a) 


ome erat 
=n 
Combining these two inequalities, one can obtain 
(Qn)! << (n+1)"n” = {n(n+ ts 
as desired. | 


Example 1.3. If a,b,c are the sides of a triangle, prove that 


3 a b Cc 
2. 1.4 
5 hse ea ae (1.4) 


Solution: The first part of the above inequality is equivalent to 
9 a b Cc 
< 


14 +14 1 
2 be” cta rae es 


1 1 1 
at+b+e + + ‘ 
b+e cta atb 


If we introducea+b=2,b+c=y andc+a=z, this reduces to 


is dhl 
9<[e+yt+z)(-+-4+-], 
x z z 


I 


which is a consequence of the AM-GM inequality. (We observe that, all we 
need here is the positivity of a,b,c; full force of the hypothesis that a,b,c are 
the sides of a triangle is not needed in this part.) 

Suppose c is the largest among a,b,c. By the symmetry, we may assume 
a<b<ce. In this case 


a b Cc a Cc c 
+ 
b+e ct+ta a+b ~ ate cta a+tb 
c 
a+b 
< 2, 
since c < a+b by the triangle inequality. | 
If a1, d2,... ,@p are n positive real numbers, we define their harmonic mean 
by 
n 
FH (@1,.085:5%5An) = T T T 
ay ag An 


Thus the harmonic mean of n positive real numbers is equal to the reciprocal 
of the arithmetic mean of the reciprocals of the given numbers. Since 


i. ft 1 1 ue 
p—++-+—>n 
a, ag Qn ~~ \G1a2++* An 
it follows that 
G(a1,a@2,... at) > H (a1, 4,... man) 
Thus we have for n positive real numbers aj, d2,... ,@n, the inequality 
A(ay,a2,... ce 2 G(a1,a2,... ax) 2 H (a1, 42,... gaa 


or briefly AM > GM >HM. This is often referred to as the AM-GM-HM in- 
equality. Here again equality holds if and only if all the numbers are equal. 


Example 1.4. For any four positive real numbers a 1, a2, 43, a4, prove the inequal- 
ity 
a1 a2 a3 aa 
+ 
a, + ag ag + a3 az + a4 a4 + ay 
ay a2 a3 a4 


| | 
T 


Ss t + . 
a2 + a3 a3+a4 a4 + ay a, + @2 


Solution: Adding 


a2 a3 a4 ay 


+ 
ay + ag a2 + a3 a3 + a4 a4g+ ay, 


to both sides, the inequality can be written in the following equivalent form: 


1 1 al 1 
ag + + a3 + 
az + a4 a, + a2 a4 + ay a2 + 43 


1 1 1 1 
+ a4 t + ay + > 4, 
a, + a2 a3 + @4 a4 + ay a2 + a3 


However, using the AM-HM inequality, we know that 
1 1 4 
2 , 
a3 7 a4 ay + a2 a, + A2 + a3 7 a4 
1 1 4 
= : 
a4 + ay ag + a3 Qa, + Q2 1 3 17 Ag 
Hence, the required inequality follows. | 


Example 1.5. Let a,b,c be the sides of a triangle such that 


be ca ab 
+ + = 
b+e cta a+b 


§, 


where s is the semi-perimeter of the triangle. Prove that the triangle is equilateral. 


Solution: Observe that 


a+b b+ec cta 

2 2 2 

2 2 2 
ict i 
a Ob b Ce c 6a 
2ab 2bc 2ca 

+ + 
a+b b+c cta 
= 28. 


2s = 


Here the AM-HM inequality has been used. Thus equality holds in the AM-HM 
inequality and hence a = b= c. | 


Example 1.6. Suppose a, b, c are positive real numbers. Prove the inequality 


AOEEAYE” 


Solution: Introduce new variables x, y, z by 


a b Cc 
SS ee = C=: 
atbt+e’ y atb+ec’ a+tbt+e’ 


so that «+ y+ z= 1. Now the inequality (1.5) is equivalent to 


Coes an 


This can be rewritten using x + y+ z= 1 in the following form: 


(1-2)(1-y)(1-2) = Save)”. (1.7) 


Expanding the left hand side and using once again x+y+z = 1, we may write 
(1.7) in the form 


1 1 1 8 
(2ye)"( bs 1) Bose (1.8) 
GY Zz 3 
Now the AM-HM inequality gives 
1/3 3 
@u2) 24 
zy 2 
so that ae 
cos) (Sa yt 2) 9 Ce 
Yy 
Hence it is sufficient to prove that 
1/3 ~ 1 
<u. 
(oye) <3 
Since r+ y+z=1, this follows from the AM-GM inequality. | 
Now let us see how one may proceed to generalise the AM-GM inequality. 
Consider n non-negative real numbers aj, a2, 43,... ,@n, and n positive integers 
ky, ko, k3,... kn. Form a set in which each a; appears exactly k; times, 1 < 


j <n. This set contains ky + ko + k3 +---+k, non-negative real numbers. 
The arithmetic mean and the geometric mean of these numbers are 


a eee 
kya, + kya2 feee kn Qn ie : ky tko+ +kn 
3 Q,' G5" +++ a,” 

ky tho +--+ +kn 


respectively. Now the AM-GM inequality gives 


1 
kya, + kgag + +--+ knan S ( ki ke = by Fko++hn 


a a eee a 
ky tkot-:-+tkn 1 2 n 
Suppose we have positive rational numbers r1,7r2,...,7%. Then we can 
reduce all of them to a common denominator: 
ne 
rj = —, 1 < 3 < nN, 


where m and kj, 1 < j <n are natural numbers. It is not hard to see that 


TQ, +7202 +++++7ndn — kai +keag+-+++knan 


mitted tt kp tha te thy 


Moreover, we have 


1 1 
te PS rytrat:-+rn k k k ky tkot-:-+kn 
1 Besos i — 1 2 se Th 
a, ao an = | a, a9 an F 


It follows that 


1 
T1Q1 + T2092 + wlan a — TnQn Hiesey ‘ rytreat:-+rn 
= | Gyan" +--+ a,” : 

Tr rT2 Fe + Th 


It is possible to further extend this inequality using a continuity argument. If 


Ai, A2,--.,An are positive reals and a1, a2,... ,@, are non-negative reals, then 
HE 
A1a1 + Agag +--+ + Ana XyPAgt Fan 
= i — > Gap? ae ; (1.9) 
M+ Ag +++ + An 


This is known as the generalised or the weighted arithmetic mean- geometric 
mean inequality. With obvious modifications, this can be further carried to 
the weighted arithmetic mean- geometric mean-harmonic mean inequality. 


Example 1.7. Let a,b,c be positive real numbers. Prove that 


ath’ ce = (abc) (2+0+9)/3 | 


Solution: Assigning the weights a,b,c to the numbers a, b, c respectively, the 
weighted GM-HM inequality may be invoked. This leads to 


Bitte) apiee = a+b+e Gs OT he 


a b Cc 
este ae 3 


which gives the required inequality. | 


Example 1.8. Let a; > ag > --- > dy and b1,b2,... ,bn be two sequences 
of non-negative real numbers such that for each k, 1 < k < n, the inequality 
by bg +--+ by > aya2g---axz holds. Prove that 


by + bp + +++ + dn > ay +42 4+++ + an. (1.10) 


Solution: We may assume that a; > 0 for all 7; otherwise delete those par- 
ticular a;’s which are equal to 0. This does not affect the inequality. Consider 
the set 


where each b;/a; is attached with the weight a;. The weighted arithmetic 


mean is 
b b. bn 
a(#2) +a(2) +--+ 0n( 2) by + bg +--- +b, 


a1 + a2 +++ + An a, + a2 +++* + Gn 
and the weighted geometric mean is 


by a1 bs a2 b Qn ae 
a eee) : 


Since a; > a;41 and bjbg--+b; > ayag---a; for 1 < 7 <n, we have 


(ees a <: 


a,aQ°: mez 


for 1 <j <n. Since 
by a1 by a2 Dn an 
a1 a2 Qn 
Se bi be a # bn on bi be i ok Dn—1 Gn Grd by a2—a1 
* a1a2°*:An a,a2°°*An—4 ay ’ 
we conclude that i ; 
aye Gy» 
ay a2 An 


It follows from the weighted AM-GM inequality that 


by + bg + +++ + bp & ay + 2 + +++ 4+ Gn. 


Alternate Solution: 
Put A; = b;/a;, 1 <j <n. We have to show that 


art Aj —1) > 0. 
j=l 


If Ly = S7i_, (Aj — 1) then 


b b 
SS FP ad Ol 
ay, ag ak 


sce NU 
> a(22 ~ | k > 0, 


a,a2°::Qk 


for all &. On the other hand, we observe that 


n n k 
So Le (ax — a1) = S>( Qk — Ak+1 pa (Aj —1) . 
k=1 k=1 j=l 


= (Ar — Lai + (Az — 1)ae + + (An — 1)an. 


(Here we have set an41 = 0.) Since Ly > 0 and ax > ag41 for all k, it follows 
that 
(At = 1)ay afr (A2 _ 1)az aera se (Ag _ Lan = 0, 


which is to be proved. a 


1.3. Cauchy-Schwarz inequality 


Consider the real numbers a, b, c,d. We have 
(ac + bd)? = a?c? + 2acbd+ bd? < a®c? +a7d? +b?c? +b? a? 
(a? + b?) (ce + ae); 
where we have used 2abed < a*d?+b?c?. This is a consequence of the inequality 
(ad — bc)? > 0. Thus we obtain 


Jac + bd] < Va +B Vc? + a2. 


This is the simplest form of the Cauchy-Schwarz inequality. Geometrically, if 
we consider two vectors (a,b) and (c,d) in the plane (here we represent vectors 
by coordinates), then ac + bd gives the scalar product (or the dot product) of 


I 


two vectors. If we represent (a,b) by v; and (c,d) by v3, then 


ac + bd =v, + va= | V1 | | v2 | cos 0, 
where @ is the angle between v1 and Uo. This shows that 
jac + bd] <| vi | me |=Ve+P V+ a. 


Thus the Cauchy-Schwarz inequality here represents the fact that the absolute 
value of the dot product of two vectors does not exceed the product of their 
lengths. This property extends to higher dimensions giving us the general form 
of the Cauchy-Schwarz inequality. 


Theorem 2. Let {a1,42,43,... +n } and {b1, ba, bs, --. sbn} be any two sets 
of real numbers. Then 


bj] < (os (=) (1.11) 


j=1 


Equality holds if and only if there exists a constant such that a; = Abj, for 
l<j<n. 


Proof: Let us write 


The inequality to be proved is C? < AB. If B =0, then b; = 0 for all j so that 
C' = 0. Hence the inequality trivially holds. We may therefore assume that 
B#0. Since B is the sum of squares of real numbers, B must be positive. 
Using the fact that the square of a real number is non-negative, we have 


0< > °(Ba;—Cbj) = B?>~a?+C7> 0? -2BC>- a,b; 
j=l j=l j=l j=l 
= B’A+ BC? —2BC? 
B(BA-C’). 


Since B > 0, it follows that C? < AB. We also infer that equality holds if and 
only if Ba; — Cb; =0 for all j, 1 <j <n. Taking \ = C/B, the condition for 


equality that a; = Ab; for 1 < 7 < n is obtained. | 
Remark 2.1: The Cauchy-Schwarz inequality extends to complex numbers as 
well with obvious modifications. Let us consider two sets far, Q2,43,..- an 
and {bi, bg, b3,... iDin.} of complex numbers. Then the inequality 


1/2 


n _ n 1/2 n 
Yat] <(Liol) (Ler) 
j=l j=l j=l 


holds good. Moreover equality holds here if and only if a; = dj, 1l<j<n, 
for some constant A. The proof is similar to the one given above. 


If we take n real numbers aj, a@2,... ,@n, then the Cauchy-Schwarz inequal- 
ity gives 


ay tag t+ tay < Vanya? tai t-- +a2. 


This may be written in the form 


ay + dg + +++ + Gy, pg) eae meee 


n n 
Here the left hand side is the arithmetic mean of a),a2,...,@, and the right 
side is the square root of the arithmetic mean of a?,a3,... ,a2. This is often 


referred as the Root-Mean-Square inequality or some times called as the RMS 
inequality for short. 


Example 1.9. Let a,b,c be positive real numbers. Prove that 


Solution: We write 
a ce c ca b a b be cea 
c bo a be caab 


Now applying the Cauchy-Schwarz inequality to the sets 


CY Ole ae Pore 
Meme n pagar etat 
b’c’a ca bf’ 


we get 
a cb az? 2 \ NF 2 g2\ 1? 
bale eee! OR 
tae 7 Ge =) (+S: =| 
2 qee pe 
Bes b= g2 2 
| 
Example 1.10. Let a1, a@2,...,@, and A be real numbers such that 
n 1 n 2 
2 
AAD ee < wail 2) 


Prove that A < 2aja,, for every pair { ai, dint lAm. 


Solution: We may take ! = 1 and m = 2; the proof for any other pair of 
indices is the same. Suppose A > 2a,a2. Then we see that 


n n 
A+) ai > 2aag+az+a3t+ > aR 
k=1 k=3 


k=3 
1 n 2 
wa(L«) 
k=1 
(Here we have applied the Cauchy-Schwarz inequality to the (n—1) tuples {a+ 
Q2,43,... lin} and {als Loaves A) But this contradicts the given condition. We 
conclude that A < 2a,az. | 


Example 1.11. (Short-List, IMO-1993) Let a,b,c,d be positive real numbers. 
Prove that 


a b i. Cc z d 5 2 
b+ 06430 ot 2d 30 deat ob a +264 36 3. 


Solution: We write 


7 va - 
y= sy (Vivre), 


cyclic cyclic 


where the sum is taken cyclically over a,b, c,d. Now we apply Cauchy-Schwarz 
inequality to the sets 


{ va vb ve vd } 
JVb+2c4+ 3d’ Ve+ 2d + 3a’ /d+ 2a+ 3b) Va + 26+ 3c 


and 


{vivo + 2c + 3d, Vbvc + 2d + 3a, /eVd + 2a + 3b, VdVa + 2b + 3c}. 


to get 


(> a) < (> sqaeru)| S- a(b+ 20+ 3d). 


cyclic cyclic 

However, we have 
S- a(b + 2c + 3d) = 4(ab + ac+ ad + be + bd + cd). 
cyclic 

Thus it follows that 


a a (a+b+c4+d)? 
b+2c+ 3d ~ 4(ab+ac + ad + be + bd + cd)’ 


cyclic 
On the other hand, 


3(a +b+c4d)? — 8(ab+ac+ad-+ be + bd + cd) 
= 3(a° +b? +c? +d?) — 2(ab+ac+ ad + be + bd + cd) 
(a — b)? + (a—c)? + (a — d)? + (b—c)? + (b— d)? + (ce — dd)” 
> 0. 


Combining these two, it follows that 


(a+b+c+d)? <2 
4(ab + ac+ ad + be+bd+ cd) ~ 3 


and hence 
a 2 
> tet 
b+2c+3d~ 3 


cyclic 


Example 1.12. Let a, > a2 >--- > ay > 0 and 01, be,... , by be two sequences 
of real numbers such that 


Solution: Take a,41 = 0. Since az — ax41 > 0 for 1 < k <n, we have 
k 
(a1 = ans) S- ay < (a: a axy1) » b;, 
j=l j=l 
for 1<k <n. Summing this over k, we obtain 
a? +az+---+a2 < ayby + agbg +--+ + anbn. 


Applying the Cauchy-Schwarz inequality to the right side, we get 


1/2 1/2 
ajtaz+---+a,< (af +a3+---+43) (07 +03 +++ +82) 


This simplifies to 


at tagt--+ +a; < bp +bg+--- +04. 


Example 1.13. If a,b,c are positive real numbers, prove that 


2 


a 3 
Sicea em 


where the summation is taken cyclically over a, b,c. 


Solution: We have 


2 2 


a = —— (a+ b)(a+c) 
pe xX (a+ b)(a+c) 


IA 


Ss; CERN CLE > (at bate) |, 


cyclic cyclic 


using the Cauchy-Schwarz inequality. Thus we obtain 


a? (a+b+c)? 
au (a+ b)(a+c) = 
We need to show that 

A(a+b+c)? > 3((a+ b)(atc) t+ (b+c\(b+a)+(c+a)(e+ b)). 


This simplifies to 


a? +b? +c > ab+be+ca, 


which again follows from the Cauchy-Schwarz inequality. 


(a+ b)(a+c)+(b+c)(b+a)+(e+a)(e+b) 


Example 1.14. (China, 1989) Let a1, a2,a3,... ,@, be n positive real numbers 


which add up to 1. Prove that 


Solution: We may write 


However, 


Thus we obtain, 


We thus get 


j=l j=l 
We also have 3 
n n 
dVG] <ndlazan 
g=l j=l 
Thus 
n 
vn > >0 Va 
j=l 
and hence 


1.4 Chebyshev’s inequality 


Let us consider the Cauchy-Schwarz inequality for two sets of real numbers 
{a1, a2, or (fe and {b1, bg,... sbn} : 


aby S (S43) 
1 j=l 


We may write this also in the form 


1 1 
nom) =< G8) G24) 
j=l j=l j=l 


1 


ut 2 


(Ee): 


j= 


This shows that the Cauchy-Schwarz inequality relates the arithmetic means of 


a?,az,... ,a2 and b7,b3,... ,b2 with that of the numbers a1), a2be,... , @ndn. 
How do we relate the arithmetic means of the numbers aj,d2,...,@, and 
by, bo,... , bn with that of a,b), agb2,... ,anbyn. Chebyshev’s inequality answers 


this question. 


Theorem 3. Let {a1,@2,... sleet and {b1, ba... sDiat be two sets of real num- 
bers. Suppose either 


a, Sag S++ Say and by bg <--- < by; 


or 
a, > a2 >°++ > ay and by > bg > +--+ > by; 


i.e., both the sequences (a;,) and (by) are non-decreasing or both non-increasing. 
Then the inequality 


(terete) a ec Gib + abo +++ + anbn 
nm nm 


n 


holds. The inequality is strict unless at least one of the sequences is a constant 
sequence. 


Proof: We have 


> Si — a; bi) = (najbj — a; : bx) 


j=l k=1 


Similarly, it is easy to obtain 


k=1 k=1 j= 
1 n n 
= Aa Y (jb) ~ ajbu + ants ~ ant} 
j=l k=1 
1 n n 
See 


Since (a; _ ax) (b; _ bi) > 0 whether both the sequences are non-decreasing or 
both non-increasing, we get 


n 


nde - (Soa) (25) >0 


k=1 


Here equality holds if and only if for each pair of indices j,k either a; = a, or 
b; = by. In particular taking 7 = 1, k = n we see that a, = ap or by = by. It 
follows that either (a;) is a constant sequence or (b;) is a constant sequence. 

| 


Remark 3.1: If the sequences (a;) and (b;) are oppositely ordered, i.e., either 
ay < a2 S++) < ay and by > by > ++ > by, or ay S ag > +++ & ay and 
by < bg <-++ <b, , then the inequality reverses; 


(Steir) a Gabi + dab +--+ + anbn 


nm nm nm 


The proof is similar to the one given above, but with the crucial observation 
that (a; —ax) (b; —dx) < 0 holds in this case for any pairs {aj, ar } and {b,, by}. 


Remark 3.2: Chebyshev’s inequality can be generalised to three or more sets 
of real numbers. Suppose (a1,;), (@2,;), (3,7) «++, (@r,j), 1 <j <n be r sets 
of real numbers such that 


O< agi < Gpg S++ Sak, 


for 1<k<vr. Then the following inequality holds: 


(EIEN) CEs 


j=l 
1 n 

=a D7 41,502,503,5 ° Org. 
j=l 


For r > 3, it is essential to consider only non-negative sequences. 


Remark 3.3: Suppose a1, d@2,... ,@, and bj, b2,... , bn are two real sequences 
such that either both are non-decreasing or both are non-increasing, and let 
P1;P2,--+ Pn be a sequence of non-negative real numbers such that ey pj; is 
positive. Then the following inequality holds: 


jar Diaby : ja BIA \ f jaa Dabs 
ae Dj 7 bee Dj ea Dj 


The proof runs on similar lines. This gives Chebyshev’s inequality with weights. 


Example 1.15. Let a,b,c be positive real numbers and nm a natural number. 
Prove that 
q” pb” ct q™—1 +pr-1 a crt 
+ + 
b+e cta a+b 2 


Solution: Since the expression is symmetric in a,b,c, we may assume that 
a>b>c. Then we have 


a b c 
= > . 
b+e7 cta~ a+b 


In fact 


= > i = acta’>be+b? 
b+c ct+a 
— (a-b)(c+a+b)>0 
= a>b. 


Thus we have 
a b Cc 
> 


a®™1 > op"! > ec! and > > : 
b+ce 7 cta a+b 


Using Chebyshev’s inequality for these numbers, we get 


b Cc a” b” rou 
n-1 pr-t - a <3 | . 
(a a ae b+ce ceta at+b/— b+e cta atb 


However, we have 


a b vt Ce os 3 
b+e cta atb™~ 2’ 
using the left part of the inequality (1.4). Hence 


-1 -1 -1 
a” | b” | CG S a”~* +b" * +c” 
b+e c+ta atb— 2 
| 
Example 1.16. Let a1, a@2,...,@, be m real numbers in the interval [0,1] such 


that aj +a9+---+a, = 1. Prove that 


Solution: First we arrange a,;’s such that a; < ag <--- < ay. Then we have 
N- a 2>N-— AQ 2°: >n—-An. 
The arrangement of a,;’s shows that, 1+ na, <1+nag <---<1+nap, and 


hence 
1 1 1 


> Sith is Se, 
l+na,7~ 1+na. — ~ 1+7ay 
Using Chebyshev’s inequality, we obtain 


eee (se ore 


Using the AM-HM inequality, we also get 


1.5 Rearrangement inequality 


Consider two sets of real numbers: {a1, a2, Gi se and {b1, be, are Day We 
pose the following question: among all permutations (aj) of (aj) and (bj) of 
(b;), which permutation maximises the product Se ab, and which minimizes 
it? The rearrangement inequality answers this question. 


Theorem 4. Let aj < ag < --- < Gp and by < bg < --- < by (or ay > 
az > +++ > Gy and b; > bo > --- > by) be two sequences of real numbers. If 
a}, @,--. ,@), is any permutation of a1, a2,... ,@n, the inequality 


n n n 

/ 
y  ajbngs—j S D> aby < S5 ajby, 
j=1 j=1 j=l 


n 
holds. Thus the sum S > a;b; is maximum when the two sequences (a;) and (b;) 
j=l 
are ordered similarly (i.e., either both non-decreasing or both non-increasing). And 
the sum is minimum when (a;) and (b;) are ordered in opposite manner (i.e., one 
of them is increasing and the other decreasing). 


Proof: We may assume that both a;’s and b;’s are non-decreasing; the proof 
is similar in the other case. Suppose (aj) # (aj). Let r be the largest index 
such that a, 4 ar; i.e., a, A ay and ai; = aj for r < j <n. This implies that 
a’. is from the set {a1, Q,... oear} and a. < a,. Further this also shows that 
a,,ay... , a). is a permutation of a),d2,... ,a,. Thus we can find indices k < r 
and ! <r such that aj, = a, and a. = q;. It follows that 


a, — a. =A, —a, > 0, d, — by > O. 


We oN interchange a’. and aj, to get a permutation a/, ag,..., a} of a}, a, 


.., a; thus 
We. gh: * G 
a; = 45, ifjAr,k 
iW f- 
a, = ay = ar, 
ay, = a). = a, 


Let us consider the sums 


/ 


SY” = aby +agbo +--+ abn, SS! =ab) +abbe +--+ + albn. 


Consider the difference $”” — S’: 


ss = (a! 


1 
Vi 


a.) (bp — by. 


Since aj, — al. > 0 and 6b, — by > 0, we conclude that S$” > S’. Observe 


j= 
(aq — : 

(a). — aj.) be + (aj, — a.) by 
(a), — 


that the permutation a, aj,... 7 ay of a},ab,...,a), has the property that 
aj = ai, =a; forr <j <n and a, =a), =a,. Henge the permutation (a’/) in 


place of (aj) may be considered and the procedure can be continued as above. 


After at most n—1 such steps, we arrive at the original permutation (a;) from 
(a). At each step the corresponding sum is non-decreasing. Hence it follows 


that 
aby + agbg +--+ +a) bn < aby + agbe ++++ + anbn. (1.12) 


To get the other inequality, let us put 
C= ae oe d, = —bn4i—j- 


Then cj, C2,... ,Cn is a permutation of a,,a@2,...,@n and dy <dg <---< dy. 
Using the inequality (1.12) for the sequences (c;) and (d;), we get 
cid, + codg +--+ + endyn < aydy + dodg+-++++ andy. 


Substituting back c; and d;, we get 


nm n 
/ 
a y Qn41—7 Onti-j S — y ajbn41—j- 
j=l j=l 


This reduces to 
aby + Ande free Hf ai.bn > aby, + a2bdn—1 foes f Anbj, (1.13) 


which gives the other part. 


It is not difficult to find the condition under which equality holds in the 
inequality. If for each pair k,l with 1<k <1 <n, either aj, = aj or aj, > aj 
and b; = 6;, then equality holds in (1.12). A similar condition is true for 
equality in (1.13): for each k,l with 1<k <I<n, either aj, ,_ mice OF 
Qni1—k > O41, and basi—k = bnyi-t. | 


p= a 


Many of the inequalities we have studied so far can be derived using the 
rearrangement inequality. 


Corollary 4.1: Let aj, a2,... ,@, be n given real numbers and (), 8,... , Bn 
be a permutation of a1, Q2,... ,@,. Then 
n n 
> 048i < Do 
j=l j=l 


with equality if and only if (a;) = ({;). 


Proof: Let a},a4,...,a), be a permutation of a1, Q2,...,Qn, such that aj < 
ah <-++<al,. Then we can find a bijection o of {1, 7 ae ,n} onto itself such 
that aj; = ag(j), 1 <j <n; ie., o is a permutation on the set 412.3; hes in}. 
Let 8} = Boj). Then 61, 63,.-. , 8), is a permutation of a4,a,...,a@,. Ap- 
plying the rearrangement inequality to a},a4,...,a/, and 6}, 84,... , 8", we 
get 


n n n 
lal r\2 2 
248; < Yo (a5) = Daj. 

j=l j=l j=l 


On the other hand, we observe that 
D048) = Deo Bots) = Lass 


since o is a bijection on {1, Dy dsees Mf It follows that 


n 


S/ a8; < s a? 
j=t 


Suppose equality holds in the inequality and (a;) 4 (8;). Then (a) 4 (G4). 
Let k be the largest index such that a, 4 §); ie., a4, A BF, and aj = 8% for 
k <j <n. Let m be the least integer such that a, = 6),. If m > k, then 
Bim = Gm and hence aj, = a. This implies that a, = aj4,,, = ++: = a, and 
hence §;,,, =--: = },- But now we have a block of m+ 1—k equal elements 
among a’’s and m—k elements among (’’s. It follows that there is an m, > m 
such that a, = 67,,. Using mj, as pivotal, we obtain a, = aj44 
Am = =A, and 64, = = Bn =o m,: Lhis process cannot be 
continued indefinitely. We conclude that aj, = 6; for some | < k, thus forcing 


m<k. 


Obviously 3/,, 4 8}, by our choice of k. We know that equality holds if and 
only if for any two indices r ¥ s, either a’. = a’, or 6) = 84. Since GI, A Gi, 
we must have a), = a,. But then we have a/,, = aj,4, = ++: = a. Using the 
minimality of m, we see that k —m-+1 equal elements a/,,,@,,,1,°** , @j, must 
be among 6), 8y,41,°:: , 8}, and since §;, is different from a/,, we must have 
a, = 8; for some | > k. But then using 6; = aj we get 


/ / / / 
Om Am +1 eee ay eee Q). 


Thus the number of equal elements gets enlarged to/—m+1 > k—m-+1. Since 
this process cannot be continued indefinitely, we conclude that (a‘;) = (G4). It 


now follows that (a;) = (8;). | 
Corollary 4.2: Let a,,a2,... ,@n be positive real numbers; let 31, B2,... ,8n 
be a permutation of a 1,Q@2,...,Q@,. Then 
n 
ven 
jai 4 


and equality holds if and only if (a;) = (5). 


Proof: Let a/,a4,...,a/, be a permutation of a1, Q@2,...,Q@, such that a < 
a <-+++< a’. As in the proof of previous corollary, we can find a permutation 
o of eee ae nh such that a/; = a,j) for 1 <j <n. We define 65 = 8,(5). 


Then (4%) is a permutation of (a/). Using the rearrangement theorem, we get 


j=l 


This gives the desired inequality. The condition for equality can be derived as 
earlier. a 


Example 1.17. Prove the AM-GM-HM inequality using the rearrangement in- 
equality. 


Solution: Let a,a2,...,@, be n positive real numbers. Put 
1 aj1a2°--a 
G= (aj a2 +++ Gn) ae and az = Er forl<k<n. 


Now we set 
By = a2, B2 = A3,+++ Ont = Qn; Pn = 4 


Now using corollary 4.2, we obtain 


n 8 cae ‘i 

j j+1 1 

nx) o4a)y0 4 4 —. 
Qa; Qa; a 

gat gal - 


However, 
: j+1 
jt. (aa2 5 ++ 541) /G@ — Ajt1 OY = ay 


a; (ayaz---a;)/GI Go 6g. GS 
Thus we get 
ay tag +++++an 
n —_ o] 
G 

which is same as the AM-GM inequality. Here equality holds if and only if 
(aj) = (8;). This is equivalent to ay = ag = -:- = a, which in turn is 
equivalent to a, = dg =-+: = Gp. 


Using corollary 4.2, it may also be obtained that 


2 a: G G G G 
< rs bees 
DD Tae Tp. 
This implies that 
n 1/n 
I T T I <GH= (ay a2 An) 
eee 
ay ag a3 An 
Equality holds if and only if a, = ag =--: = Gp. | 


Example 1.18. Prove the Cauchy-Schwarz inequality using the rearrangement 
inequality. 


Solution: Let a1,a2,...,@, and bj, bo,...,b, be real numbers. We have to 


show that 
n i n n 
(Soasbs) = (deaf) (004). 
j=l j=l j=l 


If either }°;_, aj = 0 or )7"_, b| = 0, the inequality is immediate. Hence, it 
may be assumed that 


n 


A=(do@)” and B= (x8) 


j=1 


1/2 


are both positive. Define 


aj = 4 forl<j<n, 
On4j = & forl<j<n. 
We thus obtain 2n numbers, @1,Q2,... ,Q@n,An41,--+ ;Q2n. Now consider the 


permutation 
By =On4j, Prop =aj, 17 <n. 


Using corollary 4.1, we obtain 
2n 


n n 
S S S 2s 
AjAnty + Ant jay SS a; as 
j=1 j=1 j=1 


Thus it follows that 


Hence 


if t/a ja 1/2 
Do abs < AB= (S707) (S08) 
j=l j=l j=l 
Here equality holds if and only if a; = an+;, for 1 <7 <n. This is equivalent 
to 
. vee a A, a constant. 


Example 1.19. Let x, y, z be positive real numbers. Prove that 


SC(zt2)? (e@+y)P (yt2—2)(z—2) > 0, 


where the sum is taken cyclically over x, y, z. 


Solution: Put z+ = 2a,7+y = 2b and y+ z= 2c. Then a,b,c are the 
sides of a triangle and the equivalent inequality is 
S| ab? (3c — a — b)(e—b) > 0. (1.14) 


We may assume that a<candb<c. Ifa<b<c, then we have 


In any case the rearrangement inequality gives 


ate me +088 me eee mc Za a ae a eee =a 
Simplification gives the inequality (1.14). | 
Example 1.20. Let a1, a2,... ,@» be positive real numbers and put 
A= a1 +a2+-+++ an. 
Prove that As ie a e 
Be = 


A-— a1 Bis vert sae A-— Gn n—-1 


Solution: Note that the sum on the left side is symmetric in a;’s and hence 
we may assume that a; < ag <--- <a,. This implies that 


NO ON Ry 4 tN Oa, 


and hence 
1 1 1 

< Sees 3 

A-—a,” A-a~ ~ ’\— Ay 


For any k, consider the permutation of a1, a2,... ,@» defined by 


b= 


Ak+j—-1 forl<j<n-k+1, 
Gk4j-1-n forn-—k+2<j<n. 


Using the rearrangement inequality, we obtain 


ay a2 an 
a ai 
A-—a, A-ag A= An 
ak Ak+1_ an 
ee 
A- ay A ag A- An+k-1 
a1 ak-1 
+ See 
A= An+tk A— An 


This is true for every k. Now summing over k, 2 < k < n, we get 


(» 1) (< ! ST 


jal (Aj j=l 
This implies that 
= a; > n 
j= rA- a; n—-1 
(This can also be obtained using the Cauchy-Schwarz inequality.) a 


1.6 Hdlder’s and Minkowski’s inequalities 


There is a very useful generalisation of the Cauchy-Schwarz inequality which 
is known as Holder’s inequality. Given any two n-tuples (a, Q2,.-. , Gn) and 
(b1, bg,... sdy) of real numbers, the Cauchy-Schwarz inequality states that 


eat] s (Da) "(oa)"” 


with equality if and only if a; = Abj;, 1 < 7 <n, for some constant A. Here 
squares and square-roots have special significance in the context of a more 
general inequality. 


Theorem _ 5. Let (a1, a2, fe. yin) and (bi, bo,... bn) be two n-tuples of real 
numbers and let p,q be two positive real numbers such that — + — = 1. (Such a 


P 4 
pair of indices is called a pair of aaa indices.) Then the inequality 
Up; 1/q 
seals (X cles) "(Se) (115) 
j=l 


holds. Moreover this is an equality if and only if |a;|” = Ab; |%, 1<j <n, for 
some real constant X. 


Proof: We first prove an auxiliary result which is useful for the proof of the 
above theorem. 


If x,y are two positive real numbers, and p,q are positive 
reals such that {p,q} is a pair of conjugate indices, then 
q 
— aoe me = ry. 
Pp qd 


There are many ways to prove this, but each one of them depends on some 
continuity argument. We can use the generalised AM-GM inequality to get 


ryt 1/p 1/q 
oe hte > ( tod y! ) = xy. 
PES ((o7)? (us) 
Or one may consider the function 


tp td 
Pp qd 


on the interval (0,00). Then f has a unique minimum at t = 1 and hence 
tp td 1 1 
+—>-4+-=1, 
Pp qd P @q 


for allt > 0. Taking t = «!/4y~1/?, we obtain the desired inequality. It is also 
easy to see that equality holds at the minimum point t = 1 which corresponds 


to a? = y!. 
Now taking 
ee ee 
ue 1/p’ 7 1/q’ 
(ST lal’) (>> [b5l") 
j=l j=l 
we get 
jax? oe [| [bx 


(Sela?) o( Sto") (Seles) "(Se ) 


Now summing over k, we obtain 


pe 1/p; 1/q- 
[> (So lal”) “(> [eul’) ; 


j=l j=l 


Thus we have 
> laxbe| oP la;|”) Los |") 
j=l g=l j=l 


This proves (1.15). Equality holds if and only if 


jax|? bel" 
n 


n ? 

Pp q 
dole” Soles 
j=l j=l 


forl1<k<n. Taking 


qd 
’ 


Pp 
A= Ia) /> (bi 
j=l j=l 
it may seen that equality holds if and only if 


ax |” = Albe|*, for 1 <k <n. 


1/q 


Remark 5.1: If we take p = q = 2, Holder’s inequality reduces to the Cauchy- 


Schwarz inequality. 


Remark 5.2: If either of p and q is negative, the inequality (1.15) gets re- 
versed. For example, if p < 0 and g > 0 (obviously p and q both cannot be 


negative simultaneously), we take 


1 
a=-—U1=-.- 
q 
We observe that p; > 0, p2 > 0 and 
1 1 1 
Pi 71 Pp Pp 


Introducing uz = lax] *, UR = |x| 7 |x|" and applying Holder inequality to the 
collections (ux), (vg) with the conjugate indices pi, q1, we obtain 


n 


n ie, 
S> Jax] Iax|“|bx|* < (dln rm) (> (a fbel)™) 
k=1 


= (Sloat) *(S lout)" 


Rearranging this, we get 


> |axbic| = (> jax|”) eS |x") ae 


k=1 k=1 k=1 


which is the opposite of the inequality (1.15). 


Remark 5.3: We can have Holder’s inequality with weights. Consider two 
n-tuples of real numbers (a, Q2,... Sains) (b1, bg,... 5 Dii)3 let (wi, W2,--- be) 
be an n-tuple of positive real numbers. Then the following inequality holds: 


S- welands| < (So wlan”) "(} welbal’) 
k=l k=l 


for a pair p,q of positive conjugate indices. If either of p and q is negative, the 
inequality gets reversed. 


An inequality related to Hélder’s inequality is Minkowski’s inequality. This 
is a generalisation of the well known triangle inequality: if a and b are any two 
arbitrary real numbers, then |a+o| < |a| + |b]. It can easily be generalised to n- 


tuples: if (ay, Q2,.-. , Qn) and (b1, bg,... Dre) are two n-tuples of real numbers, 
then 
n n n 
doles +s] < doles] + > esl: 
j=l j=l j=l 
For an n-tuple a = (a1, a2,... ,@n), we define its Euclidean norm ||a||2 by 


its 1/2 
llall2 = (>> lal?) 
j=l 


This is precisely the Euclidean distance of a from the origin in R”. It is an 
easy consequence of the Cauchy-Schwarz inequality that 


62 laa pe Z oD jas?) " 6 ase)”, 
j=l j=l j=l 


for any two n-tuples (a1, a2, ae an) and (b1, be, stad sbn). This can be easily 
seen by squaring on both sides. Thus we obtain 


||a + Bll2 < |lal|2 + |[blle, 


for any two vectors a and 6 in R”. As in the case of Hélder’s inequality, we 
can replace 2 by any positive real number p, with proper inequality sign. 


Theorem 6. Let p > 1 bea real number; let (a1, a2,... fain) (b1, b2,... On) 
be two n-tuples. Then 


i 1/p & 1/p ie 1/p 
(Slat) s (Sal) + OS) ats) 
j=1 j=l j=l 
Here equality holds if and only if a; = Ab; for some constant A, 1 <j <n. 


Proof: We may assume p > 1, because the result for p = 1 is clear. Observe 
that 


n n 
Silay +8)” = Sofa; +b)? Yay +5] 
i j=l 


n nm 
S> |aj + bj|? fas] + So Ja; + b;|?'|d|- 
j=l 


aa 


IA 


Let q be the conjugate index of p. We use Holder’s inequality to each sum on 
the right hand side. Thus we have 


> Ja; + bj Jas| < (ye la,|”) “eS lag yume hee 
j=l j=l j=l 


Since p,q are conjugate indices, we get (p — 1)q = p. It follows that 


n = i 1/p 7; 1/q 
Yo lay +O” “asl < (So lead”) 2 las + bal”) 


j=l j=l j=l 


Similarly, 
ae 2 ik 1/p 7; 1/q 
Yo las +55 Lbs] < (SS Peal?) oles +s”) 
j=1 j=l j=l 

It now follows that 


Dolar tbs {(SolesP) "+ (Sp) }(Soles +e") 
j=l j=l j=l j=l 


If we use 1 — (1/q) = 1/p, we finally get 
am 1/p ds 1/p ” 1/p 
(Sola +e?) < (Solel?) + Oo lar) 
j=l j=l j=l 


Using the conditions for equality in Hélder’s inequality, we may obtain the 
conditions for equality in Minkowski’s inequality: a; = Abj;, for alll <j <n, 
where is a real constant. a 


Remark 6.1: For 0 < p < 1, the inequality (1.16) gets reversed. 


Remark 6.2: For any vector a = (ay, ag,.-. , Mn) and p > 0, we define 


7 1/p 
llallp = (So lal”) 
j=l 


Thus Minkowski’s inequality can be put in the form 
||a + B||p < |la||p + ||B||p , 


for p > 1 and 


||a + Bllp > |lallp + [lBllp ; 


for 0 < p< 1, where a and b are two vectors in R”. 


Example 1.21. Let a1, a2,...,@, be real numbers. Prove that 
n ap 3 n 2: n 1 
ener, 3/2 = 
aie] < (Dla) (og): 
k=1 k=1 k=1 


Solution: We take p = 3/2 and q = 3. Then p,q are conjugate indices and 
using Holder’s inequality we obtain, 


n ap n ; 2/3 aE 1/3 
yaa < (Solel?) (S5) : 
k=1 


k=1 k=1 


This gives the required inequality. = 


I 
> 


1 1 
Example 1.22. Let p,q be two positive real numbers such that — + — 
Pp qd 


Suppose (a1, de, aoe Gn) is an n-tuple of real numbers. Show that 


k=1 


for every n-tuple (b1, be, wee sbn) of real numbers with S- |bi.| 7 = 1 if and only if 
k=1 


n 


Os lax?) 0. (1.18) 


k=1 
Solution: Suppose (1.17) holds for all n-tuples (bi, be, sabe ,bn) such that 


S— |bx|" = 1. Consider the n-tuple defined by 


k=1 
|x|” Sen(a,) 
bx 7 n Pp 1/q 
eam Jax ) 
where 
2 a 7 if a, 4 0, 
Sen(a) f . ae 


For this n-tuple, we have 


Salt = Sihenlaal 2 _ kaa el” 


k=1 an Jax]? . yee Jax” 7 
Now the condition (1.17) gives 


n 


p-l n P n 
Qk Sgn(az) S17 [Ok 1/p 
ae : p\ia | ~ - ; 7a = (Selon?) 
hot eae |x ) (es |x| ) ca 
This shows that (1.18) holds. 


Conversely, suppose (1.18) holds and (b1, be, ues Oia) an n-tuple satisfying 
S- |b, |" = 1. Then Holder’s inequality gives 
k=1 
bs us 1/p7 1/q 
Saha < (Solaul)”"(So lol) se. 
k=1 k=1 k=1 
Thus (1.17) holds. a 


Example 1.23. Let {a1,@2,..- ree {by, ba,... 5 Dn and { Ci €ay.00 ay be 
three sets, where a,’s, b;'s, c;’s are positive real numbers. If p,q,7r are positive 
reals such that (1/p) + (1/q) + (1/r) = 1, then 


1/p 1/q l/r 


Solution: Using Hoélder’s inequality with exponents p and (p — 1)/p, we get 


1/p id (p—1)/p 


> ajbjc; < 3 a’ S (Ge,)P/"-Y 
j=1 j=l 


j=l 

Now consider the exponents (p — 1)q/p and (p — 1)r/p. We observe that 
|e eS (- ; *) = 

(p—lq  (p-l)r  p-l\@ fr 

because of (1/p) + (1/q) + (1/r) = 1. Thus Hélder’s inequality with these 

exponents can be used to get 


‘ (p—1)/p gs 1/q a 1/r 


Yo bjeg)°/ OY = )04 cj 


j=l j=l j=} 


Remark: This can be generalised to any number of sets with proper ex- 
ponents. P| 


1.7 Convex and Concave functions, Jensen’s inequality 


Most of the inequalities, we have studied so far, are in fact consequences of 
inequalities for a special class of functions, known as convex and concave func- 
tions. Consider the function f(a) = x? defined on R. If we take any two points 
on the graph of f(x) = x, then the chord joining these points always lies above 
this graph. In fact taking a < b, and the point Aa + (1 — A)b between a and 8, 
we see that 


(Aa + (1 — A)b)~ — Aa? — (1 — AND? = —X(1 — A)(a — b)? < 0. 


Thus we see that 
f(Aa+ (1 — A)b) < Af(a) + (1 — A) (0), 


for f(z) = x7. This is taken as defining property of a convex function. We 
shall see that the class of convex functions obey a general inequality known as 
Jensen’s inequality. 

Let J be an interval in R. A function f : J > R is said to be convex if for 
all x,y in J and X in the interval [0,1], the inequality 


f(At t+ (1-A)y) S Af(z) + (1 -A) Fy), (1.19) 


holds. If the inequality is strict for all x 4 y, we say that f is strictly convex 
on I. If the inequality in (1.19) is reversed, i.e., 


f(Ae + (1—A)y) = Af(x) + 1 — A) Fy), 


for all x,y € I and A € [0,1], then we say f is concave. If the inequality is 
strict for all « 4 y, we say that f is strictly concave. 

There are other equivalent characterisations of a convex function. Suppose 
f :I— R is convex and 21, £2,2%3 are in I such that 2, < rg < x3. Take 


eam 
v3 — XY 
so that 
2-2 
1-A\= 1 and zg = At, + (1— A)az 
U3 — Ly 
We have 


f (x2) = f(Ar1 + (1 = d)a3) 
< Af(x1) + 1 -A)f (es) 


= oS SE i) gee EE (es): 


U3 L1 3 L1 
We may write this in the form 


f(w1) ~ fez) — (v2) ~ F (es) 


v1 — ae L2— X@3 


’ 


for all 71 < #2 < x3 in I. This may also be written in a more symmetric form: 


f (x1) f (x2) ; f (x3) 


(v1 = #2) (a1 a3) © (2 -21)(t2—23) © (23-21) (es — #2) ~ 


The convexity of a function has an intrinsic geometric interpretation. If we 
look at the graph of a convex function, this is a subset of the plane and the 
line joining any two points on the graph always lies above the graph. Suppose 
z1 = (a, f(a)) and zz = (b, f(b)) are two points on the graph of f. Then the 
equation of the line joining these two points may be written in the form 


L(x) = f(a) 4 FO) IO) a). 


Now any point between a and 6 is of the form + = Aa + (1 — A)b for some 
A € [0, 1]. Hence 


L(z) = L(Aa+(1—A)b) 
= (a+ WK o yea) 
F(a) + (1A) (F(0) - . 
Af(a) + (1— A) F(O) 
> fat (1—A)d) = f(x 


Thus (x, L(x)) lies above (x, f(x)), a point on the graph of f. 

There is still another way of looking at these things. A subset FE of the 
plane R? is said to be convex if for every pair of points z; and z2 in EB, the 
line joining z; and Zg lies entirely in &. With every function f : I — R, we 
associate a subset of R? by 


E(f) = {(a,y) : a<a<b, f(z) <y}. 


Theorem 7. The function : J > R is convex if and only if E(f) is a convex 
subset of R?. 


Proof: Suppose f is convex. Let 21 = (x1, y1) and z2 = (#2, y2) be two points 
of E(f). Consider any point on the line joining z, and Zo. It is of the form 


z Az1 + (1—A)ze2 


= (Ar, + (1—A)zxo, Ay + (1 — A)ye), 
for some  € [0,1]. Observe that a < Ax, + (1 — A)ae < b. Moreover, 


Af (a1) + (1 — A) f (x2) 
Ayi + (1 — A)ye. 


f(A + (1 - d)x2) < 
< 


Hence it follows that z € E(f), proving that E(f) is convex. 

Conversely, suppose E(f) is convex. Let 11,22 be two points in J and let 
Z= (x1, f(v1)), Zo= (x2, f(x2)). Then z; and z2 are in E(f). By convexity 
of E(f), the point Az, + (1 — A)zZz2 also lies in E(f) for each A € [0,1]. Thus 


(Avi + (1 — A)a2, Af (1) + (1— A) f(@2)) € ECS), 
for all A € [0,1]. The definition of E(f) shows that 
f (Avi + (1 — A)ae) < Af(w1) + (1 — A) F (2), 


for all \ € [0,1]. This shows that f is convex on the interval J. | 


The convexity of a function implies something about the slope of its graph. 
The following theorem gives a complete description. 


Theorem 8. Let f : J > R be a convex function and a € I be a fixed point. 
Define a function P : I \ {a} — R by 


«—-a 


Then P is a non-decreasing function on I \ {a}. 


Proof: Suppose f is convex on J and let x,y be two points in J, «# #4a,2 4b 
such that « < y. Then exactly one of following three possibilities hold: 


ax<nx<y uw<a<y; orr<y<a. 


Consider the case a < x < y; other cases may be taken care of similarly. We 


write 

r-a Ye 
y+ 
y-a y-a 


r= a. 


The convexity of f shows that 


f(y Fa) < SE ply) + YE Fla) 


This is equivalent to 


f(z) — fla) — fy) - f@ 
C-A@ ~— yr-a ~ 
Thus P(x) < P(y). This shows that P(x) is a non-decreasing function for 


u#a. | 


Interestingly, the converse is also true; if P(x) is a non-decreasing function 
on I \ {a} for every a € I, then f(a) is convex. The proof is not difficult. Fix 
x <yinJ and let a = Ax + (1 — A)y where  € (0,1). (The cases \ = 0 or 1 
are obvious.) In this case 


pa) -f@)-f@ _ _f&-Fl@) 


r-a (1 — A)(a — y) 
_fwm-f@ _— fy)—-f@ 
PUNE ig eo ay 


The condition P(x) < P(y) implies that f(a) < Af(x) + (1 — A) f(y). Hence 
the convexity of f follows. 

There is a useful, easy way of deciding whether a function is convex or 
concave for twice differentiable functions. If f is convex on an interval I and 
if its second derivative exists on J, then f is convex(strictly convex) on I if 
f(x) > O(> 0) for all x € I. (Here f”(x) denotes the second derivative of f 
at x.) Similarly f is concave(strictly concave) on I if f(a) < 0(< 0) for all 
cel. 

Here are some examples of convex and concave functions. 


1. The function f(a) = x® is concave for 0 < a < 1 and convex for 1 <a < 
oo on the interval (0,00). We observe that 


f" (x) =a(a—1)x°-?. 


Hence f” (2) > 0 on (0,00) ifa > land f’(x) <0 forO<a<l. 


2. Consider f(z) = e”. This is convex on R = (—oo,0o). Here f”(x) = 
e* > 0 for all x in (—oo, 00) and hence e” is strictly convex. 


3. The inverse of exponential function, namely the logarithmic function 
f(x) = Inz is concave on (0,00). In this case f(x) = —1/x? which 
is negative on (0,00). Thus f(a) = Inz is strictly concave on (0, 00). 


4. The function f(x) = sinz is concave on (0,7). We have f’(x) = —sinz 
and hence f”(x) < 0 on (0,7). 


5. If a function f is convex on J, then —f is concave on I. 


The definition of a convex function involves inequality for two points x, y; 
refer to (1.19). But this can be extended to any finite number of points. 


Theorem 9. (Jensen’s inequality) Let f : J — R be a convex function. Suppose 
%1,%2,...,Xn are points in J and Ay, Ag,... , An are real numbers in the interval 
(0, 1] such that Ay + Ag +--+: + An =1. Then 


§(So9v21) < Sass (es). (1.20) 


Proof: We use the induction on n. For n = 2, this is precisely the definition of 
a convex function. Suppose the inequality (1.20) is true for all k < n; ie., for 
k <n, if 1, %2,...,2% are k points in J and Aj, A2,... , Ax are real numbers 
in [0,1] such that YS Aj = 1, then 


(Ss) s Sasso) 


Now consider any n points 21,%2,...,%p in the interval J and real numbers 
Ai, A2,--- ;An in the interval [0,1] such that Ay + A2 +--- +A, = 1. Let us put 
-1 
jai A235 


n-1 
w= » Y2F%n, A= S Aj a2 = Xn. 
j=l 


n-1 
Sa Aj 


Observe that a2 = 1— aj, and yj, y2 are in J. Using the convexity of f, we get 


f(a +e2y2) = f(aryr + (1 - a1)y2) 
< aif(y) + (1 — a1) f (ye) 
= aif (yi) + af (y2). 


However, we have 


n 
a1yY1 + A242 = Ls AjXj. 
ois! 


Now consider f(y). If 


» 
m= i, 1S1<n-1 
a Xj 
then it can be easily verified that ae f4; = 1. Using the induction hypothesis, 
we get 
n-1 n-1 
r( ys ui) < S- buf (x1). 
l=1 l=1 
Since 
n-1 
S- Mx, = 91, 
l=1 
we get 


Dora Arf (a) — pr As (2s) 
f(y) < a 7 = a ; 


Thus we obtain 


: Diet wl (2; 
(Saree) = oa BE) a aston) 
j=l ye Xj 
= So»F (a). 
j=l 
This completes the proof by the induction. a 


Remark 9.1: If f : J > R is concave, then the inequality (1.20) gets reversed. 
If 1,2%2,...,%p are points in J and 4, A2,...,An are real numbers in the 
interval [0,1] such that Ay + Ap +--+: +A, = 1, then we have the inequality 


A(X Aya > Yvsle) (1.21) 


Remark 9.2: Using the concavity of f(#) = Ina on (0,00), the AM-GM in- 
equality may be proved. If71,x2,... , 2%» are points in (0,00) and Aq, Ag,..- , An 
are real numbers in the interval [0, 1] such that 41 + Ao +---+An = 1, then we 


have o . 
j=l j=l 


Taking A; = 1/n for all J, 


n 


mn(>- =) > — vine; =~ mn (a}/ i 


j=l j=l j=1 


Using the fact that g(a) = exp(x)(= e”) is strictly increasing on the interval 
(—oo, 00), this leads to 


n 
> 
pa vr; 
n # j 

j=l 


I Vv 
0) 
a ia 
a Ke) 
% . 
2 1M 
——~ 
= — 
= = 
—" aw 
8 8 
aa e 
> ~ 
3 3 


In fact, the generalised AM-GM inequality may also be proved by this 
method . We have 


n (32225) > a In (xj) = Sine’; 
j=l j=l j=l 


for all points 21,22,...,2%p in (0,00) and Aq, A2,... ,An in the interval [0,1] 
such that A; + Az +-:: +A, = 1. Using the property of exponential function, 


we obtain 
n n 
Aj 
re 2 [TL 2; 
j=l j=l 
Now for any n positive real numbers a1, Q2,... , Qn, consider 
ae 
_ j 
Aj = 


Depa Oe 
Observe that A; are in [0,1] and ey Aj = 1. These choices of A; give 


Ax + agr2 + oh 2 + AnIn > (209? 219 1/(aitazg+-:+an) 
1 go a 
Qa, +aQg+++++An m 


9 


which is the generalised AM-GM inequality. 


Remark 9.3: We use the function f(x) = x? to derive Hoélder’s inequality. 
We know that f(a) = x? is convex for p > 1 and concave for 0 < p < 1 on 
the interval (0,00). Hence for any n-tuple (a1, L9 icc ) of real numbers and 
Ai, A2,---;An in [0,1], we have 


: 

M 
a 
8 

2 
A 


"Sdn x’ for p> 1, 


and 


(Soe) os Se for0<p<1l. 


Let (a1, a2,.-. 508) and (b1, bg,... De) be two n-tuples of real numbers and 
1 1 
p > 1 be a given real number. Let q be the conjugate of p; - + — = 1. We 


may assume b; # 0 for all j; otherwise we may delete all those b; which are 
zero without affecting the inequality. We now set 


rae |b, |2 |ax.| 
t=> [jl ’ Me = tk = |by|@-2° 


We observe that Ax are in [0,1] and Ay +Ag+---+An = 1. Using the convexity 
of x?, we get 


This implies that 


n 


“bel? lanl \P 2 bel? lal? 1 
< = P 
@ t |bylo-2 Sy t |b, |@-Dp = lanl? 


k=1 k=1 


since (q — 1)p = q. Simplification gives 


n n 1/p n 1/p n 
S- lbyar| < (> jeu!” pi-G/p) = b3 aul”) és xt) 
k=1 k=1 k=1 k=1 


If0<p<1, then f(x) = 2? is concave and the inequality is reversed: 


n n 1/p n 
Yo leoal (Soleul”) (Sobel) 
k=1 k=1 k=1 


We observe that for 0 < p < 1, its conjugate index q is negative. 


1/q 


1/q 


There is an interesting generalisation of the rearrangement inequality to 
convex functions. 


Theorem 10. Suppose f : J > R is a convex function; ay < ag < +--+: <a, and 
by < by <--- <b, are two sequences of real numbers in J such that a, + 6; € I 


and a, +b, € I. Let a4,a...,a), be a permutation of a1, a2,... ,@,. Then the 
inequality 

n n n 

So f(a; + basis) S$ 0 F(a) + bj) <S° f(a; +o). 

j=l j=l j=l 


holds. 


Proof: We follow the proof of theorem 4. Suppose (a’;) # (a;) and r be the 
largest index such that a. 4 a,; ie., a A a, but aj = aj forr <j <n. 
Hence a’. is in the set {a1,a2,.-. ical and a. < a;.. Since az = a; for 
r<j <n, we see that (a},a,...,a/.) is a permutation of (a), d@2,... , ay). 
Hence we can find k < r,1 <r such that aj, = a, and aj. = a;. We deduce that 
aj, — a, = ay — a; > 0 and b, — by > 0. We now interchange a}. and aj, to get a 
permutation (a//,a5,...,a/’) of (a{,a,...,a/,); thus 


tn en 
Af > hk: fi s. # k ee eee, = — 
a, =a,;,forjAr,k, a, =a,=4r, a, =a, = QQ. 


Let us write 


We have 


S"—s' = fal +b,) + f(a +x) — f(a. +b,) — f(a, + be) 
= far +bp) + f(a + bx) — f(a + br) — far + bx): 


We observe that 


ay + by < ay + by and ay + bp < ay + dp. 
These give 


ay t+ be < ay + bE < ay + by, 
ay + be < ay t+ bp < Ap + by. 


If x1, 22,23 are in J, then the convexity of f implies that 


(v3 — #1) f(22) < (ws — v2) f(w1) + (v2 — a1) f(s). 


Taking x; = a; + by, 2 =a, + by and x3 = a, + b,, we get 


(a, +b, — a; — by) f (ay + be) < (by — be) f (a1 + Oe) + (Gr — a1) f (a, + 8,). 


Similarly, taking 7, = a; + be, v2 =a, + by and x3 = a, + by, we get 
(a; + b, — ay — bp) f(a =f by) < (a, = a) f (ar + by) + (0, om bp) f (Gr + by). 


Adding these two, we obtain 


(ay + by — ay — be) { f (ar + be) + f (ar + b,) $ 
< (a, +b, — a — be) {f (ai + bx) + (ar + br) }. 


Since a; + 6b, <a, + 6,, we deduce that 


f(ar + be) + f(ai tbr) < f(a t+ be) + f (ar + b,)- 


This proves that S$” — $’ > 0. 


Now we observe that the permutation (a/,a¥,...,a@/) has the property 
ay =a, and aif = aj, for r < j <n. We may consider the (a7,az,... , aj) in 
place (a, a5,...,a@/,) and proceed as above. After at most n—1 steps we arrive 


/ 


at the original numbers (a;) from (a/;), and at each stage the corresponding 


sum is non-decreasing. We finally get 


Ls +b;) < So f(a; +4;). 
j=l 


For proving the other inequality, we proceed along the same lines. We define 
Cj = Gn41—; 80 that cy > co > +--+ > Cn. We have to show that 
j j 


So F(ansi—j +83) < D5 F (aj +,) 
j=l j=l 


We also set c; = aj. Thus the inequality becomes 


Seth) ss ero): 
j=l 


where (ci,¢),...,¢,) is a permutation of (c,,C2,...,Cn). We assume that 


an 
(c;) # (cj) and let r be the smallest index such that c,. 4 cr; ie., ¢. A cr but 
ci =c,; for 1 <j <r. This forces that cl € 1 Gi pO wees Cay and cl. < c,. 
Observe that (c.,c41,--.,¢,) is a permutation of (c,,C¢r41,..- Cn). Hence 
we can find k > r, 1 > r such that c, = c, and c), = c;. This implies that 
ch, — Ch. = C, — ¢ > 0 and be — b, > 0. Now we interchange cj. and cj, to get a 
permutation (c//,cf,... ,¢7) of (c4,ch,...,¢,); thus 


Cn Cn, 


i / ‘. “A 
cj =c,, forgjAr,k, Ce=Ge= Cr, GR=C.= Cl. 


Now we compute the difference between 


S" = S* f(cf +b,), S'=S° f(G+y), 
j=l j=l 
and obtain 
SU -S' = f(cl +b) + f(t be) — f (4. + br) — f(c + bx) 


We observe that 


c+ bp < cy + be < cp + bp, 
cy + bp < ep + bp < ep + Op. 


The convexity of f gives 

(cr + be — 1 — br) f (cr + be) < (er — 1) f (cr + br) + (be — br) f (Cr + bx), 
and 

(cr + dp — 1 — br) f (Cr + br) < (be — br) f (ca + br) + (cr — C1) f (Cr + bx). 
Addition of these two gives 

(cr + bp — cr — br) {f (ca + be) + f (cr + br) } 

< (ce + be — cr — br) { f (ca + by) + f (cr + dx) }- 
Since c, + by — cy — b, # 0, we get 
f(ca + bx) + f(a + br) < Fla t+ br) + F(a + bx): 


This shows coe S” < S'. We also observe that the new sequence (cj) has 
the property: c’ = c, and a =c; for 1 < 7 <r. We may consider now the 
sequence (c’’) in place of (c;) and continue the above argument. At each stage 
the sum never increases. After at most n — 1 steps we arrive at the sequence 
(cj). Hence the corresponding sum cannot exceed that of S’ = )0"_y f(c5+8,;). 
We thus get 


which is to be proved. a 


Example 1.24. Show that for all n > 1, the inequality 


I = n+1\2(rt1)/2 
P2() 
j=l 2 


holds. 


Solution: Let us put a; = bj = j, a; =n+1—j for 1 < j <n. Then we see 
that ay < ag <-++ < ap and by < bg < +--+ < by. Moreover ai > ah >---> al. 
Consider the function f(z) = «lna. This is a convex function on (0,00). In 


fact we see that 
iL 
f'(x) =Inz +1, and f" (x) = eg 0 for x > 0. 


Now the rearrangement inequality applied to f(a) gives 


Si(nt1—j+j)n(nt+1—-j4+ 5) < So +5) +3). 
j=l j=l 


This simplifies to 


n(n + 1)In(n +1) < 25° jlnj+n(n+1)n2. 


j=l 
This further reduces to 
n(n + 1) n+1 Pw otk a i 
5 In ( 5 ) s Vevinj =m (TT 9’). 
j=l j=l 
Now taking exponentiation both sides we get the desired result. | 


The concavity of the log function on (0,00) also helps us to derive a very 
interesting inequality known as Bernoulli’s inequality. 


Example 1.25. (Bernoulli’s inequality) Prove that for « > —1 
(1+2)"<l+az, if0<a<l, 


and 


(l+a)">1l+az ifl<a<o. 


Solution: We use the concavity of f(x) = In(z) on (0,00). Since 7 > —1, we 
see that 1+a2>0. If0<a<1, we have 


In(l+azr) = In(a(l+2)+1-a) 
> aln(1+2) + (1-a) In(1) 
= aln(1+2). 


The exponentiation gives (1 + x)" <1+ az. Suppose 1 < a < oo. Then again 


a-—1l 1 
In (1+ 2) — in ( 5 +2(1+az)) 
Ss BS Aiea a) 
2 me. i ax 
1 
= ; in (1+ az). 
This gives (1 + a)” >l+az. | 


Example 1.26. Let a = (a1 ,42,43,. ; an) be an n-tuple of positive real num- 
bers and (w1,w2,ws,. : Wn) be another n-tuple of positive real numbers (called 


weights). Define the weighted mean of order 7 by 


n pyol/t 
Cee) if r £0, and |r| < ~w, 


M,(a) = (Tr. ifr =0, 


min {@1,@2,43,...,an}, if r = —oo, 


l| 


max {01,02,03,..-,An}, if r = 00 
Suppose r,s are two real numbers such that r < s. Prove that 


M_(a) < M,(a) < M,(a) < M.(a). 


Solution: We prove this by considering several cases. 


(a) Suppose r = 0. Then we have s > 0 and hence 


(Mi(a))* = (ey 


> (M,(a))”. 


(b) Suppose 0 < r < s. Put a = s/r and observe that a > 1. Hence the 
function f(z) = x#® is convex on (0,00). Hence Jensen’s inequality gives 


a 
eT way < 3 W5 (a;*) os Se wa; ; 
we ae a Se el DWE 


This shows that (M,(a))"* < (M,(a))”. Taking s-th root, we get 
M,(a) < M,(a). 


(c) If s =0, then r < 0 and we take t = —r. Using the generalised AM-GM 
inequality, we have 


a (:/x we) 
lI 


jai 4 


es 
al 


IV 


M 
s 


(:/ =m) 


Simplification gives 


(= (1/1) 
=a} 


This is equivalent to 


Thus we obtain M,(a) < Mo(a). 


— 
jon 
wa 


If r <0 < s, then we have 


M,(a) < Mo(a) < M,(a) 


from (c) and (d). 


= 
or) 
Ne 


Suppose r < s < 0. Then we have 0 < —s < —r and hence 


M_,(a~') < M_,(a~), 


where 
44 ( 1 1 1 ) 
a om Te teed qs 
a, ag an 
But then 1 i 
M_,(a—+) = M_,(a—1) = 
(a) Mata)’ (a) Mla) 


Hence we get M,(a) < M,(a). 
(f) Obviously 


min {a1 ,02,03,. . ssn} < M,(a) 


Combining all these, we get the desired inequality. 


1.8 Inequalities for symmetric functions 


Given n complex numbers a = (41,d2,03,.. 


whose roots are @1,02,03,..-,An; 


< max {a1 ,2,43,. : Rie a 


.,dn), we consider the polynomial 


Expanding this we obtain 


where 


U2 = U2(a@) = a (aie 


Un =Un(a) = 


These functions u1,uU2,U3,...,Un are called the elementary symmetric functions 
in the variables a1,a2,a3,...,@,. We may also write them in the form u,((a,)) 
to show the dependence on the sequence @1,02,43,...,@n,. We observe that the 
permutation of a1,@2,43,...,@n does not alter any of the u;’s, 1 <7 <n. We 
take uo(a) = 1. 

We further introduce vz = ux! ce We observe that v; is simply the arithmetic 
mean of @1,@2,43,...,@, and vy, is their geometric mean. 


Theorem 11. (Newton’s inequalities) Let a1,a2,q3,...,d@, be a sequence of 
non-negative real numbers. We have the inequalities 


Un SUn-1 Se L U1. 


Proof: Let a = min{a; : 1< j <n} and b=max{a; : 1 <j <n}. Then 
P(x) = 0 has n roots in [a, }]. Hence the derivative polynomial P’(x) has n—1 
zeros in [a,b], counted according to multiplicity. (If P(~) = 0 has a root a of 
multiplicity 1, then a is also a root of P’(x) = 0 of multiplicity /—1.) It follows 
that for any positive integer k, P“)(a) = 0 has n — k roots in [a,b]. (Here 
P‘*) (x) denotes the k-th derivative of P(a).) 

We observe that 


! 
P(r) (z) = 5 (2 — Quix + ua). 


This has real roots by previous observation. Hence we get 
ug <u. (1.22) 


We also observe that 


Applying (1.22) for the numbers 1/a1,1/a2,... ,1/an, we get 


This reduces to 
UnUn—2 < uz_y. (1.23) 


We show that u,—1uy41 < u2 for r = 2,3,...,2—1. We use the induction on 
the number of a;’s. For n = 3, we have r = 2 and hence we have to prove that 
uyu3 < uz. This follows from (1.23) with n = 3. Suppose the result holds for 
a set of n — 1 numbers. We have 


n-1 
—1 
P' (zx) = fa 4. yo(-1)* “ : Jarrah ; 
Let the roots of P’(x) = 0 be by, be,... ,bn_-1. Introduce 
n—-1 
3 Zp = S- b;, 5, dy. 

Ji<ja<o<jr 

Then we see that 


P'(x) = n(x —b1)(a — be)--+ (a — bn-1) 
n-1 = nk n—-1- 
nf? +r k ) ane 7 


It follows that z, = u, for 1 <r <n-—1. Now, the induction hypothesis holds 
for the set {b1,bo,...,6n-1}. This gives z,12,41 < 227 for2<r<n-2. 
Using z, = uy, for 1 < r < n—1, we infer that u,_—yup41 < uz for2<r<n-2. 
For r = n —1, this follows from (1.23). This completes the induction. We 
observe that ug < uj, (uwiu3)? < u3, (ugua)? < uf and so on. Multiplying all 
these, we get 


I 


2,,4,,6 2r—2, r—-1, r 


2,,4 2r 
U{UgUg Up _y Up Upgy S UpUg- 


ie 
This reduces to uty, < unt and hence it follows that v,41 < vu, for r = 
1,2,...,n—1. 

B 


Chapter 2 


Techniques for proving inequalities 


2.1 Introduction 


There are several standard ways of proving a given inequality. We have al- 
ready seen how to obtain the AM-GM inequality using forward and backward 
induction. One can also use the known standard inequalities or use ideas from 
calculus. In some cases trigonometric substitutions simplify the result. We 
take each of these separately and illustrate them using examples. 


2.2 Use of induction 


In many problems on inequalities, the Principle of Mathematical Induction is a 
powerful tool that can be deployed to prove the result. The technique is to use 
induction on the number of variables or some times on the degree (or power). 


Example 2.1. Let 71,22,... 2» be n real numbers in the interval [0,1] and 
suppose yey x; =m-+r, where m is an integer and 0 <r < 1. Prove that 


n 
y is < m+r?. 
j=l 


Solution: We show by induction on n that 
2 


ya < ba + as | * ; (2.1) 


j=l j= 


where [x] denotes the integral part of x. If m = 1, then 2 lies in the interval 
[0, 1] and (2.1) reduces to 


Cee [71] ae (x a []) . 


which is true since [2] = 0 or 1. Suppose (2.1) holds for 1 <n < N—1. Put 


N-1 

bya So ake, OST 
j=l 
N 

Sn = So aj =m+r, O0<r<l. 


We show that 
t= [ex +e = Ml eal “Gea (ey 22) 
This is equivalent to 
(m—k+r—t? <m4+r?-k-P. 
We can further reduce it to another equivalent statement: 
2(r —t)(m—k—t) < (m—k)-—(m—k)?. (2.3) 


Ifm =k, then t < r and hence (2.3) reduces to —2(r—t)t < 0, which is true. If 
m=k+1,thenr <tsince x, < 1 and (2.3) is equivalent to 2(r—t)(1—t) < 0. 
This again is true. Thus (2.2) holds for N. Hence 


2 us a ye xe a bt 
< [Sw-1] + (Sn-1- [Sw-i]) +2 
< [Sw] + (Sw — [Su])?. 


This completes induction. 


Here is a generalisation of the previous result(CRUX-1992). 

Let a > 0 and let f : [0,a] + R be a convex function. Let 21, %2,... ,2n 
be n(> 2) points in the interval [0, a] such that ae L; =ma+r, where m 
is an integer and 0 <r<a. Then 


(2) < (n—m-—1)f(0) + mf(a) + f(r). 


A proof of this may be based on the properties of convex functions and the 
principle of induction as used above. = 


Example 2.2. Let 4; > 42 >--- > 2, > 0 be n real numbers. Prove that 


ee) oe Marea (+ 1%Q°+°+ Ln 
n+1 


re 


Solution: We use induction on n. If n = 1, the result is immediate. Suppose 
it holds for all m <n-—1. Take any n real numbers such that 2, > 42 >---> 
In > 0. We apply the induction hypothesis to the sequence x2 > x3 >-:: > 
Zn > 0 and obtain 


n 


Il (1+2;) e 1+ @2 + %2%3 +++ + %2%3°++ Ln 
2 n : 


j=2 


Multiplying both the sides by (1 +2 )/2 , this takes the form 


n 


Il a 2 eae 


: n 
j=1 


where 
R= %q 4+ Lo@3 + +++ + @QX3Z+++ Ly. 


Thus the inequality to be proved is 


(1+21)(1+ R) citmt+uk 
2n = n+l ; 


This is equivalent to 
R((n +1)—(n- 121) <(n—1)(1 +21). 


Ifn+1< (n—1)a1, then the left hand side is non-positive and the right hand 
side is non-negative. Hence the result is true in this case. Thus we may assume 
that (n +1) — (n—1)a1 > 0. Thus it is sufficient to deduce that 


(n—1)(14+ 21) 
tS es le 


But, observe that 
R=%+%9%3 +-++++ %2%3°++ Ly Say taetes tat, 
Therefore it is enough to show that 


(a1 tap +--+ +277") ((n+ 1) — (n—1)21) < (n-1)(1 +21). 


Equivalently, we need to prove that 


(n—l)a} — 2(2, tap +---+2>7') +(n-1) 20. 
Consider the polynomial 


P(x) =(n—1)a"—2(a@+a7%+---+2"7') 4+ (n—-1). 


Obviously P(1) = 0. We also have 


P'(x) = n(n —1)2"~? 2(1+ 224 3a? be (n i) cham 


This shows that P’(1) = 0. Thus P(z) = 0 has a double root at x = 1. 
However, the number of sign changes in P(x) is 2 and hence the number of 
positive roots of P(x) = 0 cannot exceed 2. We conclude that P(x) > 0 for 
«> 1. But, P(x) is a reciprocal polynomial and hence «”P(1/x) = P(x). It 
follows that P(a) > 0 for 0 < « < 1. Thus P(x) > 0 for x > 0. This completes 
the proof. | 


2.3. Application of known inequalities 


We have already built up a library of some basic inequalities. These may be 
used in proving a new inequality. Only some insight into the problem leads to 
the correct inequality to be chosen. Sometimes many inequalities may be used 
in conjunction to prove the result. 


Example 2.3. If a,b,c are positive real numbers such that a+6+c= 1, prove 


that 
8 


8abe < (L—a)(1—b)1 ce) S a. 


Solution: Since a,b,c are positive and a+b+c = 1, none of these can exceed 
1. Thus each of 1— a,1—6,1-—c is positive. Using the AM-GM inequality, we 
obtain 


3-a-—b-c\* 8 
(-aya-Ha-o< (F=8P*) =F 


which is the second part of the required inequality. On the other hand, we also 
see that 


l 


(1—a)(1— 6) —c) 1—(a+b+c) + (ab+ be + ca) — abe 


= ab+bc+ca-— abc. 
Thus the first part of the inequality is equivalent to 
9abe < ab+ be+ ca. 


We may write this last inequality in the form 


Tis, Te. 

~+-4+->9. 

a b oe 
This is an immediate consequence of the AM-HM inequality, since a+b+c = 1. 
More generally, it is not hard to see that for any n positive real numbers 
@1,02,--.,@n, the inequality 


1 1 1 2 
Oy gst id || |e a ee ea, 


holds. | | 


Example 2.4. Let a, b,c be positive real numbers, and let p,q, be three numbers 
in the interval [0, 1/2]. Supposea+b+c = p+q+r = 1. Prove that 


pat+qb+rec 


be < 
abc < 3 


Solution: We make use of the generalised AM-GM inequality: if a, 6, y are 
non-negative real numbers such that a+ 6+ = 1, then for positive u, v, w, 
we have 

aut Bu + yw > urvPw". 
Thus we obtain 


ee ene 
Ope! Aga” «oe be ca ab 


(bc)” (ca)* (ab)" <p-be+q-catr-ab. 


and 


These two lead to 


abc 2 1 
oe Pe | a ae 
s 7 
ay) 
= (be)"(ca)"(ab)" 


< p-be+q-cat+r-ab. 
Assume a <b<c. Then 


p-be+q-cat+r-ab < pbe+(qtr)jac 


= pbc+(1—p)ac. 
Since 0 < p < 1/2, we get 


This implies that 


pbc + (1 — p)ac 


lI 
bo 
= 
oO 
+ 
bo 
g 
io) 
pm 
3 
Ne 
On 
io) 
+ 
—™~ 
| 
| 
3 
Neat 
g 
io) 


2 2 
= =c(a+b) 
But we know that , a 
(a+b)e< (FS *) = re 


Combining all these, we end up with 
abc “ Ea - 1 
pa+qb+re 2 4 8 
We also observe that a = b = 1/4, c= 1/2, p= q = 1/2, r = 0 gives equality. 
| 


Example 2.5. For n > 2, and real numbers 0 < 41 < tg <-+: <4, <1, prove 
that 


n 
Moka TR > 1 
Ln 
k=1 


pe Ue ENT 2Q°++ 1+a, 


Solution: Ifa, >0 for 1<k <n, then we know that 
(Sax) (Soa?) >”, 
k=1 k=1 
as an application of the AM-HM inequality. This implies that 


n 


(Soa) (Yoas'(1~ a) 


k=1 


IV \| 
a po aoe 
> 

al 
M: = 
£ iM: 
= 

see 

! 

la 

= 


k=1 
= n (1 — ax)). 
k=1 
Taking 
eta NS forl<k<n, 
14+ xp 
we obtain 
n n 1 n 
1 
Yat (n- Ye) any 
k=1 ya ee qa Lt te 


we get 


n n n 
1 
nen > (Shan trees tn) ira 
k=1 k=1 k=1 
This is equivalent to the given inequality. a 
Example 2.6. Let a1, a2,--- ,@,, be positive real numbers. Prove that 
at az a2 


1 
eae "> —(a, +ag+-+::+an). 
aj,t+ag agt+az ie oe : n) 


Solution: We put 


where a4, = a,. Then jel a; = 1. Now the weighted AM-HM inequality 
gives 


1 j=1 
> : 
n = n Qa 
J 
Pte DUG 
j=l jar 


We observe that 


Ms 3) -Borvan-a( Ss) 


=1 4 j=l j=l 


obtain 
ae Gs sg do aby za doa ; 
j=l J J j=l j=l j=l 
which is the desired inequality. a 


Example 2.7. If a,b,c are positive real numbers, show that 


abe(a+b+e+ PTR Te) Bana 
(a? + b? +c?) (ab + be + ca) s 9 - 


When does equality hold? 


Solution: The Cauchy-Schwarz inequality applied to (a,b,c) and (1, 1,1) 
gives 


atb+tc< V3Va+eP4+c?. 


On the other hand, the AM-GM inequality gives 


a? +b? + > 3(abc)?/>, ab + be +. ca > 3(abc)?/3, 


Combining these two, we have 


abe(a tb+e+va? + b? 4 2) . abe(1 + V3) (a2 +0? +2)? 
(a? +b? + c?) (ab + be + ca) ~ (a? +b? + c?) (ab + be+ ca) 
abe(1 + V3) 
(ab + bc + ca) (a? + b? + c?) 
abc(1 + V3) 
3/3 (abc) 3 (abc) 3 
34+ V3 
ae 
Equality holds if and only if a=b=c. | 


i 
2 


Example 2.8. (IMO, 1995) Let a, b,c be positive reals such that abc = 1. Prove 


that 
1 1 1 3 


eo 
Bb+e) | Bleba) S@+b) 2 


Solution: Taking x = 1/a, y = 1/b, z = 1/c, we have xyz = 1 and the 
inequality to be proved is 


x? y? 2? 3 
+ >. 
yte z+na at+y” 2 
Using the Cauchy-Schwarz inequality, we have 
2 2 2 
(e+y+2P 52 fe ae )(e+u+a, 
Yte 2£+N0 j%Ut+y 
Thus 
ge | y? | 2 és atytz 
yt2  zt+n vty 2 : 


But the AM-GM inequality gives 
at+y+z > 3(ryz) =3. 


It follows that 
ge y? Pe: 


3 
ae + oe 
yte2 z2+e ety” 2 


We prove, the following more general assertion: 
Let a,b,c be positive reals such that abc = 1. Then 


1 ih 1 1 3 
a®(b+c)  b*(c+a) 2 


(2.4) 


holds if x > 2 ora < —-1. For each x, -1 < ax < 2, we can find positive real 
numbers a,b,c such that abc = 1 and (2.4)is not true. 


For any real x, define 


1 1 1 
a®(b+c) b*(c +a) ct(at+b)- 


f(x;a,b,¢) = 


We show that f(x; a, b,c) is a non-decreasing function for z > 1. Letx > y>1 
be two reals. Suppose a <b < c. Then a®~¥ < b*-¥ < c*~® is true. We also 
observe that a¥(b+ c) < bY¥(c+a) < c¥(a+b). In fact, a¥(b+c) < bY(ce +a) is 
equivalent to ab(a¥~! — b¥~') < c(b¥ — a¥) which is true because y— 1 > 0 and 
a <b. Similarly, b¥(c+ a) < c¥(a+ 5) holds. Using Chebyshev’s inequality, we 
obtain 
1 1 1 
at(b+c) | b®(c+a) v c*(a+b) 
1 1 1 
cc (a+b) 


a®—Yay(b+c) = be-yby(c +a) | 


s 5 ( 1 ie 1 es 1 )( 1 i 1 | 1 ) 
~ 3 \at-¥  be-¥ cr av(b+c) bY(e+a) c¥(atb) 
1 1 1 
av(b+c) | (e+a) c¥(a+b) 


We have used the AM-GM inequality in the last leg. We get f(x;a,b,c) > 
fly;a,6,c) ife >y>1. Thus f(x;a, b,c) is a non-decreasing function on the 
interval [1, 00). 

Now consider f(2; a,b,c). We write 


Fab) 1 as 1 1 
Bibs az(b+c) | B(ce+a) ' (a+b) 
_ be ca, ab 
ab+ac be+ab be+ca 
1 1 1 
=(ab4 
OPake yea) (ate be + ca a) + 
9 3 
ae 
oy SD 32 2 


It follows that f(a;a,b,c) > 3/2 for x > 2. 
We now show that the result is not true for 1/2 < x < 2. Take r = 2-—e 
where e > 0. Put a = d?,b = 1/d,c = 1/d so that abe = 1. Then 


1 +} 2a 
2d3—-2e © d§+1 
and f(2—e;a,b,c) > 0asd— ov, ife < 3/2. Ife = 3/2 then f(2—e;a,b,c) > 
1/2 < 3/2. In any case (2.4) is not true. Thus (2.4) fails for 1/2 < x < 2. 


f(2—e54,6,c) = 


For x in the interval (—oo, 1/2), we replace a,b,c by 1/p, 1/q, 1/r respec- 
tively. Then f(a; a,b,c) = f(1—2;p,q,r). But 1—< lies in the interval (1/2, 00). 
It follows that (2.4) holds for « < —1 and for z in the interval (—1, 1/2) there 


are a,b,c such that abc = 1 and (2.4) fails. | 
Example 2.9. Let n > 3 be an integer and let 71, %2,... , Zp, be positive numbers 
such that 
“1 

wise! 

jal + 2X; 
Prove that 

n n 1 
S> Vay = (n-1) —. 
vj 


Solution: We may take 7, < rg <-+:: < a. We claim that under this 
condition we have the inequality: 


VTi_ VTE 


baa Tae 


whenever 1 < 7 <k <n. In fact, we have 


ps 1 ; Ll 2+ 454+ 2% 
1+2; lta, (1+2;)1+2x)’ 


from the given condition. This gives 
Ltaj top t+ ajtp > 242; +2. 


Hence x;2, > 1. But we also have 


Vo5 Var _ (/87 — Vee) (1- VF) >0, 


14+ 2; 1+ 2% (1+2;)14 2x) 


since ,/@j < ./v, and 1 < \/ajx,. Thus we obtain 
JNETN oa, NE Heks, oo! 8e vin 


l+a,7 1+2.7 —~ 1+2,- 


Since we also know that 
1 1 1 
ee ee ee . 
Vt x2 Vin 
by the assumed ordering of x;’s, we may apply Chebyshev’s inequality. We get 


n n 


103 Ore oe, 


g=l j=l 


(2.5) 


However using the AM-HM inequality, we obtain 


ova) Quis)" 


j=l 


We may write this in the form 


(as )(hv9) +e 


Now using (2.5), we obtain 


+(e) 


j=l J j=l 


eR 


This reduces to 


(ois) (a) n2—n=n(n—1). 


However (2.5) may also written in the form 


Using this in (2.6), we get 


vos (Sv) ($5) 


Lvs wae n-) 


This gives 


Alternate Solution: 


Using 


we easily obtain 


Y TO eg 


s, 


Xj n—-1 
2 V5 ( Din 
= (Sige) (28) - Oe) ize) 

= Data Ta) ) 9s: 

x ( V®jVFR — 1) (Vai — VER) (VT + VER) 

a ve ayaa) 
Here we have used 

! LV _ 8B = 1) (VER VER) 


(+a)yy (Fa) vte (teed +a) + en) 


Thus it is sufficient to prove that x;x, > 1 for any pair j,k such that j # k. 
But this follows from the given condition: 


1 1 ~ 2+2;+ 2p 


> = 
—1+a; lta, 1+aj;+a,4+ 052%’ 


which implies that x;x, > 1. a 


Example 2.10. (Hardy’s inequality) Let a),a2,...,ay be N positive real 
numbers and let p > 1. Put 


_ a Fagte: +a 


K forl<k<QN. 


Prove that 


Sa < C2 as 


k=1 k=1 


Solution: Let A, = a; + a2 +---+ az, We have 


a’ = 5am tan => al ~~ sate (An jas An-1) 
=e re [08 (nan — (n= Lent) 
= a (1 es ) (R= UP pte, 
-—1 p-l 


Using the generalised AM-GM inequality, we have 


=I Sal 
ADB pi 5 < Z {(p lja? +a? \. 
pod p-l 


Thus we get 


As} 
8 
33 
us 
=) 
3 
IA 
2) 
3°38 
— 
— 
S 
Ils 
— 


lI 
— 
= 
| 
Aa, 
2) 
3°38 

iL 
| 
= 
2) 
38 
“~ 


Thus we obtain, 


N Dp N 
1 
doh < a a Gn 
N N 
< 2 (Svat) (Sale), 
oA 24 ae 


where q is the conjugate index of p; we have used Holder’s inequality. Hence 
(p — 1)q =p and we obtain 


= p x 1/p N 1/q 
Deak ssPa( Doak) (Leas) 
n=1 n=1 n=1 
This simplifies to 
N axe N 
p p 
oS Ee -) et 
k=1 k=1 
| 
Example 2.11. Let a,,a2,...,@, be n positive real numbers. Prove that 


Tor = (Ife) 


j=l 


Solution: Consider the function f(x) = «lna. This is convex on (0,00). In 
fact f” (a) = 1/x which is positive. Using Jensen’s inequality, we obtain 


ae | ee ema 
2 24M > (> 743) In (> 45). 


However, the AM-GM inequality gives 


Using the monotonicity of Inz, we obtain 


This implies that 


Using the fact that the logarithm takes multiplication to addition, and using 
the monotonicity of exponential function, we obtain the desired inequality. 


Example 2.12. Let a,,a2,... ,@n ben positive real numbers. Show that for any 
permutation a},a5,...,a/, of the sequence a1, a9,... , Gn, the inequality 
mu nm , 
ITe7 2 TI, 
j=l j=l 
holds. 


Solution: We may assume that a, > a2 >--- > a,. Then we have 
Ina; > Inag >--- > Inapy. 


We apply the rearrangement inequality to the sequences aj,a2,...,@n, and 
Ina,,Inag,... , Ina,. We obtain 


n n 
/ 
S- a;lna; > ys a; Ina;. 
j=1 j=1 


This implies 


2.4 Use of calculus in inequalities 


Many inequalities follow directly from the monotonicity of the function involved 
or by calculating its global maxima and minima. For a differentiable function, 
the monotonicity can be established using the nature of its derivatives. A point 
of local minima or maxima for a differentiable function is precisely that point 
at which its derivative vanishes. We state these results here without giving 
proofs; the proofs need the techniques of differential calculus. 


Theorem 12. Let f : (a,b) — R be a differentiable function and suppose 
f'(x) > 0 for all x € (a,b). Then f(a) is a non-decreasing function on (a,b). If 
f’(a) > 0 on (a,b), then f(x) is strictly increasing on (a, 6). 

Similarly, f’(a) < 0 for all ~ € (a,b) implies that f(x) is non-increasing on 
(a,b) and f’(a) < 0 for all x € (a,b) implies that f(x) is strictly decreasing on 
(a, b). 


Theorem 13. Suppose f : (a,b) > R be a differentiable function and X is 
a point where a local extremum occurs for f; i.e., there exists a neighborhood 
(A — 6,A + 6) of A such that either f(x) < f(A) for all « € (A —6,A 4+) or 
f(x) > f(A) for all « € (A—6,A +6). Then f’(\) = 0. Suppose further f is 
twice differentiable and f’(A) 4 0. If f(A) < 0, f(A) is a local maximum; and 
if f(A) > 0, then f(A) is a local minimum. If f’”(A) = 0, then f(A) is neither a 
maximum nor a minimum(a point of inflexion). 


For proofs of these statements, refer to any book on Calculus. We consider 
examples which make use of these theorems in their solutions. 


Example 2.13. Show that for any x > 0, the inequality 


>0, ifa>lora<0, 


(2.7) 
<0, if0<a<l. 


ce” —ar+a-—l1 


Solution: We consider the function f(x) = «* — ax + a —1 on the interval 
(0,00). This is a differentiable function and 


f'(@) = aa" — a = a(n? — 1). 


This shows that f’(#) = 0 only if = 1 (Note that a 4 1). Moreover f” (x) = 
a(a - i)2?-? which is positive at « = 1 if either a < 0 or a > 1, and negative 
atx =1if0<a<1. Hence x = 1 isa unique point of minimum if either a < 0 
or a > 1, and a unique point of maximum if 0 < a < 1. Since f(1) = 0, we 
conclude that f(x) > f(1) = 0 if either a < 0 or a > 1, and f(x) < f(1) =0 
if 0 <a<1. This proves the result. | 

Interestingly, the inequalities (2.7) may be used to derive many of the known 
inequalities. We show here how we can derive the generalised AM-GM inequal- 
ity and Young’s inequality. Suppose x; and x2 are two positive real numbers 


and let « = 21/x2. Take any a with 0 << a< 1. Then we have 
(=) a(=) tfa—-1<0. 
v2 v2 


xt a ~<ar, t+ (1 _ a) x2. 


It may be rewritten as 


This proves the generalised AM-GM inequality for non-negative real num- 
bers x1, £2 and weights a, 1 — a. Now we use the principle of induction to 
prove the general case. Assume that for any n — 1 non-negative real numbers 
Y1,Y2,Y3,-+5Yn—1 and positive weights A1,A2,A3,---;An—1 with Fy dy = 1, we 


have 
Te Yj ess s AjY;: 


j=l 
Take any n non-negative numbers 21,%2,%3,...,£,, and positive real numbers 
Q1,02,03,...,%p, such that Dy _, a; =1. Put 
Yi =2j, AjJ=a;, forl <j<n-2, 
On—1/An-1 On /An— i. 


Yn—-1 = yy xy An—-1 = An-1 + On. 


We observe that A; > 0 for 1 <7 <n—1 and 


n—-1 n 
Ss Xj = Soa; =1 
j=l j=l 


Using the induction hypothesis, we obtain 


n n-1 
a Aj 
Ee = Ly; 
j=l j=l 
n-1 


IA 
be 
x 
S 


IA 
g 
Q. 
8 
S 
a 
i= 
3 
| 

is 
2) 
3 
et | 
a 
| 2 
3 |3 
be 
8 
3 
| 

a 
+ 
»~ 

3 

| |3 
an 

8 
3 
7 


= Slaja,, 
jaa 


since An—1 = An—1 + Qn. Equality holds if and only if all z;’s are equal. 


We also establish Young’s inequality which is key to Holder’s inequality. 
mi 1 1 
Suppose a and 6 are positive reals and p,q be a nonzero reals such that —+—- = 


1. We take a = 1/p and « = a/b. We get (¢)'/"-1(2)+1-1>0ifp<1 
and < 0 if p> 1. This reduces to 


dleple s O42 Sep ea, 
P sq 
dept 2 8! Gee 4 
P 
Now replacing a by a? and b by 0%, we get 
pa 
Go FS ES aie: 
Pp qd 
ppg 
fe. Sea Es pet: 
Pp q 


which is Young’s inequality. 


Example 2.14. Show that e” > 1+2+(2x?/2) for x > 0, and e” < 1+4+(x?/2) 
for « < 0. 


Solution: Let f(z) =e” —1— 2x -— (a?/2). We have 
f'(~)=e*-1-a, f"(x2)=e?—-1. 

Hence f(x) > 0 for « > 0 and f”(a#) < 0 for x < 0. This implies that 
f’(a) is increasing on (0,00) and decreasing on (—oo,0). We thus infer that 
f(a) > f’(0) = 0 for all real « # 0. It follows that f(x) is increasing on 
(—oo, 0) and (0,00). This implies that f(x) < f(0) for x < 0, and f(x) > f(0) 
for x > 0. Since f(0) = 0, it follows that f(x) > 0 for « > 0, and f(x) < 0 for 
x <0, which is the desired inequality. a 


Example 2.15. Prove Jordan’s inequality that 


2 — sinz 
pe ely 
7 x 
for all x € [0, 7/2). 
Solution: Consider f(x) = sinz. Since f’(x) = cosx and f”(x) = —sina, 


we see that f’ (a) < 0 on [0,7/2]. Hence f(a) is a concave function on [0, 7/2]. 
Take any x € [0,7/2] and set \ = 2x/7. Using the concavity of f(x) = sina, 
we have 


sin(z) = sin ((1—.)0+Az/2) 
> (1—A)sin (0) + Asin (7/2) 
Se gee 


TT 


Thus we obtain . 
sin x 


2 


AlNw 


x 


On the other hand, consider g(a) = sinx — x on [0,7/2]. We again note that 
g(x) = cosx — 1 < 0 for all x € [0,7 /2]. Hence g is a non-increasing function 
on [0,7/2]. This implies that g(x) < g(0) =0. Thus we get, sing < x for all 
x € [0, 7/2]. Using the known result that lim,_,9 sin z/x = 1, we conclude that 
sinx/ax <1 for all x € [0, 7/2]. Thus we have Jordan’s inequality, 


2 sin x 
ae a 
7 


> 


x 


valid for all x € [0,7/2]. Here we have to take the limiting value forz =0. & 
Example 2.16. Prove Bernoulli’s inequality that for « > —1, 


(l+a)* > l+az, ifa>lora<0O, 
(l+a)* < l+az, if0<a<l. 


Solution: Consider the function f(x) = (1+ 2)* —1- az for x > —1 and 
a #1. Then we see that 


fi(e) =af{(L+2)** — 1}. 


Suppose a > 1. Since z > —1, we see that (1+ 2)*"! > 1 if x > 0, and 
(1+ 2)?! <1 for -1 < 2 <0. Thus f(x) > 0 if x > 0, and f’(z) < 0 if 
—1<.a<0. This shows that f(x) is decreasing on (—1,0), and increasing on 
(0,00). Hence f(x) > f(0) for all x > —1, x 40. We obtain 


(l+a)*>1+4+axr ife>-1,¢40,a>1. 


If a < 0, then 1—a@ > 1, and hence (1+ 2)*~!—1 <0 for1 +z > 1; and 
(1+2)°1-1>0 for0 <1+2a <1. Thus f’(z) > 0 for1+2a > 1, and 
f(a) < 0 for0 <1+a <1. Hence f(x) is decreasing in (—1,0), and increasing 
on (0,00). We see that f(x) > 0 for « > —1, and x 4 0 in this case. This gives 


(l+a)°>1l+ae, if~>-lr4#0,a<0. 


Consider the case in which 0 < a < 1. Then a—1 < 0. Hence (14+.x)°~! — 
1 < 0 for x > 0, and (1+ 2)°"'—1>0 for -1 <2 <1. Thus, it follows 
that f’(2) > 0 on (—1,0), and f’(x) < 0 on (0,00). We deduce that f(x) is 
increasing on (—1,0), and decreasing on (0,00). This gives f(x) < f(0), and 
hence 
(l+a)°<l+ae, if~>-l,x¢40,0<a<l. 


Example 2.17. Let a1,a2,a3,...,@, be n > 1 distinct real numbers. Prove that 
2 12 jp pee 
ai, (a) - 0)" [og 2 (ow 
Solution: We first prove that 


min (a; — ap)” < nee =a) Sea, ; (2.8) 


1<j<k<n 


for any n real numbers a1,@2,43,...,@,. We may assume )>, 


j=1 44 = 1. We may 
also enumerate a;’s such that 
G@ = 1523S: + *<ay. 


Put 
5 12 


areal 

Suppose the inequality is not true. Then aj,;—a,; > wforl <j <n—1. Thus 
aj >at(j—1)z, 

for 2<j <n. Hence 


n 


l=) a > S- (a+ - Mn)’ 


j=l j=l 
n-1 . 
= ) (atin) 
j=0 
n-1 n-1 
= na? +2au S057 +S) 3? 
j=l j=l 
-—1)Qn-1 
= naz irs apn(n 1) a )( nm ) 


This contradiction proves the inequality (2.8). 


We take b; = a; +t where t is a real variable and apply the inequality (2.8) 
to the sequence (b;) to get 


n 


5 2 2 
ous Wy an) 8 Dee) Dat t)’ |, 
j= 


valid for all t. Consider the function f(t) = ae (a; + t)”. Expanding this, 


we obtain 
f= 300 +2( oa )tt ne 
j=l 1 


j= 
which is a quadratic polynomial in t. This quadratic polynomial attains its 
extremum at to, where f’ (to) = 0. Solving this, we see that 


Since f” (to) = 2n > 0, we infer that f has a unique minimum at to. Hence 
f(t) = f (to), for all t. But we see that 


0) = $9-2(Ss) Ss) 


j=l j=l j=l 
n 1 n 2 
= 2 
= Ye-i(Ya) 
j=l j=l 
This implies that 
2 12 
: —_ 2 ae 
1<jeken (aja) Ss n(n? — iy (*o) 
19 n P 1 n 2 
= - = a 
n(n? — 1) “9 a 2% 
j=l j=l 


Example 2.18. Let a,b, x,y be real numbers such that ay — ba = 1. Prove that 
a+b 407 + y7 + ax 4+ by > V3. 


Solution: We can find u,v,6,¢ such that a = ucosd, b= usindé, x = vcos¢ 
and y = vsing. Using ay — ba = 1, we infer that uwvsin(@ — ¢) = 1. Hence 
uv > 1 (remember wu and v are positive). We obtain 


cos?(9 — ¢) = 1—sin?(@— ¢) =1-— = (u?v? — 1) /u?v?. 


u2v2 


We observe that u? = a? +07, v? = x? +y? and ax + by = uv cos(d— ¢). Using 
u? + v2 > 2uv, we obtain 


a? +b? 4 2? + y? + ax + by > Quv — V uv? — 1. 


Thus, it is sufficient to prove that 


Quv — Vu2v2 —1 > V3. 


Consider the function f(t) = 2t — Vt? — 1 for t > 1. We have 


which gives f’ (to) = 0 on [1,00) if and only if tp = 2/\/3. We see that 
& 

1 
(VF=1)” 


Hence f”(to) = 3/3 > 0. This shows that f has a unique minimum at 
to = 2/3 on [1,00). Thus we have 


f(t) > f(to) = v3. 


f(t) = 


It follows that 


2uv — Vu2v2 —1> V3, 


which is what we have to prove. a 

Another important technique for proving inequalities is to use the fact that 
between any two real zeros of a differentiable function, there is always a zero 
of its derivative. This follows from Rolle’s theorem in calculus. We have 
already used this idea while proving Newton’s inequality in an earlier chapter. 
Existence of real zeros for the derivative puts certain restrictions on the function 
and this would lead to inequalities. 


Example 2.19. Prove that in a triangle with sides a,b,c, circum-radius R and 
in-radius 7, the inequality 


9r(4R + r) < 38? < (4R + r)’, 
holds, where s = (a+b+c)/2 is the semi-perimeter. 


Solution: Consider the monic polynomial whose roots are a,b,c. We have 


s*+r(4R+r) = s*+4Rr+r? 
on, ih 2 DOE: “ZS ae A? 
rend Ass s? 
2 , abe A? 
——y Ss + an 
8 s2 
s° + abc + (s — a)(s — b)(s —c) 


= ab+bc+ca, 


and 


b 
4sRr = x -A=abce. 


Here A denotes the area of the given triangle. Observe that we have used the 
well known Heron’s formula: A? = s(s — a)(s — b)(s — c). Thus a,b,c are the 
roots of the equation 


p(x) = 2° — 2sa? + (s° + r(4R + r))e —4sRr =0. 


Now p(x) = 0 has three real roots. Hence Rolle’s theorem shows that p'(x) = 0 
has two real roots. But 


p (x) = 3a" —4sx+s?+r(4R+r). 


This is a quadratic equation and it has two real roots if and only if its discrim- 
inant is non-negative. Computing the discriminant, we obtain 


16s? — 12(s? + r(4R+ r)) > 0. 


This leads to 
9r(4R + r) < 358. 


We also know that 


A A 
Ta = gee ATS 
s—a Ss 
Hence 
a= 8(Ta — 1) 
Ta 
Similarly, we can get 
nee Ue on Mte—") 
Tb Te 


Here rg,1p, Tc are the ex-radii of the triangle ABC. 
Putting x = s(y—r)/y in p(x) = 0, we obtain an equation in y; 


dy) =y? — (4R + r)y? + s*y — s*r =0. 


Observe that ra,7b,7c are the roots of q(y) = 0. Hence q’(y) = 0 also has real 
roots. But 
q'(y) = 3y’ — 2(4R +r) +5°, 


and its discriminant is 4(4R + r)? — 12s”. We thus obtain the inequality 


38? < (4R+ r)*. 


2.5  Trigonometric substitutions 


Some of the inequalities may be proved using suitable trigonometric substitu- 
tions. We have already encountered one such use in Example 2.18. We shall 
study a few more such examples here. 


Example 2.20. Let a,b,c be real numbers such that 0 < a,b,c < 1. Prove that 


Ja(l —b)(1—c) + Vo — (1 — a) + Ve(1—a)(1 — 8) < 14 Vabe. 


Solution: Since a,b,c are in [0,1], we can find z, y, z in the interval [0, 7/2] 
such that 
a = sin? x, b = sin? y, c = sin? z. 


Thus the inequality to be proved gets transformed to 
sin x cosy cos z + sin ycos zcosz + sinzcosxcosy <1+sinzsinysin z. 
This is equivalent to 
sin «( cos y cos z — sin ysin z) + cos x ( sin y cos z + cos y sin z) <1. 


On simplification, this reduces to sin(w + y+ z) < 1, which follows from the 
property of the sine function. a 


Example 2.21. Let x,y, z be positive real numbers such that cy +yz+ za = 1. 

Prove that 
2x(1 — x?) 2y(1 — y?) . 22(1 — 2?) Pe: it y Z 
(1+ 22)" (1 + y?)” (1+ 22)” ee ee oo a al 


Solution: Consider the first term on the left side: 


2x(1 — x”) = Qn 1— 27? 
(1402)? lta? 14a?" 


We know that 
2 tan(a/2) 
1+ tan?(a/2) 


1 — tan?(a/2) 


~ SO T+ tan®(a/2) 


= cosa. 


Hence, this suggests the substitutions 
x =tan(a/2), y=tan(G/2), z= tan(y/2). 


We recall that the function x ++ tan is a one-one function of (0,7/2) on to 
(0,00). The inequality now transforms to 


1 
sina cosa +sin 8 cos 6 +sinycosy < 5 (sina + sin 8 +sin7). 


This is equivalent to 
sin 2a + sin26 + sin2y < sina+sin$+siny. 


We observe that 


_l-ay —— 1—tan(a/2) tan(G/2) 
— g+ty  tan(a/2) + tan(6/2) 
r™ a #£pB 
= tan ( PS Se ) 
Dw <2 
This shows that 3 
T Q 
tan(7/2) = tan (5 = 2 = =). 
: ; sel Me a Ey : 
Since a and £ are in (0, 7/2), so is ae. Since x + tan is one-one on 
(0, 7/2), we conclude that 
oie ie eae 
De D2 82s 2 
This givesa+6+7= 7. Now f(x) = —sina is convex on (0,7). Suppose 


a<6<v+7and let a’, B’,7 be a permutation of a, 8,7. Using Theorem 10 on 
page 41, we obtain 


—sin (a’ + a) — sin (f" + 8) — sin (7 +7) < —sin (2a) — sin (28) — sin (27). 
Taking a’ = 8, 6’ = 7 and 7’ = a, we obtain 
sin (2a) + sin (28) + sin (27) < sin (a + 8) +sin(8+7) +sin(y+ a). 
This reduces to 
sin (2a) + sin (28) + sin (27) < sina + sin 8 + sin, 
proving the inequality needed. = 
Example 2.22. Show that for any three real numbers a,b, c, the inequality 
(ab+be+ca—1)° < (a? +1)(? +:1)(2 +1), 
holds. 


Solution: Put a = tana, b = tan, c = tany, where a,f,y are in the 
interval (—1/2,7/2). Then 


a?+1l=sec2a, b?+1=sec?f, c*+1=sec*4, 


and the inequality to be proved is 


2 
((ad + bc + ca — 1) cos @.c08 f c08) <1. 
However, we observe that 


(ab + bc) cosa@cosBcosy = sinasinBcosy+cosasin G siny 


I 


sin B sin(a + 7), 


(ca — 1) cosacos 8 cos y sin a cos 8 sin y — cosa cos 6 cos y 


= —cosBcos(a+7). 
Thus, we obtain 
2 
((ab + bc + ca — 1) cosacos 6 cos 7) 


= (sin Bsin(a +) — cos 8 cos(a + )). 
cos’ (a+ 8+) <1. 


Example 2.23. For any three positive real numbers x, y, z such that r+ y+z= 
xyz, prove the inequality 

x ES y | Zz < 3V3_ 
Vita? Jlt+y? v1+2? 2 


Solution: Since «7+ y+ z= xyz, there is a triangle with angles a, 8, such 
that « = tana, y= tan, z = tany. Then the inequality reduces to 


3/3 


sina+sin$+siny < ye? 
This follows from 3.4.5 on page 118. | 


2.6 Properties of quadratic polynomials 


The fact that a quadratic equation ax?-+ba+c = 0 has real roots if and only if its 
discriminant is non-negative helps in establishing many inequalities. The classic 
case is the Cauchy-Schwarz inequality. Take two sequences a1,@2,@3,...,@y, and 
b1,b2,b3,...,bn of real numbers. We associate the quadratic polynomial with 
these sequences by 


ft) = S- (a; +0;t)” = A+ 208+ Be, 


j=l 


where 


3 
I 3 
3 


We may assume that B ¢ 0, for, otherwise b; = 0 for all j forcing C = 0, and 
in this case the inequality C? < AB is trivially true. Thus B > 0. Since f(t) 
is the sum of several squares, we have f(t) > 0 for all t. Hence its discriminant 
is non-positive. This implies that C? < AB and gives the Cauchy-Schwarz 
inequality. We also observe that equality holds if and only if f(t) = 0 has two 
coincident real roots. This is equivalent to a; + Ab; = 0, for 1 < 7 < n, where 


is the double root of f(t) = 0. 


Example 2.24. Let (a1, a2), (b1, b2) and (ci, c2) be three pairs of real numbers. 
Prove that 


(Sabo +S a2b1- 2 ara) < 4( raf — Sard) (D2 8- Yat), 
where the sum is cyclically over a, b,c. 


Solution: We know that for all real x, y, z, the following inequality holds: 


ety? +227 > ayt yz + ze. 


In fact this is equivalent to («—y)? +(y— 2)? +(z—2)? > 0. Moreover equality 
holds if and only if « = y = z. Now consider the quadratic polynomial 


P(t) = S~ (a1 + taz)” — S~ (a1 + taz) (br + the). 


cyclic cyclic 


Using 2? + y? + 27 > xy + yz +22, we observe that P(t) > 0 for all real t. 
Hence the discriminant of P(t) must be non-positive. We can also write P(t) 
in the form 


P(t) = ( S- az — Ss abo)? 


cyclic cyclic 
+(2 ) ay,ag — ) a,b _ ) azbi )t 
cyclic cyclic cyclic 


+( S- at — S- arbi). 


cyclic cyclic 


Thus we obtain 


( S- ayb2 + i andy —2 y aia) 


cyclic cyclic cyclic 
< 4( ) a = ) abi) ( ) as zs ) azb2) . 
cyclic cyclic cyclic cyclic 


Here equality holds if and only if 
ay + tag = by + tbo =Ci + tea, 
where t is the coincident root 


2 ar 102 — Die avait ayb2 — Deovaie aby 
5 . 
Saale ay — clic azb2 


This reduces after simplification to 


t= 


by cg — bec, + cya — C2a1 + a bg — agb; = 0. 


Example 2.25. Let n > 2 and x1, %2,...,2n be n real numbers. Put 
n 
b= xe q= S- LiL. 
j=l 1<j<k<n 
Prove that 
p n-il = 2nq 222 P a 
n n n—-1 n n n—-1 
for all 7. 


Solution: Consider p and gq: 


p = %+(#2+23+-+-+4n) 
QQ = 4%24+%1%3 +++: + 21% + Se LiL. 
2<j<k<n 
We see that 
(p— 21)" — (ag +3 +++ +n)" 


< (n-1)(@}+a3+---+23) 


-_ (n—-1) (v2+23+-+-+2%n)° —2 S- ajar} 


2W<j<k<n 


Thus we get a quadratic inequality: 
nx? — Ipr, — (n — 2)p* + 2(n —1)q < 0. 


Solving this inequality, we get 


n—-1 2n n—-1 2n 
= p 1 <a <? 4 pe os 
n n n—-1 n n n—-1 
Since we can choose any z; in place of 71, we get the desired inequality. = 


2.7 A useful transformation 


Sometimes, an inequality involving the sides of a triangle can be converted 
to an inequality for positive real numbers and vice versa. This achieves a lot 
of simplification in solutions. In a triangle with sides a,b,c, we know that 
a<b+c,b<c+aandc<a+b. Hence, if we introduce 


2x=b+c—-a, 2£y=c+a-—b, 2z=a+b-c, 
then we see that 2, y, z are positive reals and a = y+z,b = z+2,c=a+y. This 


transformation is often referred as Ravi transformation in the mathematical 
literature. 


Example 2.26. (CRMO, 1999) Let a,b,c be the sides of a triangle. Prove that 


a c+ 


a b 
b+e a 


Solution: Using the transformations described above, this reduces to 


Yr? | CIEE ape 1S 


> 6. 
x y Zz 
This follows by the AM-GM inequality: 
+ + + 
URE FEO Oy (E+4)+(4+2)+(E+5 
x y Zz y 2 zy Lz 


Vv 


2+2+2=6. 


Example 2.27. If a,b,c are the sides of a triangle, prove 


(b+c-—a)(c+a—b)(a+b—c) < abe. 


Solution: Using x,y,z as described above, this reduces to the inequality 
Bayz < (e+ y)(yt+ z)(z+2). 
Using the AM-GM inequality, we see that 
8xyz = 2/ry-2/yz-2/zxe < (e+ y)\(ytz)(e+2). 
| 


Example 2.28. (INMO-2003) Let a,b,c be the sides of a triangle ABC. Let 


b 
A’ B'C" be the triangle whose sides are a 4 5" b+ i c4 7 Prove that 


[4’B'C'] > 7[ABC]. 


Cc 
9? 


b 
Solution: It is easy to observe that there is a triangle with sides a+ 3 b+ 9 


c+ = Using Heron’s formula, we get 


16[ABC]? = (a+b+c)(at+b—c)(b+c—a)(c+a—b), 


and 


16[4’B’C'|° = a+b6+c)(—a+6+43c)(—b+ c+ 3a)(—c+ a+ 3d). 


16! 
Since a,b,c are the sides of a triangle, there are positive real numbers z, y, z 
such thata=y+z,b=z+a2,c=a+y. Using these, we obtain 

[ABC]? _ 16xyz 
(BIC? 3Qe+y)Qy + 2)Qz +2) 


Thus it is sufficient to prove that 


(2a + y)(2y + z)(2z2 + x) > 27axyz 


for positive real numbers x, y, z. Using the AM-GM inequality, we get 
Qa + y > 3(x7y)/3, 2y + z > 8(y?z)/9, 22 + @ > 3(z2a)/9. 
Multiplying these, we obtain the desired result. We also observe that equality 


holds if and only if « = y = z. This is equivalent to the statement that ABC 
is equilateral. a 


2.8 Schur’s inequality 


There is a nice inequality, due to Schur, which is often helpful to prove some 
results. It asserts that: 


Let a,b,c be positive real numbers and let X be any real number. Then 


a*(a— b)(a—c) + b*(b—c)(b— a) + X(c—a)(c— b) > 0, 


with equality if and only ifa=b=c. 


Proof: If any two of a,b,c are equal, the result is immediate. Hence we 
may assume that no two are equal. Because of the symmetry, we may assume 
a>b>c. IfA>0, then 


a*(a — b)(a — c) + *(b— c)(b— a) + c*(c — a)(c — b) 
(a r){(a c)a* — (b ob} + (a c)(b— co)? 


V 
— 
a 
ao 
~~" 
— 
a 
io) 
NY 
— 
Q 
- 
oa 
»- 
YK~ 
V 
> 


If \ <0, then 


= a(e—b)a— d+ (6 O{(a ee — (a bo} 
(b—c)(a oj{e’ D\ > 0. 


IV 


Example 2.29. (IMO, 2000) Let a, b,c be positive real numbers such that abc = 


1. Prove that 
(« 145) (6 142) (c 142) <1 
b c a 


Solution: Introduce a = x/y, b = y/z, c = z/x; this is possible since a, b,c 
are positive real numbers such that abc = 1. The inequality reduces to 


(2+0-y)(et+y—2\(yt2—2) < aye. 


Expanding the left hand side of the above inequality, we obtain 


u(y — «)(a — 2) + y(2z—y)(y — @) + 2(@ — z)(z— y) + wyz. 


Thus it is sufficient to prove that 


x(y — ¢)(a— 2) + y(z—y)(y—2) + 2(@— 2)(2-y) <0. 


This follows from Schur’s inequality. (For different solutions refer to problem 
3.6 on page 288.) = 


Example 2.30. (APMO, 2004) Let x, y, z be positive real numbers. Prove that 
(a? + 2) (y? + 2) (27 +2) > 9(ay + yz 4+ 22). 


Solution: Expanding, the inequality is 

gyz? +2 54 gy? +4 a r?+8>9 y xy. 

cyclic cyclic cyclic 

Note that 

250 w*y?-4 5° ay+6=2 5) (ay-1)? 20. 

cyclic cyclic cyclic 
Moreover }  vctic gees cyclic XY. Thus it is sufficient to prove that 
gy? 2? + S- Le ae ee S- ry. 
cyclic cyclic 

If a,b,c are positive reals, Schur’s inequality gives 


ws, a? +3abe > S- a7b+ S- ab? 


cyclic cyclic cyclic 
= ab(a+b)+bc(b+c)+ca(c+a). 
Using u+v > 2,/uv for any positive reals u,v, we get 
SS a® + 3abe > 2 S- (ab)?/?, 
cyclic cyclic 
Taking a = 22/3, b = y?/3 and z = c?/8, this reduces to 
oy +2 + 3(xyz)? > 2(ay + yz + 2x). 
However, we observe that 
eyez? +2> 3(xyz)7”*. 


In fact, this is equivalent to t? + 2 > 3t, where t = (xyz) 5 °. this follows from 


t? — 3t +2 = (t—1)?(¢+ 2) > 0. Thus 


rye tar ty? +2242 > 2 +y? +22 +3(xy2) 
> AWeytyzt+ 22). 


Example 2.31. Let x,y,z be positive real numbers and define p= x+y+4 2, 
q=uyt+yz+2x and r= xyz. Then 


(i)p? — 4pq+9r >0; (di)p* — 5p?q + 4q? + 6pr > 0. 


Solution: We use Schur’s inequality that 


a(x —y)(e— 2) +y'(y—a)(y— 2) +2"(2-2)(z-y) 20 


for any positive reals x,y,z and real number t. Taking t = 1, we get 


(a? + y? + 2°) — 5 0?y + 3ayz > 0. 


sym 
Using the known identities 


(e@tytzP=ar+yt+224+3(a+y +t 2)(cy + yz + 2a) — 3xryz, 


and 
So oy = (ety + 2) ay + yz + 2x) — Bayz, 


sym 


we obtain 
(2t+yt2z)%—4(ae+y+z)(xy + yz + zx) + 9aryz > 0. 


This proves (i). A similar proof works for (ii) with ¢ = 2 in Schur’s inequality. 
| 


Example 2.32. Let a,b,c be non-negative real numbers such that a+b+c= 2. 
Prove that 

a+b +e+abe> a+ +3. 
Solution: Using Schur’s inequality, we have 


a*(a — b)(a — c) + b?(b— c)(b— a) + c?(c— a)(c— b) > 0. 


This gives 


at +b44+c+abc(atb+c) 


IV 


a(b+c¢)+ (c+ a)c3(a+b) 
(2 +0+8)\(atb+c)—at+bt4+c1. 


I 


This simplifies to 
2(a* +4 +c4) +abc(at+b+c) > (a2 +0 +)(a+b+c). 
Since a+b+c= 2, we obtain 


a+b +e+abe> a+ +3. 


Example 2.33. Suppose a, b,c are non-negative real numbers. Prove that 


a’ +b? +c+4(a+b+c) +abc > 8(ab+ bc + ca). 


Solution: Suppose we prove that 


A(ab + bc + ca)? 


3434 +4 9abe > 
a’ +60° +c + 9abc = ee er 
Then we see that 


4(ab + be + ca)? 
a+b+e 


ef+P+e+4(a+b+c)+abe > 4(a+b+c)4 
> 8(ab+be+ ca), 
where we have used AM-GM inequality. Therefore it remains to prove 


A(ab + be + ca)? 


a? +b? + c3 + 9abe > 
atbt+e 


This may be put in an equivalent form by clearing the denominators: 


at +b'+c4+9abe(at+b+e)+ S> a(b+e) 


cyclic 


>4 So a’? + 8abc(a + b+ c). 


cyclic 


Further reduction leads to 


a+ +b4+c¢4+ abc(a+b+c) 4 SS ab(a? +b") > 4 S- ab? 


cyclic cyclic 


We now use Schur’s inequality: 


a* +b4+c++ abc(at+b+c)> > a?(b+c). 


cyclic 


Therefore 


at +b+4+c44 9abce(a+b+c) 4+ S- ab(a” + b) 


cyclic 


> Sa? (b+c)+ + ab(a” + b”) 


cyclic cyclic 


=2S¢ abla? +0?) >2 5° ab(2ab) = 4 S> (a? +07). 


cyclic cyclic cyclic 


2.9 Majorisation technique 


There is another useful technique, called the majorisation technique, often used 
to derive new inequalities. Let « = (21,22, si wa) and y = (y1,Y2, acs Ua) 
be two vectors in R” such that 


LySw_Q>a3>-+:>e, and yi >ye>y3>+-->Yn- 


We say x is majorised by y and write x < y if 


(i) ay +agtagt---+ap < yityotyst+-:-ty, for 1<k<n-1; 
(ii) L{TLATLZT Tey = yityoty3st: -+Yn. 
Let A be a subset of R”. A function f : A — R is said to be Schur-convex if 


x<y=> f(x) < f(y). 


If the inequality is reversed, we say f is Schur-concave. It is clear that f is 
Schur-concave if and only if —f is Schur-convex. 

There is a useful criterion for checking whether a given function is Schur- 
convex, at least when the function is reasonably smooth. Let 


I” = (a,b) x (a,b) x --+ x (a, 0), 


be an ‘interval’ in R”. Suppose f : I” — R has partial derivatives of the first 
order. Then f is Schur-convex if and only if f is symmetric in the variables 


and ‘A 3 
(o.-n) (gM) 20 


on I”, for all 7 4k. Here are some useful classes of Schur-convex functions. 


(i) If g: (a,b) > R is a convex function, then 


9 (23) 


f(x1,02,23,. . Gn) = 
J 


n 


is Schur-convex on I”. This leads to a standard majorisation inequality: 
if f : (a,b) > R is convex, then 


n 


n 
(©1,02,03,...,0 ae (412,439. -5Yn eT vj )<do fy 


j=l j=l 
(ii) A function f : I” > R is said to be convex if 
f(aw+(1-d)y) < F(a) + (1-As(y), 


for all vectors x,y in I", and  € [0,1]. Any convex function is Schur- 
convex. 


(iii) A function f : I" > R is said to be quasi-convex if 


f(de+ (1 — dy) < max { f(a), f(y), 


for all vectors x,y in I", and X € [0,1]. Any quasi-convex function is 
Schur-convex. 


Example 2.34. If a,b,c are the sides of a triangle, prove that 


Vapb—cfybPe— atVepe—b <a $vb Eve 


Solution: Suppose a >b>c. Then 


2(s—c) > a, 
2(s—c)+2(s—b) > a+b, 
2(s—b)+2(s—a)+2(s—c) = atb+te. 


Thus 
(a,b,c) < (2(s — c), 2(s — b), 2(s — a)). 


Since f(t) = Vt is concave on (0,00), using majorisation theorem, 


/2(s — c) + /2(s — b) +. /2(s — a) < Vat+ Vb4+ Ve. 
This reduces to 


Vatb—c+Vb+ce—at+vVeta—b< Vat+vb+ Ve. 


Example 2.35. Let a1,a2,a3,...,@ be nm natural numbers such that 
a, <ag<a3<--+<dn, and ayt+ag+a3+---+a, = nk+m, 
where k,m are non-negative integers and 0 < m <n. Prove that 
010903°+ An < (K+ 1H" ™, 
Solution: Consider the vectors 
(Gig sda tag yo: ,a1) and (A+1,k4+1,... ,k+1,k,k,... OK); 


where & + 1 appears m times and k appears n — m times. If m > 0, then 
we observe that a, > k+1. Otherwise a, < k and hence )\a; < nk, a 
contradiction. Similarly, it is easy to see that ifm > 1, then an, + an_-1 > 
2(k +1). An easy induction proves that 


An +An-1 Fe + an—m41 2 m(k + 1). 


Similarly, 
anc Gnat Ps? Gat + tae HO hihi = EF) Eg ED 
for0< 7 <n—m-—1. It follows that 
(kK+1,k+1... sk +1,k,k,... ik) ~< CR ee ec ey eee ,a1). 


Since f(a) = Inz is concave on (0,00), we get 
S 7 Ina; <min(k +1) + (n-—m) Ink. 
j=l 


This simplifies to 
G10203°° An < (K+ 1)" ™, 


Example 2.36. Show that in any triangle with sides a, b,c, 
(a+b—c)(b+c—a)(c+a-—)) < abc. 


Solution: If we take a > b>c, then it is easy to see that 


(a,b,c) < (2(s c), 2(s — b), 2(s a)), 


where s = (a+b+c)/2 is the semi-perimeter of the triangle. Using the concave 
function f(x) = Ina, we get 


In 2(s — c) + In2(s — b) + n2(s — a) < Ina+Inb+Inc. 


This simplifies to 


(a+b—c)(b+c—a)(c+a-—b) < abc. 


2.10 Muirhead’s theorem 


There is a classical theorem which was discovered by Muirhead. Consider a vec- 
tor a = (a1 ,a2,a3,. ‘ sll) in R”. For each positive vector « = (x1,02,23,. F “ileal 
i.e., vector with positive components, consider the sum 


1 a a an 
S(a; a) = ni ys 51)" 0(2) ean ein)? 
oESn 


where S,, denotes the set of all permutations of {1,2,3,...,}. Then Muir- 
head’s theorem asserts that 


S(a; x) < S(b; x) 


for all positive vectors x in R” if and only if @ < b. For a proof of this 
interesting theorem, please refer to [3]. 
For example (2, 1,1) ~ (3,1,0). Hence Muirhead’s theorem gives 

2(a? yz + y? 2a + zy) < xy + yz +239 + ry? + yz? + on 
for all non-negative numbers x,y,z. Similarly (1,1,1) ~< (3,0,0) and hence 
3ryz < 2 +y>+2° for all non-negative reals x, y, z. In fact, it is easy to derive 
the AM-GM inequality. Observe that for any positive integer n 

Ce Wine fA) (1400.25, 0): 

Hence for any n non-negative real numbers aj,a2,d3,...,@n, we obtain 


1 
n(aya2 +++ dn) Tops ey Sho a 


Example 2.37. Show that for any positive reals a,b,c, the inequality 


holds. 
Solution: We observe that the inequality is equivalent to 


abc + ab?c + abc? < at +4 + c*. 


However (2,1, 1) ~ (4,0,0) since 2< 4,2+1<4+0and2+14+1=4+0+0. 
Hence Muirhead’s theorem at once gives the result. | 


Example 2.38. Let a,b,c be non-negative real numbers. Prove that 


1 
a+b+e+4abe> zat + ¢)?, 


Solution: Expanding the right side, the inequality may be written in an 
equivalent form: 


6(a® +53 + ) + abc > 3(a7b + b?e+ cat ab? + bc? + ca”), 
Note that 
2(a° +53 + eo} > ab + b?c+ Cat ab? + bc? + ca? 


by Muirhead’s theorem. Hence the result follows. | 


2.11 Homogenisation 


There is a large class of inequalities which are non-homogeneous and come 
with constraints. In many cases, the given constraint may be used to put the 
inequality in a homogeneous form and then one may use results like Muirhead’s 
theorem or Schur’s inequality to prove them. 


Example 2.39. Let x,y,z be positive real numbers such that « + y+ z= 1. 
Prove that 
A +y+ z*) + 9ryz > 1. 


Solution: We put this in a homogeneous form using 7 + y+ z= 1: 
2(a+y+z)(a* +y? +27) + 9xyz = (cx+y+2)°. 
Expanding, we get 


25° e+25° cy +250 xy + 9ryz 


cyclic cyclic cyclic 


> S- +30 ay +3 > xy + 6xyz. 


cyclic cyclic cyclic 


This may be written in the form 


S xe — S- ry? — S- xy + 38xyz > 0. 


cyclic cyclic cyclic 
Equivalently, 
do 2@- y)(@- 2) > 0, 
cyclic 
which follows from Schur’s inequality. | 


Example 2.40. (Tournament of Towns, 1997) Let a, b,c be positive real numbers 
such that abc = 1. Prove that 


1 1 1 


< 
a+b+1— hed | eee * 


Solution: We introduce a = 2°, b = y® and c = 2? so that 2,y,z are 
positive real numbers such that xyz = 1. We may now write the inequality in 
a homogeneous form: 
1 Ry 1 e 1 Z 1 
e+ytayz ptretayz 2B+a34anyz 7 xyz 


Equivalently, we have 


LYZ x es + y? + xyz) (y? + 3 + xyz) < II (a + y? + LyZ2). 


cyclic cyclic 


But the left side reduces to 
LYZ (3 se gy? +4 se xyz + a ro + suty?e?)), 
cyclic cyclic cyclic 
And the right side is 


3a°y2z3 + Qa? y? 2? S- x + xyz y, x 


cyclic cyclic 


+ 3ryz a, gye + S- ry? + oe x y®. 


cyclic cyclic cyclic 
The inequality is equivalent to 
9) S gy 2? < . rey? ale Y xy®. 
cyclic cyclic cyclic 


This may be written as 
S(5, 2,2) < S(6,3,0). 


Since (5, 2,2) ~ (6,3,0), the result follows from Muirhead’s theorem. | 


Example 2.41. (IMO, 1984) Let x,y, z be three non-negative real numbers such 
that «+ y+ z= 1. Prove that 


2 
OS By Ue ee = 2by eS 


Solution: Here we give a proof using homogenisation. For a different proof, 
see solution to problem 3.6 on page 291. 
Using x +y+ z= 1, we put the inequality in a homogeneous form: 


0< (e+ yt2)(2yt+y2+2n) —20y2 < H(ety +2). 


Observe that 
(a+ yt 2) (xy + yz + 22) — 2ryz = S- ay + S- ry” + xyz. 
cyclic cyclic 
Hence the left-side inequality follows. On the other hand 
(cx+y+2)° = S- x? +3 S- xy +3 S- ry” + 6ryz. 
cyclic cyclic cyclic 
Hence the inequality reduces to 


6 gy + S- ST x? + l5aryz. 


cyclic cyclic cyclic 


We may put it in the form 
(2 y: : S- xy — S- vy) +5( S- ve y\(a-2)) > 0. 
cyclic cyclic cyclic cyclic 
Since (2, 1,0) ~ (3,0,0), Muirhead’s theorem gives 
2 Ty Vata 
cyclic cyclic cyclic 

By Schur’s inequality, we get 

y x(a — y)(a — z) > 0. 

cyclic 
Hence the result follows. 


Example 2.42. (USSR, 1962) Let a,b,c,d be non-negative real numbers such 
that abcd = 1. Prove that 


7t+h+e4+@0+ab+actad+ bet bd+cd> 10. 


Solution: The result at once follows from the AM-GM inequality. But we 
give here a different solution using homogenisation. We may homogenise this 
to get an equivalent inequality: 


(a? +b? +0? +d? + ab+ac+ad+be+ bd + cd)” > 100abed. 


For a given 4-tuple (mi, m2,M3, ma) of non-negative integers, we use the no- 
tation: i 
S(m1,m2,m3,ma) = ov S GATE enon, 
oES4 


where Sj is the set of all permutations of {1,2,3}. Expanding the left-side, we 
may write the inequality in the form 


45(4,0,0,0) + 245(3, 1,0,0) + 1859(2, 2,0,0) + 485(2,1,1,0) > 94S(1,1,1,1). 
Now Muirhead’s theorem gives 
S(4,0,0,0) > $(3,1,0,0) > $(2,2,0,0) > $(2,1,1,0) > $(1,1,1,1). 
Hence 
45(4,0,0,0) + 245(3, 1,0,0) + 18.52, 2, 0,0) + 485(2, 1, 1,0) 
> (4+ 244 18 4+ 48)S(1,1,1,1) = 949(1,1, 1,1). 


This gives the required inequality. = 


2.12 Normalisation 


Yet another technique used while proving inequalities is normalisation. This is 
the reverse process to homogenisation. Many times homogeneous inequalities 
may be normalised to simplify the proofs. The standard application is the 
AM-GM inequality. We have to prove that 


a, +42 1°: + An, 


> (a1az+++a,)/, 
n 


for non-negative real numbers aj, @2,... ,@n. Since it is homogeneous, we may 
normalise it by aja2a3---a, = 1. Thus we have to prove that 


a, +ag++:' +a, 2N, 


for any n positive real numbers a1, a2,... ,@, under the additional condition 
that aja2a3---d, = 1. This may be proved by the principle induction. For 
n = 1, it is immediate. If n = 2, then 


ay +a2 —-2 =a; + a2 — 2\/aia2 = (/ai _ Jaa)” > 0. 


Suppose it holds for any k positive real numbers whose product is 1, where 
k <n. Take n positive real numbers aj, a2,... ,@p, such that a,a2a3---ay = 1. 
Among these n numbers, there must be some number > 1 and there must be 
some number < 1. Thus we may assume that a; > 1 > a2. We may apply 
induction to n — 1 numbers a a2, 43,... , Qn: 


ajag+a3+++:dn >n—1. 


Thus it is enough to prove that aj + a2 > 1+ a,a2. But this is equivalent to 
(a, — 1)(az — 1) < 0 which is a consequence of a; > 1 > ag. Hence the proof is 
complete. 


Example 2.43. (INMO, 2007) Let x,y, z be positive real numbers. Prove that 
(a +yt+ z)? (yz + 2x + ry)” < 3(y? +yz+ z”) (2 + 2x + iz) Ge + axayt+ y?). 


Solution: The inequality is homogeneous of degree 6. Hence we may assume 
e+ty+z=1. Leta=2ry+yz+ ze. We see that 
etayty = (w@+y)?—ay 
= (+y)-2z)-ay 
= £+y-a=1-7-<a. 


Thus 
[[@+2y+y) = G-a-z)@-a-2z)(1-a-y) 
= (1-—a)?-(1—a)?+(1-—a)a— xyz 
O28 


3 


Thus we need to prove that a? < 3(a? — a3 — xyz). This reduces to 


B3ryz < a*(2 — 3a). 


However 
3a = 3(ay + yz +22) < (e@+y+z2z) =1, 


so that 2— 3a > 1. Thus it suffices to prove that 3xyz < a?. But 


a? —3ryz = (rytyz+z2x)? — 8ryz(2 + y+4 2) 
= Dies ay” — cyz(a@ ty +z) 
cyclic 
1 
= 3, SS (wy — yz) > 0. 
cyclic 
For different solutions, see solution to problem 3.6 on page 445. | 


Example 2.44. (IMO, 2001) Prove that 
a b c 
+ 21 
Va2+8bc Vb? +8ca Vc? + 8ab 


for all positive real numbers a,b and c. 


Solution: Here we give a solution using normalisation a+b+c= 1. We use 
the convexity of f(t) = Te Using the weighted Jensen inequality, we get 


a b Cc 


Va + 8bc Vb? + 8ca Vc2 + 8ab 


1 
7 = Jae + 8bc) + b(b? + 8ca) + c(c? + 8ab) 


Since f(t) = Ti is strictly decreasing and f(1) = 1, it suffices to prove that 


a(a? + 8bc) + b(b? + 8ca) + c(c? + 8ab) < 1 


For this we go back to homogenisation: 


a(a? + 8bc) + b(b? + 8ca) + c(c? + 8ab) < (a+ b+c)’. 
But this reduces to 
3° @b+3 S> ab? > 18abe. 
cyclic cyclic 
This follows from the AM-GM inequality (or one can use Muirhead’s theorem). 


(For a different normalisation and a generalisation, refer to problem 3.6 on 
page 401.) | 


2.13 Stolarsky’s theorem 


Suppose we have a homogeneous polynomial of degree 3 in three variables. We 
have already encountered many such polynomials: for example, 2° + y? + 2° — 
3ryz or 2(x? + y? + 23) — (a?y t+ y22z + 22a + wy? + yz? + zx”). There is a 
beautiful result which gives us conditions under which such polynomials take 
only non-negative values for all non-negative real numbers 2, y, z. 


Theorem 14. Let P(x,y,z) be a homogeneous polynomial of degree 3 in three 
variables. Then the following statements are equivalent: 


(i) P(1,1,1) > 0, P(1,1,0) > 0 and P(1,0,0) > 0; 


(ii) P(A, u,v) > 0 for all non-negative reals A, ju, v 


Proof: It is sufficient to prove that (i) implies (ii). Let us put 
P(x, y,z J=A Dt B( YD tyt Day?) + Coys 
cyclic cyclic cyclic 
We also introduce 
p = P(1,1,1)=3A+6B+C, 


P(1,1,0) =24+2B, 
r = P(1,0,0)=A. 


wo 
S 
| 


It is easy to get 
A=r, B=q-r, C=p-—6q+3r. 
We may write P(x, y,z) in terms of p,q,r: 
P(x,y,z y= D t+ Oo vt Ya) + (p — 6q + 3r)xyz. 
cyclic cyclic cyclic 


Here we consider two cases. 
Case 1: Suppose q > r. In this case we write 


P(z,y,z) = r( So 28 - seve) 


cyclic 


+(« = r) ( os xy + S- ry? = aye) + pxryz. 


cyclic cyclic 


Since r > 0, p> 0 and q >7, the result follows. 


Case 2: Suppose q < r. We write 


P(2,y,2) = i( S> x - aye) 


cyclic 
+ (-4)( S- go — S- xy — S- vy? + 3ey2) + pxryz. 
cyclic cyclic cyclic 
Again the result follows from q > 0, p > 0, r > q, and Schur’s inequality. | 


As a consequence of this, here is a striking result which is due to Stolarsky. 


Theorem 15. (Stolarsky’s theorem) Let P(x, y, z) be a symmetric homogeneous 
form of degree 3: 


P(x,y,2) = S— (pa® + qu?y + rayz), 
sym 


where p,q,r are real numbers. Suppose P(1,1,1) > 0, P(1,1,0) > 0 and 
P(2,1,1) > 0. Then P(a,b,c) > 0, whenever a,b,c are the sides of a trian- 
gle. 


Proof: Let a,b,c be the sides of a triangle. Then we can find positive reals 
x,y,z such that 

a=yt+z, b=z4+4, c=ut+y. 
It is easy to compute 

P(1,1,1) 6p + 6¢ + 6r > 0, 

P(L, 1,0) = 4p + 2q > 0, 

P(2,1,1) 20p + 14¢q4+ 12r > 0. 


I 


Note that 
P(x,y,z) = 2p(2° +y>+ z°) 
+q(x7y ty 2+ 22a + ay? + y2? + zz") + 6rxyz. 
Hence some computation leads to 


P(a,b,c) = (4n-+ 20)( S- o*) + (on + 54+ 67) ( So xyt wy?) 


cyclic cyclic cyclic 


+12(q+r)ayz 
= Q(z, Y, z). 
Observe that 


I 


QO, Tet) 48(p+q+r)>0 
Q(1, 1,0) 20p + 14q + 12r > 0, 
Q(1,0,0) = 4p+2q> 0. 


l| 


Hence Q(x, y,z) > 0 for all non-negative real numbers x,y,z. It follows that 
P(a,b,c) > 0. a 
Example 2.45. Let a,b,c be the sides of a triangle. Prove that 
3(a + b)(b+ c)(c +a) < 8(a2 + D8 +c°). 
Solution: Consider the polynomial 
P(a,b,c) = 8(a? +b? +c?) — 3(a + b)(b+c)(e +a). 


This is a homogeneous polynomial of degree 3 in the variables a, b,c. Observe 
that 


P(1,1,1) = 24-18-6>0, 
P(1,1,0) = 16-6=10>0, 
P(2,1,1) = 80—-42-12=16>0. 


By Stolarsky’s theorem, P(a,b,c) > 0, for all a,b,c which are the sides of a 
triangle. (In fact we can apply theorem 14 since P(1,0,0) = 8 > 0 and hence 
the result is true for positive a, b,c.) a 
Example 2.46. Let a,b,c be the sides of a triangle. Prove that 
2(atb+c)(a? +b? +c’) > 3(a? +b° +c? + 3abc) 
Solution: If we take 
P(a,y,z) = 2(a t+yt+ z) (a +y7+ 2) _ a(a” +y2 4224 3ryz), 


then P(x,y,z) is a homogeneous polynomial of degree 3 in three variables. 
Moreover, P(1,1,1) = 0, P(1,1,0) = 2 and P(2,1,1) = 0. Hence Stolarsky’s 
theorem is applicable and we conclude that P(a, b,c) > 0 whenever a,b,c are 
the sides of a triangle. (Note that we cannot apply theorem 14 directly, since 
P(1,0,0) =-1<0.) a 


2.14 Methods for symmetric inequalities 


In this section we deal with more inequalities connecting elementary symmetric 
functions and their application. 
2.14.1 Use of elementary symmetric functions 


For any non-negative real numbers 2, y, z, we introduce their elementary sym- 
metric polynomials: 


pHrt+ytZz, gqEHrytye+2r, r=xryz. 


We prove several identities involving symmetric functions. 
lL. et tyt+227=(e@+yt2)? — ay + yzt+ 22) = p* — 2¢. 
2: 


gptyte? = (e+y+2) —3(e+y+2)(cy+ yz + zz) + Bayz 
= p*—3pq+3r. 


3. x2y? + y?2? 4 222? = (ay + yz + 2x)? — Qryz(@ + yt 2) =¢ — 2Qpr. 
A, 
attytt eA = (a2 4y? 422)? — 2(a2y? + y22? + 222?) 
= (p? — 2q)° - 2(q° — 2pr) 
= p* —2p?q+ 2q° + 4pr. 


(c+ yy + z)(z+2) 
(p— x)(p— y)(p— z) 
= p—p(rt+ytz)+p(cytyzt 2x) — xyz 


par. 


cy(z+y) + y2(y tz) + za(z+2) 
ty(p — z) + y2(p— 2) + 22(p—y) 
= pirytyz+ 2x) — 3xyz = pq — 3r. 


= x (p—2)+y(p—y)+27(p—z) 
72 y? a) (2° y? +27) 
= p(p” — 2q) — (p® — 3pq + 38r) = pq — 3r. 


10. 


aey? + y323 + 2323 
= (*ytyz+ 22)? — 3(ry + yz + zx)ey2z(2 + y+ 2) + 827 y?2? 
q? — 3pqr + 3r?. 


l| 


11. 


ay(x” + y*) + y2(y? + 27) + 24(2* + 2”) 

= «yp? — 2q— 2”) + yz(p” — 2q — 2”) + za(p” — 2g —y”) 
(p? — 2q)(xy + yz + zx) — xyz(x + y+ z) 
= pq —2q° — pr. 


I 


Here are some inequalities connecting p,q,r. 
Example 2.47. p? > 3q. 
Solution: Follows from (x + y + z)? > 3(ay + yz +4 22). 
Example 2.48. p? > 27r. 
Solution: Follows from (x + y+ z)? > 27zryz. 
Example 2.49. q? > 27r?. 
Solution: Follows from (ry + yz + zz)? > 27(ryz)?. 
Example 2.50. q? > 3pr. 
Solution: We have 


(cy + yz + zx)? = (a? y? + y?2? + 2207) + Qryz(cy + yz + zz). 


But 
ay” + y?2? + 22a? > (ay) (yz) + (yz) (ze) + (z2)(ay), 


by C-S inequality. It follows that 
q > pr + 2pr = 3pr. 


| 
Example 2.51. 2p? + 9r > Tpq. 
Solution: This reduces to 
Aa? +y? + 2°) > Se xy. 
sym 
Since (2, 1,0) ~ (3,0,0), the result follows from Muirhead’s theorem. | 


Example 2.52. pq + 3pr > 4q’. 


Solution: After expanding this reduces to 

yay ss 2(ay? ae yz? Ae 270°). 

sym 
Since (2,2,0) ~ (3,1,0), this inequality is a consequence of Muirhead’s theo- 
rem. a 


Example 2.53. q° + 9r? > 4pqr. 


Solution: Again, expansion reduces this to 
ays + y3z3 4 2393 4 32222? > Sw ye. 
sym 
By Schur’s inequality, we have for non-negative reals a, b, c 
a +b? +3 + 3abe > a7b + O° + a+ ab? + be? + ca?. 
Take a = ry, b= yz and c= zx. We obtain 
ays + y3z3 4 2393 4 322422? > S28 y?2. 


sym 
Example 2.54. p* + 3q? > 4p?q. 
Solution: This factorises as (3q — p?)(q — p?) > 0. We know that 3q < p?. 
Hence q < p”. Thus (3q— p”) and (q— p”) are both non-positive. This implies 
that their product is non-negative. | 


Example 2.55. pq? > 2p*r + 3qr. 


Solution: We know that 3q < p? and this gives 3gr < p’r. Therefore 


3pr + 2p*r < 3p?r < q’p, 


since q? > 3pr. | 
fo 1 1 
Example 2.56. [10] Let a,b, c be positive real number such that ——— + —— + 
; a+1 6+1 


= 1. Prove that 


c+1 
1 4s 1 oa 1 a 
8ab+1° 8be+1 °° | 8cat1 


Solution: Introducing p=a+6+c, q=ab+bc+ca and r = abc, the given 
condition reduces to g+ 2r = 1. The inequality to be proved reduces to 


64pr + 16g +3 > 512r? + 64pr + 8q 4 1. 
Hence it is sufficient to prove that 
8q +2 > 512r. 
We know that q? > 27r?. Using q = 1 — 2r, this is equivalent to 
(8r —1)(r +1)? <0. 
Hence 8r — 1 < 0. Now the inequality to be proved is 
8(1 — 2r) +2 > 512r?. 


This can be written as 
(8r — 1)(64r + 10) > 0. 


Since 8r — 1 < 0, the result follows. | 


Example 2.57. Let a, b,c be positive real numbers such that a+b+c = 1. Prove 
that 
6(a? +b° +0) 41> 5(a? +0? +c’). 


Solution: We use p=a+b+c, q=ab+bce+ca and r = abc.Observe that 
p=1. We also know 


a+bh+ce = p(p?—3q)+3r=1-3¢4+3r, 
V+e+ct = p*-I%q=1-2¢. 


Hence we have to prove 
6 — 18¢4+ 18r+1>5- 10g. 


This reduces to 9r +1 > 4g. But we know that p* — 4pq+9r > 0. This follows 
from Schur’s lemma. Since p = 1, this gives 9r + 1 > 4q. | 


Example 2.58. Suppose 2, y, z are positive real numbers such that 2?+y?4+22 = 
1. Prove that 8 


(1—axy)(1— yz)(1 xt) 2 5 


Solution: Introduce p= x+y+2,q = ry+yz4+ 2% and r = xyz. The 
inequality reduces to 


Lg pare 
Using p* — 4pq + 9r > 0, we also get 
9r > p(4q— p*) = p(2q - 1), 


since p* —2q = x7+y?+z? = 1. We also have p? > 3q. Hence 2¢+1 = p? > 3q, 
which shows that q < 1. Using pq — 9r > 0, we get 


p= pq 2 9r. 
Therefore 9p — 9r > 8p. This gives us (p— 1) > 8p/9. Thus we obtain 


8 8 p(2q—1) 8 25 8 
> > . = -_ F 1). 
rp—r)= gh" aa 9? 9 31? (2q — 1) 37 (29 1)(2q + 1) 


Using this estimate, we obtain 


L-qtpr—1?>1-g4 = (49-1), 


Therefore, we need to prove that 


8 
81 
Simplification leads to the inequality 


(1 — g)(49 — 32q) 2 0. 


(4q? — 1) > 


eee 
! = 97 


Since gq < 1, the result holds. 
| 


2.14.2 An alternate approach for symmetric inequalities 


Some times, the introduction of elementary symmetric functions may not give 
sharp bounds the inequality may require sharp bounds. We use a slightly 
different approach in such cases. For real numbers a, b,c, we introduce 


p=atbte, q=Va2+b2+c2—ab—be—ca, r=abce. 
Note that q > 0 and ab + bc + ca is related to p,q by 


2_ 2 
z 7 =ab+bce+ ca. 


Then the following inequality holds: 


Example 2.59. 


(@w+a)*(p— 29) — , < (P— 9)" +24) (2.9) 


27 27 


Equality holds if and only if some two of a, b,c are equal. 


Solution: Consider the polynomial whose root are a, b, c: 


f(x) = (x —a)(x — b)(x@ —c) = 23 — px? +? 7 a 


Its derivative is 


Care, 
f' (x) = 32? — Que + een, 
Hence f’(x) = 0 if and only if 
pal! 
3 
Let 
ee Ss ee 
1 3 ’ 2 3 : 


Then f’(x) < 0 for a1 < a < a2. Hence f’(#) > 0 for x < x and x > x2. Next 
we compute the second derivative of f(x): 


f" (x) = 6x — 2p. 
Hence 


f""(a2) =6 (454) — 2p = 2q >0 


Hence f has a local minimum at x = x2. Similarly, we see that f”(x#1) = 
—2q <0 and hence f has a local maximum at x2. Thus we see that f(a2) < 0 
and f(x1) > 0. But it is easy to compute that 


f (a2) = (p + aw i 2q) r, 


and 


Combining, we get 
(p — 9)°(p + 24) 


(p+@)*(p— 24) ec 
27 aS 27 
Equality holds if and only if f(#1) = 0 = f(x2). Since f’(a1) =0 = f’ (x9), it 
follows that equality holds if and only if f has a double root. This means some 
two of a,b,c are equal. | 
We can use this in proving several inequalities. 


Example 2.60. [10] Let a,b,c be real numbers. Prove that 
a* +b4+¢4 > abc(a+b+c). 


Solution: We may assume that a+b+c = 1, since the inequality is homo- 
geneous. Observe that 


2 2 2 
Pipre@.e ee 
3 
ae 4 22 4 
- 8 2 
fajitas? a0 = + 2q one 
Using p = 1, the inequality reduces to 
—1+ 8q? + 2¢4 
a 5 +44 -t4r>r. 


This can be written in the form 
HT 8g? 0p Tr 0, 
Using the inequality (2.9), it is enough to prove that 
1 — 8q? + 2g* + (1+q)?(1 — 2g) > 0. 


This simplifies to 
q’(2q? — 2¢ +5) > 0. 


However, we can write 


which is non-negative. 
|_| 


Example 2.61. [10] Let a,b,c be real numbers such that a? +b? +c? = 9. Prove 
that 
2(a+b+c) — abe < 10. 


Solution: Using the neqw variables p,q,r as earlier, we get 


7 p + 2¢? 


9=a7+b7+¢ 3 


Hence p? + 2q? = 27. Using (2.9), we get 


(p + 4)? (p — 2q) 


2(a+b+c) — abe = 2p—r < 2p 


27 
_ 54p — p® + 3pq? + 2q° 
= a7 . 
However, we see that 
54p — p? + 3pq? + 2g? = 54p — p(p? + 2q”) + 5g? + 2q° 


p(27 + 5q) + 2q°. 
Hence we have to prove that 
p(27 + 5q”) < 270 — 24°. 


However, 


(270 — 2q3)” — (p(27 + 5q?))” 
= 27(q — 3)?(2q* + 12g° + 49q? + 146g + 219) > 0. 


This implies the required result. | 


Example 2.62. [10] Let a,b,c be positive real numbers such that a+b+c= 1. 


Prove that 1 41-1 
a + b + @ + +48(ab + be + ca) > 25. 


Solution: We begin with ab + be + ca = (1 — q’)/3 and r = abc. Observe 
that q € [0, ljand 


eee aoe 1-¢7 
= +5 += +-+48(ab+ be + ca) = T +.16(1 — @). 
a Cc 
Thus we need to prove that 
_ 2 
T +4 16(1 — 2) > 25. 
3r 
Using (2.9), we have 
Lg? 2 e's 2 
$16(P= > - DF + 16(1 
(ay 72 3(1 — @)2(1 +29) (L=¢) 
l+q 2 
—_—__* _+16(1—¢ 
(pC Ye 
2 _4)2 
sa UTES Roe 


(1—g)(1+2q) 0" * 
Equality holds if and only if a = b = c = 1/3 or (a,b,c) = (1/2,1/4,1/4) and 
permutations thereof. 
| 


Example 2.63. Prove Schur’s inequality: for non-negative real numbers a, b, c, 
we have 
a(a — b)(a—c) + b(b— c)(b— a) + c(c— a)c— b) > 0. 


Solution: We write the inequality in the form 
a? +b? +c + 3abe > ab(a +b) + bc(b +c) + ca(c +a). 


Introduce p,q,r by 


p=atbte, q=Va2+b2?+c2—ab—be—ca, r=abe. 


Since the inequality is homogeneous, we may assume p=a+b+c=1. The 
inequality now changes to 


Q7r +4q7 —1>0. 


Observe that 
0<q=(a+b+4c)? —3(ab4+ be+ ca) <1. 


Hence gq € [0,1]. If g > 1/2, the inequality is obvious. If g < 1/2, then (2.9) 
shows that 


27r + 4q?— > (1+ q)?(1 — 2¢) +407 — 1 = 97 (1 — 29) > 0. 


2.14.3 Squares in handling symmetric inequalities 


Another useful method for proving symmetrical inequality is to transform it in 
to a sum of squares with positive coefficients. Just to give an idea, consider the 
standard inequality a® + b? + c? > 3abe for non-negative real numbers a, b, c. 
We write this as 


a? +6? +¢? —3abe = s(a— 6)? +. s(b — c)? + 8(c— a)’, 


where s = (a+b+c)/2. Since s > 0, it follows that a? + b? + c? > 3abe. In 
general, we try to write the given inequality in the form 


falb—c)? + fxl(e— a)? + f(a — b)? > 0 


where fa, fo, fe are functions of a, b,c. The proof of the required inequality now 
depends on the analysis of these functions fa, fo, fe. 


Example 2.64. [10] Let a,b,c be positive real numbers. Prove that 


a+h?+e? 8abe 


ab + be + ca 7 (a+ b)(b+ c)(c+a) 2 


Solution: We write the inequality in the form 


2 Os 02 é 
a“ +b*+c ee 8abc 1>0. 
ab + bc + ca (a+ b)(b+c)(c +a) 


This reduces to 
fab — 0)? + fole— a)? + fela—b)? 20, 


where 
abc 
ab+bc+ca 


and similar expressions for fp, f-.. We may assume a > b > c Hence 


fa =b+c-a 


(a—c)? = (a—b+b—c)? = (a—b)? + (b—c)? +2(a—b)(b—c) > (a—b)? + (b—c)’. 


Thus we have 


falb—c)’ + fole— a)? + fo(a — 8)? 
> fa(b —c)? + fo((a — b)? + (b—c)”) + fe(a — b)? 


a 2ab Ac(b ) 
abc c(0c + ca 

a =? = > 

fa + fo © ab+be+ca ab+be+ca— 


Similarly, fe + fp > 0. Hence we obtain 


fx(b—c)? + fo(e— a)? + f(a —b)? > 0. 


| 
Example 2.65. [10] Let a,b,c be real numbers. Prove that 
3(a? — ab + b*)(b? — be + c*)(c? — ca + a) > ad? + bPc? + c8a3. 
Solution: We may assume a,b,c > 0. Expanding the left side, we get 
3(a?—ab+b?)(b?—be+c")(c?—ca+a”) => ath? Sa s_S° a*bc+a7b?c’. 


sym cyclic cyclic 
Therefore the inequality can be written in an equivalent form 
3S 0 att? —4 N° ab? —3 N° atbe +307b?c? > 0. 
sym cyclic cyclic 


This further reduces to the form 


fa(b—c)? + fo(c— a)? + fc(a — b)? > 0, (2.10) 


where 


fa = 2a°+3b?c? — abclat+b+o), 
fo = 2b+4+3c?a? —abc(a+b+o), 
fe = 24+ 3a7b? — abc(a+b-+ c). 


We may assume a > b> c. We see that 


fo = 2a* + 3b?c? — abc(a +b +c) > at + 2a7be — abc(a +b +c), 


since 
a* + 3b?c? — 2a”be = (a? — be)? + 2b’? > 0. 


Hence f, > 0 using a > b> c. Similarly 
fe = 2c* + 3a7b? — abc(a +b +c) > 3a7b? — abc(a + b+) > 0. 
If fp > 0, then (2.10) holds. Suppose f, < 0. It is easy to check that 
(a—c)* < 2(a—b)? + 2(b—c)*. 


Therefore 


However 


fa + 2fp = 2a* + 3b*c? + 4b* + 6ac? — 3abc(a +b +c) 
a‘ + 2a*be + 8bca — 3abc(a + b +c) > 0, 


IV 


and 


fe + 2fy = 2c4 + 307d? + 4b4 + 6a?c? — Babc(a + b +c) 
> (3a7b? + 307”) + 3a7c? — 3abe(a +b +c) > 0. 


Ifa <b <c, we do the same type of analysis. It follows that (2.10) holds. This 
completes the solution. 
|| 


2.14.4 Strong mixing of variables 


Another useful method in proving inequalities is a method known as strong 
mixing of variables or SMV method for short. The crucial result of the method 
is the following theorem: 


Theorem 16. If f : R” — R is a continuous function which is symmetric 


and satisfies f(a1, @2,43,... ,@n) > f(b1, bo, b3,... , bn) where (61, bo,... bn) is 
obtained from (a1, a2, 43,..- ,@n) by replacing a;, aj, by their average (a; +a,)/2, 
where 
a; = min{a1,@2,...,@n}, ag = max{aj,d2,... , an}, 
then 
f(a1,d2,...,Qn) > f(a,a,... ,a) 


where a = (a1 + a2 +--+ +@n)/n. 


For a proof of this, refer [11]. It is not necessary, we should take the average 
(a; + a,)/2. We can also take geometric mean \/aja@_ or root-mean-square 

as + ag 

2 

variables inequalities. 

The method can be described as follows. Suppose we take some numbers 
Gp and aq among aj, a2,... ,@, and replace them by (a, + a,)/2. Let the new 
sequence be (bi, b2,... ,bn). Check that f(a1,a2,...,@n) > f(bi,be,... , bn). 
Suppose we check that f(a,a,...,2) > 0 for all a and x. Then it follows that 
f (a1, @2,-.. ,@n) > 0. This is because replacing ap, aq by (ap + a,)/2 infinitely 
many times leads to taking all equal to the average (a; +a2+-+-+a,)/n. We 
explain this by examples. 


, whichever is convenient. The method is extremely useful in four 


Example 2.66. (Short-list, IMO-1997) Suppose that a,b,c,d are non-negative 
real numbers such that a+ b+c+d=1. Prove that 
176 


1 
< — + —abcd. 
abc + bed + cda + dab < a7 + a7 be 


Solution: Let f(a,b,c,d) = abc + bcd + cda + dab — (176/27)abcd. We may 
assume that a <b <c<d. In all other cases, the same method works. We 
write f(a,b,c,d) as 


176 
f(a,b,c,d) = ac(b+d) + bd (are 7) ; 
Using a <b <c<d, we obtain 


1 1 
ates giatbtetd) =>. 


Using AM-HM inequality, we see that 
11 4 176 
+=> 


Therefore, 


In order to apply the theorem 16, it is enough to check that f(a,2,z,x) < 1/27 
whenever a+ 3x = 1. But we have 
176 


9,2, 3 110 
f(a,2,x,x) = 3ax° +4 57 at" 


Hence we have to show that 
3 176 3 1 


2 
< 
3ax x a7 ax? < 37 


under the condition 32 + a= 1. Replacing a by (1 — 32), this can be written 
as 
(1 — 3x)(42 — 1)?(11¢ + 1) > 0. 


Since x < 1/3, the result follows. Equality holds whenever a = b =c=d=1/4 
and a = b=c=1/3, d= 0 and permutations thereof. 


Example 2.67. [10] Let a,b, c,d be non-negative real numbers such that a+b+ 
c+d=4. Prove that 


(1 + 3a)(1 + 30)(1 + 3c)(1 + 3d) < 125 + 131abed. 


Solution: We consider the expression 


f(a,b,c,d) = (1 + 3a)(1 + 3b)(1 + 3c)(1 + 3d) — 131abed. 


Again it is enough to consider the case a > b > c > d. Consider the difference 


faviea) (= “*4) 


_b, 
2 2 


Some computation shows that this expression is equal to 
2 2 
9(1 + 3b)(1 = 3d) («c = aa) — 131bd («c = mo) ; 


Observe that 
9(1 + 3b)(1 + 3d) > 131bd if and only if 9 + +27(b + d) > 50bd. 


We also observe that 2(b+d) <a+b+c+d=4 so that b+d< 2 and bd <1. 
Therefore _ 
9 +27(b+d) > 54Vbd > 54bd > 50bd. 


This shows that 


Fla,be.d) < f (F084) 


Therefore it is enough to prove f(a,a,a,x) < 125, whenever 3a + 2 = 4. But 


f(a,a,a,x) = (1+ 3a)3(1 + 32) — 131a%x < 125 


if and only if 
(a — 1)?(3a — 4)(5a + 28) < 0. 


Since 3a + x = 4, we have 3a < 4 and the result follows. | 
Example 2.68. (Pham King Hung) Let a;,a2,... ,@, be positive real numbers 
such that a,a2a3---a, = 1. Prove that 
1 1 1 1 3n 
p—+—4+-+—4 >n+3 
a, a2 a3 Qn ay +ag+agt+++++an 
for all n > 4. 


Solution: As earlier, we assume a, > ag >-:: > dn. We show that 


f (a1, @2,43,.-.,@n) > f(a1, (G2Gn, 43,--- , An—1, VG2Gn). 


The difference can be written as 


1 1 ) 3n(./az — Gn)? 
Jaz fan (a1 +2 +++++4n)(a1 + 2./azan + a3 +++++Gn—1) 


Hence we have to prove 


(a1 + ag ++++ + Gn)(Q1 + 2,/a2dn + a3 + +++ + An—1) = 3Na2Gn. 
Using a1 > ag > ++: > Gn, we get 


(ay + ag +--+ + Gn) (@1 + 2\/a2an + ag +--+ + Gn_1) 
> (2a. + (n — 2)an) (a2 + 2,/a2ay + (n — 3)ay) 
> 2,/2(n — 2) (2 + 2/n- 3)a2an, > 3ndedy, 


since n > 4. Hence it is enough to prove that 
f(a1,4,a,a,...,a) >n+3 
where a = ”7V/a2a3---a, and a; =1/a"~!. Therefore we get 


n—-1 3na"—! 


=a"? 4 ; 
f(ai,a,a,...,a) a a + 14+ (n—l)a" 


Consider the new function g(a) obtained after replacing n by n + 1: 


(a) nf , 3(nt 1)" 
a) =a” + —+4+ ———__ 
2 a 1+nanr+l 


We show that g(a) > n+ 4. We first prove that g is a decreasing function for 
a <1. Its derivative is 
n 3n(n + 1) 


-1 os = 2 
g' (a) = na” a (na"t! + 1)2 (a” a”). 


Consider the numerator obtained by clearing the denominators: 
(a"*? — 1) ((na"*? +1)? — 3(n + 1)a"*"). 
Using AM-GM inequality, we have 
(na™t* + ig > 4na™*! > 3(n + Lge 
Hence g'(a) < 0 for all0 <a <1. Therefore g is decreasing on [0,1]. Since 


g(1) =n +4, we get g(a) > g1)=n+4. 
| 


Chapter 3 


Geometric inequalities 


3.1 Introduction 


Many of the inequalities we have studied and the techniques we have learnt have 
their direct implications in a class of inequalities known as geometric inequal- 
ities. These inequalities explore relations among various geometric elements. 
For example, when we consider a triangle, we can associate many things with 
it: angles, sides, area, medians, altitudes, circum-radius, in-radius, ex-radii and 
so on. We have already some inequalities, viz., triangle inequalities associated 
with the sides: a < b+c,b < c+a,c< a+b, where a,b,c are the sides 
of a triangle; these conditions are necessary and sufficient for the existence of 
a triangle with sides a,b,c. We can derive various relations among these ge- 
ometric elements. The classic example is Euler’s inequality: R > 2r, where 
R is the circum-radius and r is the in-radius. This chapter provides several 
inequalities of this kind, but the list is not exhaustive. For an excellent and a 
fairly exhaustive collection of geometric inequalities, please refer to [5] and [6]. 


3.2 Notations 


For a triangle ABC, we use the following standard notations: 


° a=|BC|, b=|CAl, c= |ABI; 


a= ZBAC, B = ZCBA, y = ZACB; 


© Ma, Mb, Mc are respectively the lengths of the medians from A, B, C on 
to BC, CA, AB; 


© ha, hy, he are respectively the lengths of the altitudes from A, B, C on 
to BC, CA, AB; 


© Wa, Wh, We are respectively the lengths of the angle bisectors of ZBAC, 
ZCBA, ZACB; 


e Ris the circum-radius; r is the in-radius; r,, ry, Te are the ex-radii; 
e A is the area of ABC; 
e s is the semi-perimeter of ABC: s = (a+b+c)/2; 


e O is the circum-centre; H is the ortho-centre; I is the in-centre; G is the 
centre of gravity; N is the nine-point centre; 


e (); denotes the first Brocard point of ABC; i.e., the unique point inside 


ABC such that ZCAQ; = ZABQ, = ZBCQ, = w, the Brocard angle of 
ABC. It is known that w < 7/6. 


We also use a large number of results: 


1. 


2. 


10. 


11. 


12. 


13. 


14. 


.R 


sina  sinf — siny 
b Cc 


the sine rule: 


2R; 


the cosine rule: a? = b? + c? — 2becosa, b? = c? + a? — 2cacos B, c = 
a? + b? — 2abcos 7; 


. the half-angle rule: 


s(s—a) 
be? 


(s — b)(s —c) 
bc 


sina/2 = ,cosa/2 = 


_ abe. 
~ AN’ 


. r = 4Rsin(a/2) sin(6/2) sin(y/2) = (s — a) tan(a/2) 


= (s — b) tan((8/2) = (8 — ¢) tan(7/2); 


. A=rs = (1/2)besina = 2R? sinasin 6 sin 7; 


. A= \/s(s — a)(s — b)(s — c) (Heron’s formula); 


. 16A? = 2a7b? + 2b2c? + 2c2a? — at — b* — c* (another form of Heron’s 


formula); 


. (Stewart’s theorem) If D is a point on the side BC of a triangle ABC 


such that BD: DC = X: p, then 
Ab? + pc? = (A+ p)(AD? + BD- DC). 


Note that Appolonius’ theorem is a special case of this result: b? + c? = 
2AD? + 2BD?, where D is the mid-point of BC; 


Mae = (1/2)V 2b? + 2c? — a?, etc.; 
Wa = (2bc/(b + 0) cos(a/2) = (2vbc/(b + 0) s(s — a), etc.; 


ra = /(s(s—0)(s—€)) /(s— a) = Aj(s — a), ete. 
Ol? = R? — 2Rr = R?(1 — 8sin(a/2) sin(3/2) sin(>/2)); 


OH? = R?(1 ~ cos ecos 8 cos) = 9R? — (a? +? +c’); 


15. [H? = 2r? — 4R? cos acos 6 cos 7; 


16. SScosa = 1+ 4]]sin(a/2). (Remark: the notation )* always denote in 
this chapter the cyclical sum and [] denotes the cyclical product unless 
otherwise stated. For example, Soa =a+b+c, )\a7b =a7b+b?c+7a, 
Yo sina = sina + sin§+sin7, [[ cosa = cos acos 6 cosy etc.) 


3.3. Some identities involving elements of a triangle 


In this section we develop some identities involving various elements of a trian- 
gle: sides, angles, circum-radius, in-radius, ex-radii, altitudes, semi-perimeter. 
etc. In fact we identify some polynomial equations satisfied by these elements 
and use these equations for further explorations. 
3.3.1 Equation for the sides 
We start with the relation 

a = 2Rsina = 4Rsin (a/2) cos (a/2), s—a=rcot (a/2). 


Using these, we obtain 


a5 _ ar 2 _ a(s —a) 
sin? (a/2) = aay cos* (a/2) = TR 
We thus get 
1 = sin? (a/2) + cos” (a/2) 


7 a(t”). 


This simplifies to the relation 
a? — 2sa? + a(s” eye 4Rr) —ARrs =0. 


Thus, a is a root of the cubic equation 


#8 — Ist? + (s? +r? 4+ 4Rr)t — 4Rrs = 0. (3.1) 


Similarly, we can prove that b,c also satisfy the cubic equation (3.1). Now 
using the relations between the roots and coefficients of a cubic equation, we 
obtain 

Soa = 2s, S/ ab =s?+r°74+4Rr, abce=4Rrs. 


Using (3.1), we obtain the equation for the reciprocals of the sides of a triangle. 
Thus, 1/a,1/b,1/c satisfy the equation: 


4Rrst® — (s*+1r*+4Rr)t? + 2st -1=0. (3.2) 


This gives 


1 s?+r2+4Rr 1 1 
ee a A4Rrs ; y ab 2Rr’ 
3.3.2 Equation for Altitudes 
Using (3.2), we have 


1 1 
4Rrs— — (s*+1r?+4Rr)— + 2s——-1=0. 
a a 
Using a = 2A/hzg, this reduces to 
2Rh? _ (s? fre 4Rr) h2 + 41rs*hq — 4r7s? = 0. 


We get similar expressions for h, and h,. Thus, hg, hy, he are the roots of the 
cubic equation 


2Rt? — (s* +177 +4Rr)t? + 4rs*t — 4r?s? = 0. (3.3) 


We hence obtain 


s?+r?+4Rr 2877 2r? 5? 
he = hahy = ‘ i : 
ys aR b R II R 
Using the reciprocal equation 
Ar? 5743 — Ars?t? + (eo + r74 4Rr)t —2R=0, 


we also obtain 


ye eo! Ss: 1 _ s?4+r°44Rr 
ha 1° hah, Ar2 82 , 
3.3.3 Equation for s —a,s—b,s—c 
The equation (3.1) may also be written in the form 
(s —t)® — s(s —t)? + (r? +4Rr)(s —t) — sr? =0. 


However we know that a,b,c are the roots of the equation (3.1). Thus, we see 
that s— a, s — 6, s—c are the roots of the equation 


Post? + (r? + 4Rr)t — sr* =0. (3.4) 
We thus obtain the relations 
S“(s-a) =s, S(s—a)(s— 6) =r(r + 4R), [[@- 4 = sr’. 


Going to the reciprocal equation, we see that 1/(s—a), 1/(s—b), 1/(s—c) are 
the roots of the equation 


sr?) —r(r +4R)P + st -—1=0. (3.5) 


We also obtain 


1 r+4kR 1 L 
Lea sr De remey rm yiae es 


3.3.4 Equation for ex-radii 
Now 1/(s — a) is a root of (3.5). Hence, we have 


1 1 1 
Gaon Gaon Gea) 1=0. 


sr? 
This can be written in the form 


e(2) r(r-4 am (*.) ! #() s? =0. 


However we know that rs = rq(s — a) = A. Substituting s/(s — a) = r_/r, we 
get the relation 


ro — (r +4R)r?2 + s’rq — s?r =0. 


Similar relations for ry, and r, may be obtained. Thus, rg, 7), T¢ are the roots 
of the equation 


—(r+4R)t? + s*t— s*r =0. (3.6) 
Consequently, we have the relations 
y3 Ta = 7r+A4R, S- Tal = 3’, Tlite= sr. 
Again the reciprocal equation of (3.6) is 
srt? — 37t? + (r +4R)t-—1=0, (3.7) 


whose roots are 1/rq, 1/r», 1/re. We hence obtain the relations 


1 1 1 r+4R 
me Darts str 


3.4 Some geometric inequalities 


In this section, we prove several inequalities among various elements of a tri- 
angle. Again the readers are reminded that the following section only gives a 
sample of geometric inequalities, but not an exhaustive list of these inequalities. 
The excellent collection of examples in [5] and [6] gives an idea of the innu- 
merable possibilities one can have in the class of geometric inequalities. The 
techniques used are essentially what were developed earlier; we occasionally 
resort to different ideas. 


3.4.1. abc > 8(s — a)(s — b)(s — cc). 


Proof: We have a? — (b— c)? < a? and equality holds if and only if b = c. 
Similar inequalities hold: b? — (c — a)? < b?, c? — (a— b)? < c?. Hence, 


abe > v/a? — (b—c)?2/b? — (c— a)? C2 — (a — b)? 


(a+b—c)(b+c—a)(c+a-—b) 
8(s —a)(s — b)(s —c). 


Vv 


l| 


Equality holds if and only ifa=b=c. 


Alternatively, Stolarsky’s theorem (see theorem 15 on page 94) may be used. 
Considering the polynomial 


P(a,y,2z) =ayz—(@ty—z)\(ytz—a2)(z+a—-y), 


we have a homogeneous polynomial of degree 3 in the variables x, y, z. Moreover 
P(1,1,1) =0, P(1,1,0) = 0 and P(2,1,1) =2 > 0. Hence, 


abc — (a+b—c)(b+e—a)(ct+a—b) > 0, 


and the result follows. | 
3 

3.4.2. abc< S 5a a“(s —a) < zabe. 

Proof: We have 


25° a@(s— a) 


a(b+c—a)+b*(c+a—b)+(at+b—c) 
So @b+ 5° ab? —-S a’. 


On the other hand, we also see that 


I 


(b+c—a)(ct+a—b)(a+b—c) = (c? —a? —b? + 2ab)(a+b-c) 
= a*b+ ab? + b?c4 be? + c2a + ca? — a? — B? — 8 — abe. 


Thus, we obtain 


2) a*(s—a) =(b+c-a)(c+a b)(a + b—c) + 2abe. 


Since a, b,c are the sides of a triangle, we know that b+c—a>0,c+ta—b>0 
and a+b—c>0. Hence, abe < }>a?(s — a). Now using 3.4.1, we get 


2 S- a*(s — a) < abe + 2abe = 3abe, 


which proves the right hand side inequality. 


Again, we may use Stolarsky’s theorem(theorem 15 on page 94). Consider- 
ing 
Py yy2) a S- ay a Soe x) _ 2ryZ, 


cyclic 


we see that it is a homogeneous polynomial of degree 3 and P(1,1,1) = 1, 
P(1,1,0) = 0, P(2,1,1) = 0. Hence, P(a, b,c) > 0, giving the left-side inequal- 
ity. On the other hand, the polynomial 


Q(e,y,2) = 3eyz — So a(y+2-2), 


cyclic 


gives Q(1,1,1) = 0, Q(1,1,0) = 0 and Q(2, 1,1) = 2. Thus Q(a, b,c) > 0, and 
we get the right-side inequality. | 


3 a 
ote =< o— . i i i — —— es 
3.4.3 a ) hae < 2. Equality holds on the left if and only ifa=b=c 


Proof: We have proved this in chapter 1; refer to (1.4). The left hand side 
of the above inequality is generally known as Nesbitt’s inequality. There are a 
variety of ways of proving this. We give two such proofs. 


(i) Using the Cauchy-Schwarz inequality, we have 


(a+b+c)? = (Saver) 
< (Xz) (Laver). 


This gives 


S ai. (a+b+c)? 3(ab+be+ca) 3 
b+ec 2(ab+bce+ca) ~ 2(ab+be+ca) 2’ 


since (a+b +c)? > 3(ab+ be + ca). 


(ii) We may assume a < b < ¢, since the inequality is symmetric in a, b,c. 
This implies that 
1 1 1 
< < F 
b+ce7 ec+a™~ at+b 


Using rearrangement inequality, we obtain 


+ =b 2 
b+ce eta a+t+b c 


Q 
fo) 


a 
a 

4. + > 

b+ce eta a+b ~ at 


om 
ao 


Adding these two, we obtain 


a b c 
2 > 3. 
(Gat 5): 


This gives the desired inequality. 


3.4.4. /s</s—at+vVs—b+V/s—cK< V3s. 


Proof: The first inequality follows from the fact that for any positive reals 
x,y,z, we have 

Vietytz< Vrt+Vyt+ v2. 
On the other hand f(a) = Vz is a concave function on (0,00). Hence, 


1 


yyvenas dg 4); 


which gives 


JVs—at+vs—b+Vs—cK< V3s. 


|_| 
3V3 
3.4.5. O<sina+sinf+siny < aS 
Proof: We know that OH? = 9R? — (a? + b? +c”), which gives 
a? +67 +c? < OR?. 
Hence, we obtain 
(a+ b+c)* <3(a7 +0? +c’) < 27R?. 
This gives 
O<a+b+c< 3v3R. 
Using a = 2Rsina, etc., we get 
3V3 
0 <sina+sin8 +siny < ous 
|_| 


3.4.6.  sin2a+sin26+sin2y < sna+sin6+siny. 


Proof: Consider f(x) = —sinz on (0,7). This is a convex function. Suppose 
a<6<v-. Using Theorem 10, we see that for any permutation (a’, 6’, y’) of 
(a, B,y), we have 


S¢ -sin (a +) < S> -sin ( ata) = — 5 ‘sin 2a. 
This reduces to 
S- sin 2a < S sin (a! + a). 


Taking a’ = 6, 8’ = 7 and 7’ =a, and using sin(a + 8) = siny, etc., we get 


sin 2a + sin26+sin2y < sina+sin§$+siny. 


| 
3v3 
3.4.7. i < —_. 
II sina < 
Proof: Using the AM-GM inequality and 3.4.5, we have 
: 3 3 
[sine < ene < v3 _ 3v3 
3 2 8 
| 


<i 
3.4.8. 0 2) = 
< [[sin( a./2) Se 


Proof: We know that OI? = R? (1 — 8[[sin (a/2)). Hence, it follows that 


1 — 8[]sin (a/2) > 0. The first inequality is obvious. Equality holds if and 
only if the triangle is equilateral. | 


3 
3.4.9. 1L< <n. 
S "cosa 5 


Proof: We use the known identity: {cosa = 1+ 4]][sin(a/2). Since 
[[sin (a/ 2) > 0, we get the left side inequality. Now using the inequality 
3.4.8, we get the right side inequality. a 


3.4.10. 1< 5° sin(a/2) < =. 


Proof: Whenever a, 3,7 are the angles of a triangle, (7 — a)/2, (a — 8)/2, 
(x — y)/2 are also the angles of some triangle. Applying 3.4.9 to this triangle, 
we get these inequalities. | 


1 
3.4.11. [[ cosa < = 


Proof: Using 3.4.9 and the AM-GM inequality, we get 


Socosa\* — 1 
< | —\—_ <n. 
[[ cosa < ( ea ee 


3.4.12. If x,y,z are real numbers such that xyz > 0, then 


a t 
xcosa+ycos 8+ zcosy < (E+= zy. 
2\a y z 


Proof: We start with the obvious inequality 
(xz cos a + yz cos B — xy)” + (xzsina — yzsin 8)” > 0. 
This simplifies to 
2x" yz cosa + 2xy*z cos B — 2xyz? cos(a + B) < S- yz. 
Using cos(a@ + 8) = — cos, we obtain the desired inequality. Equality holds if 
and only if rzcosa + yzcos § — xy = 0 and xzsina — yzsin8 = 0. This takes 
the form 
1 1 ; ; : 
—:—:—=sina:sinf: siny. 
oY z 
We easily infer that the right side of 3.4.9 is a consequence of the present 
inequality. | 


3.4.13. In an obtuse-angled triangle, )> cos? a > 1 and sin? a < 2. 


Proof: We have 


IH? = (1 - [J osa) = 9R? —- So a?. 


Since the triangle is obtuse, [] cosa < 0. Hence, [H? > R?. This gives 


R? <TH? =9R? —S-a?. 


Thus, )> a? < 8R?. This may be put in the form 
sin? a + sin? 6+ sin? y < 2. 


Equivalently 


S| cos” a > 1. 


3.4.14. J tana > 3V3 if the triangle is acute, and )>tana < 0 if the 
triangle is obtuse. 


Proof: Suppose the triangle is acute. In this case tana, tan and tan7y are 
all positive. We have 


[[ tana = S “tana > 3([[ tana)" 


This gives [[tana > 3/3. Using []tana = Yo tana, we get the desired 
inequality for acute-angled triangles. Alternatively, we can also use the fact 
that f(a) = tanz is a convex function on (0, 7/2). 

If the triangle is obtuse, say a > 90°, then tana < 0 and tan 6, tany are 
positive. Hence, [] tana < 0 and this gives }> tana < 0. a 


3.4.15. Jicota> V3. 


Proof: We have 


cosa@ cos 
sina  sin8 
sin (a + f) 
sin asin 8 

2siny 
cos(a@ — 8) + cosy 


ape 2tan (7/2). 


cota+cotG = 


IV 


1+ cosy 


Similarly, we may prove that 
cot 8 + cot y > 2tan (a/2),cot y+ cota > 2tan (8/2). 


Adding, we obtain 


2(cot a + cot 8 + cot) > 2(tan (a/2) + tan (8/2) + tan (1/2). 


However using the convexity of f(x) = tanz on (0, m/2), we obtain 


5 (tam (a/2) + tan (9/2) + 1m (7/2)) > tan (S=E*7) 


tan 30° = 


aD 
Sl 


It follows that 
tan (a/2) + tan (@/2) + tan (7/2) > V3. 
This gives 


cot a + cot 8 + cot y > tan (a/2) + tan (8/2) + tan (7/2) > v3. 


3.4.16. > cot (a/2) > 3v3. 
Proof: Using the convexity of the function f(a) = cotx on (0,7/2), we get 


the desired inequality. The convexity part can be proved using the second 
derivative of f(x). | 


34.17. Yoeot? (a/2) > (Seo («/2) ) (Seo a), 


Proof: Let us put cot (a/2) = x, cot (8/2) = y, cot (y/2) = z. Then we know 
that c+y+z2=xyz. We have 


(ety+2) =(etytz)ryz = So (a? -lyzt > ay. 


This gives 
ety+2+ Say = 5° (a? —I)yz. 


It follows that 
2(a? + y* + 27) Sar ty tz27+ 5S cy= > ° (a? -1)yz. 
We write this in the form 
gp? ey 2? > 703 —). 


However, observe that 


Thus, we obtain 
Loot? (a/2) > (Teot (a/2)) (Soot) 
(Seve (a/2)) (Seta). 


3.4.18. [|] cota < 1/(3V3) in an acute-angled triangle and [J] cot a < 0 for 
an obtuse-angled triangle. 


Proof: This easily follows from the fact that 
II tana > (3V3), 


in an acute-angled triangle and this product is negative for an obtuse-angled 
triangle (see the proof of 3.4.13). a 


3.4.19. Socot?a > cot acot B=1. 


Proof: This follows from the rearrangement inequality. | 


3.4.20. So seca > 6. 


Proof: Using $+ cosa < 3/2 (see 3.4.9) and AM-HM inequality, we get 


9 2 
S : S > =6. 
ee eeag 3 6 


3.4.21. Socoseca > 2V3. 


Proof: This follows from the convexity of f(x) = cosecx on (0,7). In fact 
f" (x) = cosec x(cosec*x + 2 cot” x) > 0, 


on (0,7). Hence f(a) = cosecx is convex on (0,7). This gives 


1 a+B+y7 3 2 
= : > ee | 60° = —. 
5 y cosec @ > cosec ( 3 ) cosec B 


Hence, we get 


S- cosec a > 2V3. 


3.4.22. So cosec*a > 4. 


Proof: Using the rearrangement inequality, we have 


ys cosec?a > x cosec a@ cosec 8 
Yo sina 
[sina 
3 
2/3" 
( [[sin a) 


We have used the AM-GM inequality at the end. However we know that 
[[ sina < 33/8 (see 3.4.7). It follows that 


a 


4 
S| cosec?a > 3 x ae 


3.4.23. (Sin (a/2)), < ¥ cos? (a/2). 


Proof: We may arrange the angles such that either a > 60° > 8 > ¥ or 
a < 60° <6 <+y. This implies that 


_ 6B 1 yxy 1 
> 
(sing 5 sin 5 5 >0 


g B ae | j B ey 
ae: ae ae os at 
=> Asin 5 sin 5 2{ sin 5 + sin 5 1 


> 1+4]]sin$ > asin $ (sin 5 +sin 2) +1 sin 5 


However we know that 


asin & sin 2 — cos (5-3) -sin$ 
< 1l-sin—. 


This gives 


1+4]]sin$ > asin $ (sin 5 +sin3) +2sin§ sin? 


=> S "cosa > 25 sin S sin 5 


=> Yreos? S > SF sin? S427 sin S sin & 


This simplifies to 


(Sosin (a), < Sy cos? (a/2). 


3.4.24. a? +b? +c? > 4V3A (Weitzenbock’s inequality). 
Proof: Using Heron’s formula for the area of a triangle, we have 


16A?_ = (a+b+c)(at+b—c)(b+c—a)(c+a—b) 


( ) (eee) 
a+b+e — os 


(a+b+c)4 
27 ; 


IA 


This gives 
(a+b+c)? 
3 : 
However we know from the Cauchy-Schwarz inequality that 


AV3A < 


(a+b+c)? <3(a7 +0 +c’). 
It follows that 
Cb ie > 4y/BA, 


Solution 2: We prove a stronger version of the above inequality which is 
known as the Hadwiger-Finsler inequality. We show that 


ae +b?+c?> 4V/3A +S “(a -0)?. 


Using the cosine rule, we have 


a = +c? —2becosa 


(b— c)? + 2be(1 — cos a) 
(b—c)? + 4A tan(a/2), 


since 
1—cosa 


sin @ 


2bc(1 — cosa) = 1s( ) = 4A tan(a/2). 
Thus, we get 


a +P 42 = 4A( tan(a/2) + tan(3/2) + tan(7/2)) + S-(a—b)?. 


However, we know that f(x) = tan is a convex function on (0,7/2). Hence, 
it follows that 


1 at+6+y7 Q 1 
5 ( tan(a/2) + tan(8/2) + tan(/2)) > tan (ct5**) = tan 30° = =e. 


This shows that 
a+ +c >4V38A+ Sa —b)?. 


We observe that equality holds if and only if a= b=c. a 
3.4.25. abtbe+ca>4V/3A. 
Proof: We know that 
1 1 1 
A= 3 absiny = 5 bc sin a a 57 casin B. 


Hence, we get 


1 ie 
Yad =24 > 6a (II <<! | 


However we know from 3.4.7 that [] ~~ > (8/3v3). This gives 


sina — 


Sab > 6A eS . = 4/3A. 


3.4.26. Soa‘ > 16A?. 


Proof: Using 3.4.24 and the Cauchy-Schwarz inequality, we get 


So at > : (Soe) > 16A?. 


$.4.:27.. S007 > 16A*, 


Proof: This follows from Heron’s formula and 3.4.26. | | 


3.4.28. (abc)? > ik 


Proof: We use a+b+c = 2R(sina+sin8+siny) < (3V3)R (see 3.4.5) and 
abe = 4RA. Thus, 


4A - abc > 3abe < (abe)?/3, 
V3 RV3 a+bt+e 


where we have used the AM-GM inequality in the last step. The result follows 
by taking cubes on both the sides. | 


3.4.29. (Euler’s inequality) 27 < R and equality holds if and only if the 
triangle is equilateral. 


Proof: We use OI? = R(R — 2r). | 


3.4.30. 9r(r + 4R) < 3s? < (r +4R)?. 


Proof: We know that a,b,c are the roots of the cubic equation (see section 
3.3.1) 08 — 2st? + (s? +r74 4Rr)t —A4ARrs = 0. Since all its roots are real, the 
derivative polynomial 3t? — 4st + (s? +r? +4Rr) = 0 has only real roots. This 
imposes a condition on the discriminant, namely, s? > 3r(r + 4R). This gives 
the left inequality. 

Again we know that ra,ry,7%- are the roots of the equation (see section 
3.3.4) t? — (r + 4R)t? + s?t — s?r = 0. We look at the derivative polynomial: 
3t? — 2(r + 4R)t + s? = 0. This again has only real roots. Hence, using the 
condition on the discriminant, we obtain 3s? < (r +4R)?, which is the other 
inequality. | 


3.4.31. 8? > 27r?. 


Proof: We have 


f= GOOF E ECTS f(s a)(s—b)(s- 0} 
: aN 
= (r2s) 7°. 


On cubing the above relation and rearranging the terms, we get the result. M 


3.4.32.  36r? < Soa? < 9R?. 


Proof: Using 3.4.31, we have 


b 
Q7r? < (toes) < < oe 


where we have used the Cauchy-Schwarz inequality. This gives the left side 
inequality. On the other hand, using OH? = 9R? — (a? +07 + ey we get the 
right side inequality. a 


a? 
3.4.33. e > 4, 


Tole 


Proof: We know (see 3.3.4) that S>ryr. = s?. Using the Cauchy-Schwarz 
inequality, we get 


2 2 2 
S a 5 Qa) _ 4s ig 
Tole 


~ So rere s? 
a 
3.4.34. 5R—r> v3s. 
Proof: We use }> rg =4R+r (3.3.4) and R > 2r (3.4.29). Thus, 
5R-r=4R+r+R-2r> 4R+r= 5 ro. 
Using rz = A/(s — a) = rs/(s — a) and similar expressions, we obtain 
1 
5R-r> pe = VN 
r2donm = A(E SS) 
22 8 2 
UL? } 
Thus, it is sufficient to prove that 
S 5 5 
This is equivalent to 
2S ab—S oa? > 4v3A. 
This follows from the Hadwiger-Finsler inequality. (See 3.4.24.) 
| 


3.4.35. SJ la(s—a) < 9rR. 


Proof: We know that r = (s — a) tan (a/2), etc. Hence, 
S/ a(s — a) = S- en = 4Rr S © cos” (a/2). 


Thus, it is sufficient to prove that 2 S- cos” (a/ 2) 5 . This is equivalent to 
d> cosa < 3/2. This follows from 3.4.9. a 


NICO 


3.4.36. Soha < V3s. 


Proof: We have 


3abc 


2 
> = — 
(a+b+c)* > 3(ab + bc + ca) 5 


(ha tho + he) =6RY~ ha. 


Thus, we obtain 


sia Zi (a+b+c)?  s(at+b+c) 


6R 3R 
But we know that a+b+c< 3V3R. It follows that Yoha < V/3s. | 
3.4.37. = -< v3 
a 2r 


Proof: We have 


Thus, it is sufficient to prove that 


Soh < V3A 


This follows from A = rs and 3.4.36. 


1 3/3 
4.38. - > ——. 
Bee Se 5G) 


Proof: We know that 
r=4R][sin(o/2), 1+4]]sin(a/2) = S> cosa. 


Using a = 2Rsina, etc., we get an equivalent inequality: 


1 3V3 
Decree . 
sina ~ )>cosa 


This reduces, after cross multiplication, to 
cosa = cos 
cota 4 ; : > 3v3. 
»s 7 Ye (S5+S")2 v3 
Since > cot a > V3 (3.4.15), it is sufficient to prove 


> & i =) > a3. 
sinG sina 


This is equivalent to 


So oye 


sinasin 8 — 
By the AM-GM inequality, we have 


sin y 3 ( ) -1/3 
Die ee ~ [[sine , 
Using [] sina < 33/8 (3.4.7), we get the desired inequality. = 


9 
3.4.39. < a < <R. 
9r< Sor < af 


Proof: We know from the section 3.3.4 that Sor, =4R+r. Using 2r < R, 
we obtain 9r < 4R+r < (9/2)R. | 


3.4.40. 9r< ha < V3s. 


Proof: We have 


and 


(See 3.3.2.) | 


3.4.41. Soh? < (3/4) Yo a?. 


Proof: We know that ha < ma, 4m? = 2b? + 2c? — a? and similar results for 
hy, he, Mp, Mc. Thus, it follows that 


Sh = om. = +(c? +0402). 


2 
a 
3.4.42. S- aR +9. 


Proof: We write 


Lgte- Lae 
he + he 24 42 +2) 
Hence, it is sufficient to prove that 
se Snes 
b2 +c? ~ 2R2° 


Using the AM-HM inequality, we get 


‘ 1 2 9 s 1 
b? +c? ~ 23° a? ~ 2R?’ 


since a? < 9R?. (This follows from OH? = 9R? — S\a?.) 7 


3.4.48. Soha < wa < 38(R+7). 


Proof: The first part is obvious. For the second inequality, we begin with the 
expression 
2bc 
= cos 2 
fsa eer (0/2); 

and similar expressions for w, and we. Since 2be < (b+ c)?, we get w? < 
becos? (a/2), and similar estimates hold for w? and w2. Now the Cauchy- 
Schwarz inequality gives, 


(Sou) < (So viccos (a/2)) 
< e3 be) (© cos” (a/2)) 
< + ote: 


here we have used the estimate S> cos? (a/2) < 9/4. Hence, it is sufficient to 
prove that 


Soe < 4(R+r)? 

S sinasin 6 < (1+ ry = (Sr cosa)” 
S “sin asin 6 < S/ cos’ a + 2S © cosacos 8 
S "cosa < S| cos” a + $ cos acos 8 

S¢ 2cosa < (Sceosa) + $7 cos? a, 


{try 


Thus, it is sufficient to establish the quadratic inequality 


(Sy cosa)” — 25 cosa +S cos? a > 0. 


If the triangle is obtuse, then S> cos? a > 1 (3.4.13) and hence the inequality 
follows from the fact that the discriminant is negative. Hence, we may assume 
that $> cos? a < 1. The above quadratic inequality is true if either ye cosa < 


1-,/1— S| cos? a or S "cosa >14,/1- S| cos? a. However, we know that 
>> cosa > 1 and hence the first alternative does not occur. It is sufficient to 
prove that for an acute-angled triangle 


S/ cosa > 1+\/1— 5° cos?a. 
1— S cos a = 2] [ cosa, S "cosa = 1+4] [sin (a/2). 


Thus, we have to show that 


8 | [ sin’ (a/2) > [[ cose. 


However we know that [H? = 2r2 — 4R? |] cosa. This gives 


We use 


4R? II cosa < 2r?, 


and hence 


r? 16R? |] sin? (a/2) . 
[[ cosa < sr = oR? = 8] [sin’ (a/2). 


This completes the proof of the desired inequality. 


|_| 
3.4.44. Y hahy < 3V3A. 
Proof: We know (see 3.3.2) that 
2s? _ 2A 
Soh ie sr = ime 
R 
However we also have 
1 ane BR 
= 5(a+b+0) = R(dosina) < < 
(see 3.4.7). Using this estimate, we obtain the required ate | 


3.445. [he = 27r?. 


Proof: We begin with the known identity 
eee 
he rT 
Hence, the AM-GM inequality gives 
1 Iwii\* 1 
I; . @» x) ~ 273" 
Taking the reciprocals, we obtain 


[[% > 27r?. 


ne 
3.4.46. SoS, 
s ha -—2r 7 r 
Proof: Usin S- an — u we get 
: g hoe g 


1=3-2=))(7t-27) =e 


Using the AM-GM inequality, we obtain 


6 n=") (x 7 > 9. 


This gives 
ha 
> 9. 
s hg — 2r — 2 
But the left hand side is equal to 
2r 
3 ; 
Bs Ds he — 2r 
Simplification gives 
1 3 
Dteet 
h,—2r 7 7 


3.4.47. V3A<r(4R+7). 


Proof: We start with the identity, [H? = 2r? — 4R? [| cosa. However 


4R?T[ cosa = 2R? (So sin? a - 2) 

= 5 AR? 

= = (Soa) — Sab — aR? 
(dca), (s?+r(4R +r)) AR? 
(Soa) _ (2R+r)*. 


Here we have used > ab = s? + r(4R +1); see 3.3.1. Thus, it follows from 
IH? > 0 that 


BlR NILE wl 


v< 4(4" 4 4Rr + ar?) 
This gives 


A? 


IA 


Ar? (4? + ARr + 3r?) 


1 
= 7? { (43 + (8/3)Rr + (1/3)r®) + 5 (4Rr + s)} 
Using 4r? < 2Rr < R?, we obtain 


A2 


IA 


° { (aR? + (8/3) Rr + (1/3)r) + pel 


= are (4R + ry’. 


This implies that /3A < r(4R + ae | 


3 
3.4.48. 5s < Sma < 2s. 


Proof: Let D, E, F be the mid-points of BC, CA, AB respectively. Let A’ 
be the reflection of A in D. Similarly define B’ and C’. Then BA‘CA is a 
parallelogram. (See Fig. 3.1.) 


Fig 3.1 


Using 2m, = AA’ < AB+ BA’ = b+ c and similar inequalities for 2mp, 
2M, we get 


1 
Ma +m +me <5(b+e+eta+a+b) = 2s. 


Let C” be the point of intersection of BC with a line through A and parallel 
to the median BE. Then the sides of AA’C” are 2m,, 2m, and 2m,. The 
lengths of its medians are 3a/2, 3b/2 and 3c/2. Applying the inequality we 
have just proved to this triangle, we get 


S(at+b-+0) < 2(ma +m + me). 


This gives the left side inequality. | 


3.4.49. Sim, <4R+r. 


Proof: Let D, E, F be the mid-points of BC, CA, AB respectively. Join the 
circum-centre O to D, E, F. In the triangle ADO, we see that AD < AO + 
OD = R+ OD, and equality holds if and only if A,O,D are collinear. Thus, 
we obtain mz < R+OD. Similarly we have m, < R+OEF and m, < R+OF. 
Adding, we get 

Soma <3R+O0D+ OE + OF. 


Observe that OD = Rcosa, OF = Rcos# and OF = Rceosy. Using 
r 
sa=1+4+4 i 2)=1+—= 
y cos @ + [ [sin (e/ ) R 


we get 


dime <3R+R(1+ 5) Sap aie 


3.4.50. s<Siwa< v3(X Vs a) < V3s. 


Proof: Let AD (= wa) denote the bisector of a. Then BD+ AD > AB=c 
and CD+ AD > AC = b. Adding we get 


2wa + (BD+CD) > b+e. 


This shows that wa > (s — a) and hence s < }> wa. We also have 


2v/be 
ba eV 8-4) < 4/s(s— a). 


Wa = 
Hence, we get 
te < v3(>0 vs a). 
Now using the Cauchy-Schwarz inequality, we have 


Yo vera < V3V8 


Combining all these, we have the required inequalities. 


3.4.51. Sow? > 3V3A. 


Proof: Using Stewart’s theorem or otherwise it is easy to compute that 


2be 
2 = be- 
Ree oe (b+)? 
Since be/(b +c)? < 1/4, we obtain 
2 
2> be 4. 
Wg 2 be— 3 


This gives 


2 1 2 
we = di ab- 7d a i 
S "ab > 4/3A +5 “(a — 6)?; 


But we know that 


see 3.4.24. Hence, 


Sab— 7 oe? = 5 (63. ab — S7(a- 9?) 
= 5 (5c ab + Doab- Sra) 
S = (5. ab + 4v34) 
> = (20v3A + 434) 


I 
w 
Ba) 
b 


3.4.52, R+r<max{ha,ho,he}. 


Proof: This inequality is equivalent to 


{= 2A “= 2A 
R+r< max ; : = 
a’ bc 


~ minfa, b,c} 


Hence, it is sufficient to prove that min{a,b,c}(R+r) < 2A. However R+r = 
R( > cosa) = OD+OE+OF, where D, E, F are the midpoints of BC,CA, AB 
respectively and O is the circum-centre. Thus, the inequality reduces to the 
form 


min{a, b,c}(OD + OE + OF) < 2A. 
However we observe that 
min{a,b,c}((OD+OE+OF) < a-OD+b-OE+c:OF 
= 2[BOC]+ 2[|COA] + 2[AOB] 
= 2A. 


3.4.53.  Soasin (a/2) > s. 
Proof: We first prove that in a triangle ABC, the following inequality holds: 


[[sin (2/2) < TJ] (2 = sin (2/2). (x) 


We observe that a, 8, y are the angles of a triangle if and only if (7 — a)/2, 
(x — 8)/2, (w — y)/2 are angles of another triangle. Hence, it is sufficient to 


prove 
[[ cose < II (1 — cos a) 


But we have 

2 
(1 — cosa)(1 — cos B)(1 — cos y) = 8 sin?(a/2) sin? (8/2) sin?(y/2) = ee 
where R and r are circum-radius and in-radius of the triangle whose angles are 


a, 2, y. Since 
4R? cos acos 8 cosy = 2r? — IH? < 2r?, 


where J and H are the in-centre and ortho-centre of the triangle, we get the 
result. 
Now, we may write the inequality (x) in the form 


[sin(a/2) — T1sin (32) 
[] cos(a/2) ~ [] cos (42%) 


Using the identities 
= (TO 
y sin(a/2) = 1+ T]sin( z 
Ta 
4 2 _ 
y cos(a/2) [To ( i ), 


we obtain 

[[sin(a/2) = —1+ Yo sin(a/2) 

[] cos(a/2) ~  ocos(a/2)  ~ 
However using r = 4R]]sin(a/2) and s = 4R]][ cos(a/2), the left side is simply 
r/s. Thus, the inequality takes the form 


Be, —1+¥¢sin(a/2) 
s— > Scos(a/2) 


But observe that (s — a) sin(a/2) = rcos(a/2). Thus, we get 


S-(s— a) sin(a/2) < s{ - 1+50 sin(a/2)). 


This reduces to 


S © asin(a/2) >s. 


3.4.54. 3) cosa > 2) 'sinasin ZB. 
Proof: We begin with the inequality 

x (cosa — cos 8)” >0. 
Expanding this we get 


y cos’a > 5 cos a cos 3. 


But then 


S/ cos’ a > S cos.acos 8 => (Sveosa) > 3S cos acos f 
=> 3) cosacoss < $F cosa 
=> 2S ~cosacos 8 < S° cosa 


=> S © cos(a — 8) +S © cos(a + 8) < S/ cosa 
=> S © cos(a — 8) < 2S" cosa 
=> S| cos(a — 8) - S| cos(a + 8) < 35> cosa 
=> 2S sinasin B < 35° cosa. 

We have used the well known result: }* cosa < 3/2. (3.4.9) 


3.4.55. max {ra,7, 7c} > Sh. 


Proof: The required inequality is equivalent to 


. 1 1 1 , 3h 
max : 
s—a’'s—b's—cJ~ 2A 


This is further equivalent to 


max { tan (a/2), tan (8/2), tan (7/2) > ane ee 


This may also be written in the form 
(So sina) max { tan (a/2), tan (8/2), tan (7/2) } > 
However, we have 
(So sina) max { tan (a/2), tan (3/2), tan (7/2) } 
> S/sinatan (a/2) = 25° sin? (a/2). 


On the other hand, 


S ‘sin’ (a/2) = 5 — 5 Licosa 
= 5-5 (1+4] [sin (a/2)) 
= $4009 
= 1-—. 
2R 


Since 2r < R, the result follows. In fact we have proved more: 


max fee To,Tch > 2R-—r. 


3.4.56. R—-2r > we—hg. 


Proof: We use 


_ 4Rsin Bsiny 


r=4R][sin(a/2), wa = ne ey cos(a/2), 


and 
ha = 2Rsin B siny. 
The inequality to be proved is 


“ 2sin 6 siny 
1-8] [sin(a/2) > cos (8-9/2 


Let us put t = cos ((8—~)/2) and x = sin(a/2). Then t € (0, 1] and z € (0, 1). 
We have to prove 


yO cos ((8 — y)/2)). 


f(a; t) = 2(1 + t)a* — 402 + (t+ 20? — #9) > 0. 


Consider this as a function of x, say g(a). We observe that 
g(x) = 4(1+t)x —4t?, g’(x) = 4(1+1t) > 0. 


Hence, g has the minimum at x = t?/(1 +t). But observe that 


r( t? ) _ t—t)(t+3) a: 


14+t’ t+1 = 


Hence, min, f(z;t) > 0. Thus, f(z;t) > 0 for all x € (0,1) and t € (0,1). 
Equality holds if and only if t = 1. Equivalently x = 1/2. This is equivalent to 
a = 7/3 and 8 = 4, which corresponds to the case of an equilateral triangle. 

a 


3.4.57. \/s(s—a) + /s(s—b) +m < V3 8. 


Proof: Using the AM-GM inequality, observe that 


2,/(s—a)(s—b) << s—at+s—b=c. 


Equality holds if and only if a = b. Thus, 


4m? = 2a? + 2b? —¢? 
= (at+b)?+(a—-by-¢ 
+ b)? — (b+ ce-—a)(a+c—b) 
= (a+b)? —4(s —a)(s—b) 
(a+b+2 (s — a)(s D)) (a+b 2\/(s—a)(s 0)) 
- (a b+ 2/(s —a)(s b)) (2s (Vs—a+Vs—0)") 


< 2s(2s — (/s—a+t vs—0)"). 


I 
— 
a 
| 


This implies that 


\/'s(s — a) + v/s(s — b) < V2\/s? — m2. 
On the other hand 


= 2 
(v2V/s — m2 + me) <39%, 


as this is equivalent to the inequality (s? — 3m2)* > 0. Hence, the result 
follows. | 


3.5 Two triangles one inscribed in the other 


3.5.1. Let D, E, F be points in the interior of the segments BC, CA, AB 
of a triangle ABC. Prove that 


[DEF] > min {[BDF}, [CED], [AFE]}. 


Here equality holds if and only if D, E, F are the mid-points of the respective 
line segments on which they lie. 


Proof: Let a, 8, y, be the areas of the three corner triangles so arranged 
that 0<a< 6 <7y and let 6 = [DEF]. We prove the stronger statement: 
56 > VaB. We normalise the areas such that [ABC] = 1. Let 


BD DO...» OB EA, AF FB 
=, =a, = 4%; =), F424: 
b b c c 


Let AX and FY be the altitudes drawn respectively from A and F' on to BC. 


Then we see that 
[BDF] BD-FY BD FB ; 
= a . = 2": 
[ABC] BC-.AX BC AB 


This gives [BDF] = xz’. Similarly, we obtain [CED] = yx’, [AFE] = zy’. 
Using these we get 
6 = 1 (az! + yz! + zy’) 
a 1—2(1—z)+y(1-—2)+2(1-y) 
=. 1 (a@+ytz) + (zy yz + 22) 
= (1 x) (1 y) (1 z) LYZ 


ee 


= Lye +7ryzZ. 


Now we consider two cases : y < 1/4 and y > 1/4. Suppose y < 1/4. If 
6 < Va, then 6 < /7-7 =7 < 1/4 and hence 


1 
l=atB+y+o<atBt 5. 
This gives a + 6 > 1/2 and in turn we obtain 
1 1 
= <2 — 
5 ete Ss ¥<5 


This contradiction proves that 6 > a8, when y < 1/4. 
Suppose on the other hand that y > 1/4. In this case 


6 = aye +ayz 
1/2 
= 2(ez'yy'22") 
1/2 
= 2(a8y) 
= vap- 2/7 
> Jap. 
This completes the solution. a 
3.5.2. Let D, E, F be points in the interior of the segments BC, CA, AB 
of a triangle ABC. Prove that 
p(DEF) > min {p(BDF), p(CED), p(AFE)}, 


where p(X Y Z) denotes the perimeter of the triangle XY Z. Here again equality 
holds if and only if D, E, F are the midpoints of the respective line segments 
on which they lie. 


Proof: For angles x, y, z, let u = tan (x/2), v = tan (v/2), w = tan (w/2). 
Then, we have the following results. 


P 


Lv 


a7 


Fig. 3.3 


(a) Ife+y+z=n7, then w+vuw+wu=1. This follows immediately from 
the property of tan function. 


(b) If PQR and PQS are two triangles with the common side PQ and if 
ZRPQ = 01, ZRQP = y1, ZSPQ = x2, ZSQP = yo, then p(PQR) < 
p(PQS) or p(PQR) = p(PQS) or p(PQR) > p(PQS) according as 
ULV, < UgU2 OF ULV, = UQV2 OY ULV, > UQV2 respectively. ‘ 


proof: It is easy to prove that 


p(PQR) 2 p(PQS) 2 


PQ ~ Luv,’ PQ TES yates 


Observe that u,v, < 1 and weve < 1. The result follows from comparison. 


Suppose p(AF'E) > p(DEF) and p(F BD) > p(DEF). We move A and 
B towards F’,, if necessary, while keeping D, E, F fixed until we get p(AFE) = 
p(DEF) = p(F BD). This only increases the perimeter of the triangle CED. 
Thus, it is sufficient to prove that p(DEF’) > p(CED) under the assumption 
that p(AFE) = p(DEF) = p(FBD). 

Using (a) and (b), we get 


uu, tuyu2tugu = 1, 
VUi +U1Vg+vQqv = |, 
wwy+twyw2tuwow = 1, 


UQU, = UW, ViW2=VW, Vou, = kvu. 


Further we also have uv + vw + wu = 1. We have to prove that k <1. We 
can get the following relations: 


kuv vw uw 
U= ’ Uu= ’ W1= : 
v2 W2 U2 


Substituting these in the first three relations, we obtain 


kuv — kuv 
uw: —— + —-uetuqu = 1, 
v2 v2 
vw vw 
v-—+—-vetvuqv = 1, 
W2 W2 
uw uw 
w:-—+—-wetwew = 1 
U2 U2 


Solving for wz and v2 from the last two relations, we get 


w2 — vw uw(w + w2) 
Pee i ey ee 
v(we + w) : 1— wwe 


Substituting this in the first relation above, we obtain 
ku?v? (1+ w?) (w+ we) + (we — vw) (u2w? + uwwe — 1+ wwe) = 0. 
We show that 
(we — vw) (u?w? + wrww2 — 1+ ww) + u7v?(1 + w?) (w+ w2) 


= w(1 + u’) (we — v)”. 


We have 
(we _ vw) (u?w? +u2wwe —-1+ wwe) + ey (l + w’) (w + we) 


= wv? (w + w2) + uw we + uw — Wwe 


+ww3 + ?w —v? wwe 
= wv?wtur (u?v? + yw? + wu’) — Qu? wwe 


+u?ww3 — wet wwe + u*w 


= w{ ure? — 2uw2 (uv +uw + wu) 


+(u? +1) (v? + w3 — 2vw2) 4 2vw. } 
= w(1+ 02) (wy — 0)" 
we have used wv + vw + wu = 1. It follows that 
(k — 1)u?v? (1+ w?) (w + wa) + w(1 + wu) (we —v)” =0. 


The expression shows that k < 1. This implies that vou; < vu. This is 
equivalent to p(DEF) > p(CED) in view of (b). Equality corresponds to 
k =1. This forces w2 = v and hence v; = w. Using the symmetry we conclude 
u2 = W, Wy = u and ve = u, u, = v. Looking at the expressions involving 
U,U,W, U1, U1,W1, Ug, V2,W2, we conclude that D,E,F are the mid-points of 
BC,CA, AB respectively. | 


3.5.3. Let ABC be an acute-angled triangle and DEF be an acute-angled 
triangle inscribed in ABC. Show that 
\< R(DEF) <n, 


where 


+ 
I 


min {R(AFE),R(BDF),R(CED)}, 
uw = max{R(AFE),R(BDF),R(CED)}. 


(Here R(X YZ) denotes the circum-radius of the triangle XY Z.) 


Proof: The segment EF is given by EF = 2R(AFE) sina which is equal to 
2R(DEF) sin ZF DE. This implies that 

R(DEF) sina 

R(AFE)  sinZFDE™ 


Similarly, one can obtain 


R(DEF) sin 
R(BDF)  sinZDEF’ 


R(DEF) sin y 


R(CED)  sinZEFD’ 


However,a+ 8+ y=an=ZFDE+ZDEF+ZEFD and hence at least one 
of the ratios a: ZFDE, 8: ZDEF,y: ZEFD is > 1, and at least one of 
these ratios is also < 1. Since all the angles are acute, at least one of the ratios 
R(DEF) : R(AFE), R(DEF) : R(BDF), R(DEF) : R(CED) is greater than 
or equal to 1, and at least one of these ratios is less than or equal to 1. This 
proves that 

\< R(DEF) < pw. 


Remark: If r(XY Z) denotes the in-radius of triangle XY Z, it is true that 
1(DEF) > min {r(AFE),1(BDF),r(CED)}. 
See [5]. | 


3.5.4. Let ABC be an acute-angled triangle and D, E, F be arbitrary points 
on the segments BC, CA, AB respectively. Show that 


2S" a' cosa > S" acosa, 
where a’,b’,c’ are the sides of of DEF (ie., EF =a’, FD =0', DE=C). 


Proof: Let BD = 4, DC = wy, CE = 22, EA = yo, AF = 23, FB = y3. 
Then 


a > a-—y3cos8 — x2 cos7, 
bh > b—yi cosy — 23 cosa, 
c > c—yecosa— x, cos fp. 


Since cosa, cos 8, cosy are positive, the above estimates give 
S/ a’ cosa > S¢ acosa _ S| acos 8 cosy. 
However, 
S- acosa = Se 2Rsinacosa = RYO sin2a = 4Rsinasin Bsiny, 
and 


S| acos 8 cosy a 2R S © sin acos 8 cosy 
= 2Rcosysin(a+ 6) + 2Rcosacos fsiny 
2Rsinycosy + 2Rcosacos § siny 


I 


2R sin ( cos y + cos a cos 8) 
= 2Rsinasin#siny. 


Thus, it follows that 


s a’ cosa > y acosa—5 acos 8 cosy 


4Rsinasin 6 siny — 2Rsinasin £ siny 


= 2Rsinasin£#siny 


— 5 acosa 


Hence, 25> a’cosa > S\acos A, as required. It may be seen that equality 
holds if and only if D, E, F are mid-points of BC, CA, AB respectively. 


3.6 Let P bea point ... 


In this section, we consider inequalities involving a point inside a triangle and 
the quantities associated with such a point. We have already seen some such 
inequalities. For example, we can take the point P to be the circum-centre 
of ABC and then the distance of P from each vertex is equal to R. We have 
studied inequalities involving R and other elements of a triangle. Similarly, we 
have gone through several inequalities involving I, H or G. 


Let us start with a point P inside a triangle ABC. We use the following 
notations for elements involving P: R,; = AP, Ro = BP, R3 = CP; similarly 
r1, T2, 73 denote respectively the distances of P from BC, CA, AB. Now we 
can develop a large number of inequalities involving R,, Ro, R3,7r1,7r2,7r3 and 
other elements of the triangle. We explore some of them below. 


3.6.1. Let P be any point in a triangle ABC and s be its semi perimeter. 
Prove that 


s<R, + Ro+ Rz < 2s. 


Proof: Since AB < PA+ PB, BC < PB+ PC and CA < PC + PA, we get 
by adding s < Ri + Ro + Rs. 


Extend AP, BP,CP to meet opposite sides BC,CA,AB respectively in 
D,E,F. Using the triangle inequality, we have BE < BC +CE. Adding 
AP both sides and using BE = BP+ PE, AP < PE+ AE, we obtain 
BP+PE+AP < BC+CE+AP < BC+CE+PE+AE sothat BP+AP < 
BC+CE+ AE = BC+CA. Similarly, we obtain AP+ CP < BC+ AB and 
BP+CP < AB+AC. Adding these three inequalities, we get Ry + Ro+ Rs < 
AB+ BC+CA=2s. 

Here is a beautiful extension of this result (It was short-listed in the 40-th 
IMO held in Romania during July 2000). The right side inequality can be 
strengthened to minfPA, PB,PC}+ PA+PB+PC < 2s. This depends 
on the following property: If P is any interior point of a convex quadrilateral 
ABCD, then PA+ PB < AD+DC+CB. The proof is easy. Extend 
AP to meet the quadrilateral in Q and suppose, for example, Q lies on DC. 
Then PA+ PB < PA+PQ+QB < AQ+QB < AQ+QC4+CB < 
AD+ DQ4+QC+CB=AD+DC+CB. 

Let DEF be the medial triangle of ABC. This divides ABC into 4 regions. 
Each region is covered by at least two of the three convex quadrilaterals ABDE, 
BCEF, and CAFD. If, for example, P lies in quadrilaterals ABDE and 
BCEF, then we have PA+ PB < AE+ ED+ DB and PB+ PC < BF + 
FE+ EC. Adding these two we get PB + (PA+ PB+PC) < AE+ED+ 
DB+BF+FE+EC=AB+BC4+CA. 

As an interesting corollary to this, consider an acute triangle and let P be 
its circum-centre (which lies inside ABC). Then PA = PB = PC = R, the 
circum-radius of ABC’. The inequality takes the form 4R <a+b+c. Using 
a = 2Rsin A and similar expressions, we get sina + sin $+ siny > 2. 


3.6.2. Let ABC be a triangle in which a > b > c. Let P be any interior 


point and suppose AP, BP, CP meet the opposite sides in D, E, F' respectively. 
Prove that 


PD+PE+ PF <a. 


Proof: Draw PX parallel to AB, PY parallel to AC, XK parallel to CF and 
YL parallel to PE. Observe that a is larger than each of AD, BE,CF. Since 
X PY is similar to BAC, we get XY > PD. Similarly, we obtain BX > XK = 
PF and CY > YL= PE. Adding these we get 


PD+PE+PF<XY+CY+BX =BC=a. 


3.6.3. Let P be a point inside a triangle ABC and let D, E,F be feet of 
perpendiculars from P on to the sides BC,CA, AB respectively. Prove that 


Ri + Rot Rg > 2(r1 +72 +73). 
(This is known as the Erdés-Mordell inequality.) 


Proof: Suppose LZ and M are arbitrary points chosen on the sides AB and 
AC. Complete the parallelograms LAPS and MAPT. Then LMT is also a 
parallelogram and [LAPS] + [MAPT] = [LMTS]. 

Observe that [LAPS] = LA- PF, |MAPT|= MA-PE ,|LMTS|< LM. 
MT = LM. PA. Here, the points L,M can be chosen on the extended lines 
AB and AC. Choosing L, M such that AM = AB and AL = AC, we get 


AC-PF+AB-.PE<LM.- PA. 


But, the triangle ALM is similar to ACB and hence LM = CB. Thus, we get 
bPF +cPE <aPaA. It follows that 


b Cc 
PA>-PF+-PE. 
a a 


Similarly we get 


b 
°PpD+ 5Ph PC >*PE+~-PD. 
Cc Cc 


PBS 
— b 


Adding these inequalities we get 


page pp+(*+ =) PE+ C1) pp 
boc co U8 boa 


2(PD + PE+ PF). 


PA+PB+PC 


IV 


Vv 


Alternate Proof: Observe that AF'PE is a cyclic quadrilateral. This gives 
FE =APsin A. Using cosine rule, we also get 

FE? = PE*+ PF? —2PEcot PF -cosZFPE 
PE? + PF? + 2PEcot PF - cosa 
= (PEsiny+ PFsin§)* + (PEcosy— PF cos)? 
(PEsiny + PFsin 6). 


IV 


It follows that 


PA= HE > cielo ag PF sin B 
sina sina 

Similarly we get 

ce PDsiny+ PF sina 

= sin 3 


PEsina+ PDsin B 


PB - 
sin 7 


PC > 


| 


Adding these we get 


parpaspe > po(S7 488), pp( ser, sea) 
sin’ siny sina  siny 
+PF (Ss ns 4) 
sing sina 
> 2(PD+PE+ PF); 


we have used the AM-GM inequality at the end. 


Here are some interesting consequences of the Erdds-Mordell inequality. 
(i) Take P = O, the circum-centre of ABC. Then PA = PB=PC=R 
and PD = Rcos A, PE = Rcos 6 and PF = Rcosy. Thus, we get (see 3.4.9) 


S "cosa < - 


(ii) Taking P = H, the ortho-centre of ABC, we get PA = 2Rcosa, 
PB=2Rcos6, PC =2Rcosy. Hence, we obtain PD = 2Rcos 8 cosy, PE = 
2Rcosycosa, and PF = 2Rcosacos ?. Thus, we get 


2(cos a cos 8 + cos B cosy + cosy cosa) < (cosa + cos 3 + cosy). 
Using the inequality in (i), we obtain 
3 
cos a cos 3 + cos 3 cosy + cosy cosa < a 
(iii) Taking P = I, the in-centre, the inequality takes the form 
AI+ BI+CI>6. 
Using AI = rcosec (a/2), etc., we get 
S © cosec (a/2) > 6. 


(iv) Let P = K, the symmedian point. If AK meets BC in D’, then it is 
known that BD’/D'C = c?/b? and similar ratios for other intersection points. 
Using this and Stewart’s theorem, we can compute the symmedian length: 


2bc 
! 
AD’ = page 
This implies that 
2 
AK = ue 


arias 
a2 +4 b2 + Cc 

and similar expressions for Bk,C’K. Using these we can also get the lengths 
of perpendiculars KL, KM, KN on to BC,CA, AB: 


2a 


KL = 7p @lABCl, 
2b 
2c 

KN = 437 qlABCl. 


In this case, the Erdds-Mordell inequality takes the form 
Ma , Mb | Mey § 


a b ec R 


1 1 1 
3.6.4. ‘S =e > 25° Ea > >> Re 


Proof: Reflect P in the sides BC, CA, AB to get points A’, B’, C’. Consider 
the triangle A’B’C’ and its interior point P. If we denote the distances of 
P from the vertices A’, B’, C’ respectively by Ri, R5, Rs and the distances 
of P from the sides B’C’, C’A’, A’B’ by r}, rh, rg, then the Erdds-Mordell 
inequality applied to triangle A’B’C’ gives 


Ri + Ro+ Ry > 2(r, +1rp +75). 


If D, E are the feet of perpendiculars drawn from P to BC, CA respectively, 
then DE = R3sin7. Using the fact that D and E are the mid-points of PA’ 
and PB’, we get A’B’ = 2R3siny. Now let F’ be the foot of perpendicular 
from P on to A’B’. We then have 


,  2[A'PB’] 

EO AB 

On the other hand 
1 
[A’PB’] = 5 PA’: PB sin ZA'PB 

1 é 

= 3 (271) (2r2) sin(a — 7) 

= 2 resiny. 


This gives rh = 2rjr2/R3. Similarly, we may obtain 
a = 2rer3/R1, ie = 2r3r1/Ro. 


Moreover 
a = 2r1, Ft = 2ro, R = 2r3. 


Using these we get 


i 1 
Die Ree 


The same process adopted to the point P and the triangle A’ B’C’ gives 


1 1 
py Riry . a RR 


3.6.5. Yo Riri = 23> rire. 


Proof: We refer to Fig. 3.6. Taking L = B and M =C, there, we obtain 
BA-.PF+4+CA.-PE< BC. PA. 


This reduces to crg + brg < aR . This may be written in the form 
Cc b 
Riry > —r3ri t+ —reri. 
a a 
Similarly, we obtain 
a Cc 
Rorg = pire + 5732 


b a 
R3rz3 > or 2t3 + Poy 


Adding these three inequalities, we get 


So Rin = So rire (2+$) 
> 2S > rina; 


we have used the AM-GM inequality. Equality holds if and only if ABC is 
equilateral and P is its centre. 


Consequences: 
(i) Taking P = I, the in-centre of ABC, we have r, = rg =1r3 =r and 
R, =r cosec (a/2), Ro = r cosec (8/2), Rs = r cosec (7/2). 


We obtain 


S- cosec (a/2) > 6. 


(ii) Taking P = O, the circum-centre of ABC, we get 


S/ cosa > 2S" cos acos . 


(iii) If P = H, the ortho-centre, then 
R,=2Rcosa, Ro=2Rcos8, R3 =2Rcosy, 
and 


r, = 2Rcos$ cosy, re = 2Rcosycosa, r3 = 2Rcosacos £. 


3 
The inequality we obtain is S- cosa < 5 (See 3.4.9.) 


(iv) If we take P = G, the centroid, then the inequality takes the form 


a Mala > ys hal. 


Adopting the method developed in 3.6.4, we obtain 


So Ri R2 > 25° Rin. 


Repeating this process once more, we also get 


1 1 
So — 22 fa’ 


rT. 


3.6.6. Let P be a point inside a triangle ABC and suppose AP, BP, CP 
extended meet BC, CA, AB respectively in D, E, F. Prove that 


AP BP CP 


1. > 6; 
PD PE PF 
AP BP CP 
Bi ag See yee Gs 
PD PE PF 
3 AD, BE CF 9 
, AP BP CP” 2’ 
AD BE CF 
fo Ey Aye OT 
PD PE PFT ar; 
5 PD PE PF 3 


> 
PA PB PC~ 2 


Proof: Let us take 


Then we see that BD = ae CD = ad AF = std and FB = Ee 
o+ zZ+y 


y at+y 
Using Menelaus’ theorem, we obtain 


AP BC AF «+y 


PD CD FRB £ ’ 


BP z+" CP ytz 
PE ae PR oe 


AP BP CP DL & y zy 
+ = ( ae ) =r at 
PD PE PF Zot zrsy yz 


and similar expressions: . Adding these we get 


IV 
No 
+ 
~ 
+ 
No 
lI 
a 


Similarly, 


AP BP CP _ (e+ wy+2)(ete) 
PD PE PF LYZ 
BBN PV UEEON EE og 
~ LYZ at 


We also observe that 


BEY oi ON oo YS AD ax2+y+z 
PD PD Zz * AP g¢+y 
Thus, 
Be gg ONL sas: iat 8) Peer tine 
AP? BP OCP. oN zct+y ytez z24+2 
9 
> nf. 
a? 2 
And 
AD BE CF _ (@tytz) Son 
PDy Pie PE = LYZ el 
Finally 
EP ged _PF 
PA’ PB PC 
ok Gc 
— aty ytzytz 
1 1 1 
= (x+y 3 
eau a(S yYtz =) 
9 3 
> -_-3=- 
ee”, 3 2 
3.6.7. Prove 


(ii) hahphe > 27r1rar3; 
(iii) (ha — r1) (hy _ r2) (he = r3) > 8rirers3 


(iv) min {a, ho, he} <rptretrs < max{ha, hy, he}; 


T1 3 
iy) a errs = 2 


Proof: Let D, E, F respectively be the points where AP, BP, CP meet BC, 
CA, AB. Put BD: DC =2z:y,CE:EA=a2:zand AF: FB=y:z. 


We easily compute 


AP af? BP eee, Ps ee 
PIS. a? OPES. yo SPR 


Thus, we obtain 


AD). Syste; BE 2a tyre CRO eye 


PD x "PE y PF Z 


Using similar triangles PDL and ADT, we have 


he: Al” AD. voor ye 
ry PL PD co 


Similarly, we may obtain 


ho «t+y+2 he “f2+yt+2 
= , and = ; 
r2 y "3 z 
Now 
ha MS al 2 A. 
So = [aty+z)(-+-4+- 
ry cL Y\y 2 
> 9. 


This proves (i). Similarly, 


giving (ii). We also observe 


ieee Coe Ce) 


ae an ee 


V 
) 
No 
No 

lI 
fe) 


proving (iii). Using the same expressions, we also get 


rT. 


Roh 
This implies (iv). Finally, we have 
Ty _ PD _ 
ha-1, AP yt2’ 
r3 


and similar expressions for . Thus, we obtain 


hyp — 1’ he — 13 


Ty x 1 1 1 9 3 
= = 32> SiS: 5: 
ae ree Der (« v2) (—— ast) — 2 2 


We thus obtain (v). | 


3.6.8. Let P be an interior point of a triangle ABC. Prove 


1 1 1, 38+42Vv3) 


TA TB Ta R+r 


y] 


where r4, Tg, Tc denote the in-radii of triangles PBC, PCA, PAB respec- 
tively. 


Proof: We refer to the figure Fig. 3.7. We have 


a: PL PL PD 
wa Ge PB EPO kh, ~ AD 


Thus, we get 
1 a+PB+PC AD 


TA a-ha PD 
Suppose BD: DC =2z:y,CE:EA=a:zand AF: FB=y: x2. Then 


AD G@+y-e BE. -2py pe OF - ery+2 
PD cg °PE y ° PF x 


We hence obtain 


(@+y+ 2 
Using Stewart’s theorem, we calculate AD; 


2 
PA? tz)" ape 


y + z)yb? + (y+ z)zc? — yza? 


a 
os (Ea: 


Thus, we obtain 


y+z)yb? + (y+ z)zc? — yza? 


paz — | 
@ty+2P 


If we use the standard formula a? = b? + c? — 2bccos a, this expression reduces 


to 
yb? + 2?c? + Abeyz cosa 


PA? 
(@ty +2 
This may be written in the form 
h2 2 2 
PA? = ——* _) (zcoty — ycot 8)” + (z+ \ 
SEs aa (eoot7 — voot A)? + (2 +9) 


Similar expressions may be obtained for PB? and PC?: 


PB? = tp { (woot _ zcot7)* + (a+ z) 
wry te 7 
PC? = ap { (veot - xcot a)” + (y+ o)°} 
wry te 
Observe that 
h he 
PB>—* —(e#+2), PC > —*—(y+2). 
e+ytz G+ytz 
Thus, we obtain 
1  #«+yt+zfat+PB+PC 
rA 2A x 
(ctytz)a | ho(etz) 4 holy +2) 
7 2Ax '  2Ag 2Ar — 
Similarly, we may obtain 
Li. @tytzyb | hely+e) | hale +y) 
rR 2Ay "  QAy Ay” 
and 
1 es (c+tytz)e _ halzty) , bole t+z) 
To 2Az 2Az 2Az 


Adding, we have 
1 1 1 t+y+zfa bc 1 1 1 
aos a es SS } he a = 
Wee ae -_ 2A (<+° J+5D (<+u) (4+) 
crt+y+z a 2 
> | a 
2 = 


However, we know that (see 3.4.38) 


ha + hy + he 1. 3V3 
OE EEO SON SS : 
ee 


We also observe that 


and (3.4.28) 


Using 3.4.47, we can prove that /3A < (R+r)’. Combining all these, we get 


2 
Mey tp 2 St us) 
TA TB Ta R+r 


3.6.9. Let P be a point in a triangle ABC. Then 


ree 


Equality holds if and only if either P is one of the vertices or P = H, the 
ortho-centre of ABC. 


Proof: Let us consider the vertices of ABC to be points in the complex plane; 
let us denote A, B,C by complex numbers 21, 22, z3 respectively. Let us write 
z for P. Now consider the function 


-DE ale = 


23 21) (zs - z2) f 


This is a quadratic polynomial and g(z1) = g(z2) = g(z3) = 1. Hence, g(z) = 1 
for all z. Thus, we have 


oD) ers ere a 


z3 — 21||z3 — 2a| ab 


Equality holds if and only if z = z, or z = zg or z = 23 or 


(e-a)(e-4) _ 4 e-a)(e-4) 


(23 — 21) (23 — 22) (41 — 22) (4 — 28) 
(z — z3)(z— 21) 
)( 


(ze — £3)\22 — z) 


arg 


= arg 


The last case corresponds to P = H. 


Consequences: 
(i) Let us take P = J, the in-centre. Then 


R, = rcosec(a/2), Rg =rcosec(f/2), Rs = rcosec (7/2). 


Then it is easy to calculate 


S- as = *asin( (a/2). 
S| asin(a/2) >s 


(For a direct proof see 3.4.53.) 


(ii) Taking P = G, the centre of gravity, we have Ry = 2m,/3, Ro = 2mp/3 
and Rs = 2m,/3. Thus, we obtain the inequality 


MaMp 9 
x ab 27 


(iii) Taking P = O, the circum-centre, we see that R, = Ro = R3 = R and 
the inequality is 


We hence obtain 


1 


= Rp 


1 
ab 
ora+b+c>4A/R. 

(iv) Let us take P = K, the symmedian point. If D, E, F are respectively 
the points where AP, BP, CP meet the sides BC, CA, AB, then it is easy to 
check that 

BD @ CE a@ AF #8 
DC 0b?’ EA ¢c’ FB a2 
Using Stewart’s theorem, we can calculate R,; we get 


2bc 
a” 


and similar expressions for R2 and R3. The inequality in this case is 


R= 


21 p2 2\2 
S > c?mamp > eee, 


(v) When P =, the first Brocard point, the sine rule gives 


- sinw, Ro = 


. Cc : 
sinw, R3 = —— sinw, 
sin y 


c 
sin 6 
where w is the Brocard angle. We then get 


S asina ss [sina 


b «sin? w 


Using the known fact that w < 2/6, we have sinw < 1/2 and hence 


S- ame > 4] [sina. 


3.6.10. Let P be a point in a triangle ABC. Then 


Sree ud 
ab 4 
Equality holds if and only if P is the circum-centre of ABC. 


Proof: As in 3.6.8, we produce AP, BP, CP to meet BC, CA, AB respec- 
tively in points D, E, F. Let BD: DC =z: y, CE: EA =a: z and 
AF :FB=y:«a. An easy computation shows that 


tha yho Zhe 


ry = —— , 2 = —, 73 = ——. 
E+yt+zZ E+yt+zZ E+yt+zZ 
Thus, we get 

rirg ey sin? y 


ab (2+ yt 2)?” 


The required inequality is 


fry sin? y + yzsin?a + za sin” B} < 
(cx+y+2z)? ~ 4° 
This simplifies to 
Soe + S- 2xry cos 2y = 0. 
Writing 
cos2a = cos (28 +27) 


l| 


cos 26 cos 27 — sin 28 sin 27, 
the inequality reduces to 


(x + ycos2y + 2¢08 26)” + (ysin 2y - zsin26)” > 0, 


which is trivially true. Equality holds if and only if 


x y z 


sin2asin2B sin27_ 
This corresponds to P = O, the circum-centre. 


Consequences: 
(i) Take P= G. Then ry = ha/3, ro = hp/3 and rz = h-/3. Then we have 


ee a 


Thus, the inequality is 


S- sin? a < s 
— 4 d 

or equivalently a? + b? + c? < 9R?. 

(ii) Let P =I. Then r; = rg = rz and the inequality takes the form 
1 1 
—<-—.. 

ab — 4r? 

This is equivalent to 2r < R. 

(iii) Consider P = H, the ortho-centre. Then 


r, =2RcosBcosy, Trg=2Rcosycosa, rz = cosacos 8B. 


Using these values we may write the inequality in the form 


S ‘sin 2a < 5 [tana = 5 tana. 


(iv) If P is the symmedian point, then 


ry a? 


ha a?+b?4+ 2’ 


and similar expressions for r2 and r3. We thus get 


3 rire 12A? 
ab ()\a?)?" 


The inequality now is 


Jia? > 4V5A. 
(v) Suppose P = 0), the first Brocard point. In this case 


sin? w. 


sin?w, = 


sin? w, T2 = =-— 
sin y 


c 
sin 6 


We obtain 


Py: 
eee = Te, 
4° sin? asin? 8 
Equivalently 
sintw < : 4 
~ 16R2 (X 1/0?) a?) 


However using Cauchy-Schwarz inequality and 3.4.38, we get 


ae = 63 4 < TcEsa 


Hence, the inequality is 


R+r 
6R 
This is better than sinw < 1/2 in view of 2r < R. | 


sin? w < 


3.6.11. Let P be a point in a triangle ABC. Prove that 
2 
(Ri + Ro+ Rs) > 4v3 [ABC]. 


Proof: Draw AT parallel and equal to PB; BR parallel and equal to PC; and 
C'S parallel and equal to PA. Then the area of the hexagon AT BRCS is equal 
to 2[ ABC], and perimeter of ATBRCS is 2(Ry + Ro+ R3). But among all 
hexagons of fixed areas, a regular hexagon has the least perimeter. If a regular 
hexagon is inscribed in a circle of radius R, then its perimeter is 6R and its 
area is 3/3R?/2. Thus, we obtain 


2K 
3/3" 


where K is the area of the hexagon. Since we are minimising the perimeter of 
a hexagon of area 2{ ABC], we obtain 


2(Ri + Ro + Rs) > 6R=6 


2-2[ ABC] . 


2(Ri + Re + Rs) >6 we 


This simplifies to 
2 
(Ri +Ro+Rs) > 4v3 [ABC]. 


3.6.12. Let P be an interior point of a triangle ABC and D,E,F be the 
feet of perpendiculars from P on to BC, CA, AB respectively. Show that 


1 
DEF| < —|ABC 
[DEF] < + [ABC], 
and equality holds if and only if P coincides with the circum-centre of ABC. 


Proof: 


B D Cc 
Fig. 3.8 


Let PD =7r,, PE =rzg and PF = r3. Then 


[DPE] 


1 
grit sin ZDPE 
= hire sin (x — 7) 
1 : 
= —r,rosin 
gh ihe Y 


1 
= in 2, 
and similar expressions for [EPF IF [F PD] may be obtained. Adding these, 
one obtains 


[DEF] = plein + arer3 + br3r1) 


abe x rir 
4R ab 

1 
—|ABC 

4 [ |; 
using (3.6.10). 


Consequences: Using the concyclicity of A, F, P, E, it is easy to get EF = 
APsin A. Similarly, we get FD = BPsinB and DE = CPsinC. If R’, s’ 
and r’ denote respectively the circum-radius, semi-perimeter and in-radius of 
triangle DEF’, then 


EF-FD-DE _ R'{[Risina 


R' — — 
4|DEF] YS rirec 
, _ Risina+ Rosin 6 + R3siny 
aan 2 
» . WEF] Unme 
s! 2RS° Ri sing 


Now the inequality s’ > 27(r’)” gives 


2 2 
(x Ry, sin a) 27( Xrirec) 
oe : 
4 — : 2 
4R? ( >> Ry, sin a) 
This simplifies to 


(~ Ry sina) > a8 a T1Tgc. 


Using a = 2Rsina, etc., this may be written in the form 


o> Ry sin a). > 6V3 > ryr2 siny. 


However, 


(Ri sina)? = EF? = r3+ re — 2ryr2 cos (x _ a) 


= re + re + 2r ire cosa, 


and similar expressions for the other two. Thus, we deduce 


6V35> ryr2siny (ok sma) 
3S— (Risina)* 


3 x (73 + re + 2rar3 cos a) 


6(or? + }>rarscosa), 
V3 So rire siny < pie + So rer COS @. 


Suppose P = I, the in-centre of ABC. Then r, = rg = r3 =r and hence 


IIA IA 


or 


V3 r?(sina+sin8+siny) < 3r? + r?( cosa + cos 8 + cos), 


or which is the same as 


v3(>osin 4) < 3+ 5 cos A. 


If we choose P = O, the circum-centre, then r; = Rceosa, rg = Reos®, 
rg = Rcosy and hence, 


v35° cosacos Bsiny < S © cos? a + 3] [ cosa. 
Using the standard identities 4cos a cos § sin y = sin2a + sin 2 — sin 2, etc., 
and 7 sin? a = 2+2[] cosa, this reduces to 
2 
sin 2a + sin 26 + sin2y < —= ( sin? a + sin” 6 + sin? 7). 


V3 


3.6.13. (AMM, 1978) Let G denote the centroid of a triangle ABC and let 
6 = ZGAB, » = ZGBC and v = ZGCA. Prove that 


. . : 3 
sin@ + sinjs+sinv < 5 


Proof: Observe that 


A ; A 
sin 6 = » sing = —, sinv= : 
cMa amp bme 
Thus, 
1 1 1 
sind sing +siny = Af + \ 
CMq_ amy, bm, 


Using the Cauchy-Schwarz inequality, we have 
2 a a 2 2 1 1 
(sind+sinn+sinv)” < A (Sa)(Xa) 


x (sa) (Soman) | 


(abemamyme) ? 


Using the standard identities 16A? = 2 > a2b? — D> a*, 4m? = 2b? + 2c? — a’, 
etc., the above inequality reduces to 


4 2P 
Ppa autel ee 
g (sin sings +sinv)” < 0 


where 


v 
l| 


ede : Se) (See). 


a*b*c? (20? + 2h? — 2) (20° +27? — a”) (2c? + 2a? — b). 


oe) 
| 


Thus, it is sufficient to verify the inequality P/Q <1. For this, it is sufficient 
to prove that Q = P+ R for some non-negative quantity R. Consider Q — P 
as a function of the variables x = a”, y = 67, z = c”, say, Q— P= f(z, y,z). 
Thus, 


f(x,y, 2) = vyz(2x + 2y — 2) (2y + 22 — x) (2z + 2x — y) 
- (Qry + 2yz + 2zn — 2? —y? — e) (y? + Qyz)*. 


It is easy to verify that f(y,y,z) = 0 and f.(y,y,z) = 0. It follows that 
(x — y)? is a factor of f(x,y,z). The symmetry of f(z,y,z) in x,y,z shows 
that (x — y)?(y — z)?(z — x)? is a factor of f (x,y,z). Looking at the degrees, 
it may be concluded that 


f(a,y,2) = K(a@—y)’(y— 2)?(z- 2)’. 
Now K may be seen equal to 1. Thus, it follows that Q — P = [(x — y)(y — 


z)(z— x)| eR > 0 and hence P < Q. Equality holds if and only if « = y = z 
which is equivalent to a = b= c. Thus, equality holds if and only if ABC is 
equilateral. 

A Generalisation 


The above inequality may be written in the form 

ha, he, he 

™Mb Me Ma 
However, a more general inequality holds. Let (hi, he, hs) be any permutation 
of (iss ho, hie) Then the inequality 

i fT ey ae 

Ma Mp Me 


is true. Suppose a < 6 < c. Then it is easy to see that hg > hy > h, and 
Ma = Mp > Me. Hence, the rearrangement inequality implies that 


Fig Te, Me dics Pp cos So Teg oe Pig, me tie, SF 
_ tb iptreng le: ape ce 


Ma ™b Me ™Ma, ™b Me Me ™b Ma 


Ba Pe fe: 
Me Mp Ma 


Again the Cauchy-Schwarz inequality gives 


a ae 1 
a) (eee) 


and the rest is as in the early part. | 


3.6.14. Prove the inequality 


ye ei 

rg +2R, +173 3 T2 +13 

Find conditions on P and triangle ABC for equality to hold in the above 
inequality. 


Proof: Let PD, PE, PF be the perpendiculars from P on to the sides BC, 
CA, AB respectively. Thus, AP = Ri, BP = Ro, CP = R3, PD = 1, 
PE=r2 and PF =rs. It is easy to see that a- R, > b-rg+c-r3, with equality 
if and only if AP is perpendicular to BC. If we reflect P in the bisector of 
ZBAC, we also get a- Ry > b-r3 +c-1r2. Adding these we get 


R, > y 

cae) 

Equality holds if and only if AP is is perpendicular to BC and bisects ZBAC. 
This gives 


“(re + r3). 


Ri + s(r2 +13) > —(r3 +r3), 
where s is the semi-perimeter of the triangle ABC. Dividing by r2 + rs, we 
obtain 
Ry | 1 . an 
Tg +73 27 2r 
where r is the in-radius and hy is the altitude from A on to BC. This simplifies 
to 


Ta +173 r 
rg +2R, +73 hy 


Using 


hg r 
we get the left hand side of the required inequality. We also observe that 


Ry Bre: 
ro +73 2a 


Ry b a 
> Se MS a 
La a 
which gives the right hand side. Equality holds if and only if ABC is equilateral 
and P is its centre. = 


Hence, we get 


3.6.15. Prove that 
SOR sin? a < 3S ori, 


and equality holds if and only if P is the symmedian point of ABC. 


Proof: Consider the cyclic quadrilateral AE PF’. Ptolemy’s theorem gives 


AP . EF => r3 AE + Tro AF 
Ry sin 62 - R, cos 6; + R; sin 6; - Ry cos 69 
= Risin (0; + 62) = Risina, 


I 


where Z7PAB = 63 and ZCAP = 0,.(See Fig. 3.9.) 


A 
F E 
B D CG 
Fig. 3.9 


Thus, FE = R, sina. This gives 
S¢ Risin? a = EF? + FD? + DE”. 
Consider the triangle DEF and the point P inside it. We show that 
DE? + EF? + FD? <3(PD? + PE? + PF’), (3.11) 
valid for any triangle DEF and any point P inside it. Let K be the mid-point 


of EF. Join PK and DK. (See Fig. 3.10.) Appolonius’ theorem applied to 
the triangle PEF gives 


1 
PK = 5 V2PE? + 2PF2 — EF?. 


Similarly, 


i 
DK = 5 V 2DE? +2DF? — EF?. 


But DK < Pk + KD, with equality if and only if P lies on DK. Thus, 


V2DE? + 2DF? — EF? < 2PD + \/2PE? + 2PF? — EF?. 


Fig. 3.10 


Squaring and simplification gives 


ODE" +ODF* < 4PD?+29PE? opr 
+PD\/2PE? + 2PF? — EF?. 


Summing over the cyclic permutation of D, EF, F’,, this leads to 
DE? + EF? +FD? < 2(PD?+ PE? + PF’) 
+> PD\/2PE? + 2PF? — EF?. 


If DE? + EF? + FD? < 2(PD? + PE? + PF”), then (3.11) is trivially valid. 
Otherwise, we have 


0 


IA 


DE? + EF? + FD? — 2(PD? + PE? + PF’) 
\° PD\V2PE? + 2PF? — EF? 


b pp?) a (4 So PD? -S> pe?) 


Setting 5> PD? = x? and )> DE? = y”, the above relation is 


x 


/2 


IA 


1/2 
0< y" — 27? < (40? _ y?) : 


This is equivalent to y*(y? — 3a?) < 0. It follows that y? < 32?, which is 
precisely (3.11). Equality holds if and only if P coincides with the centroid of 
DEF. This is equivalent to 


[PDE] = [PEF] = [PFD], 


or 
ryrgsiny = rer3 sina = r3r, sin B. 


This shows that 
Ty 172:73 =a:b:c. 


Thus, equality holds if and only if P is the symmedian point. 


Chapter 4 
Applications involving inequalities 


Some problems, though not direct inequality problems, use inequalities 
in their solutions. This is the case when the problems on maximisation and 
minimisation are considered. Inequalities are also useful in solving some Dio- 
phantine equations by way of estimating the bounds for solutions. They also 
help us to determine whether some polynomial equations have real roots. Here 
we consider several problems whose solutions use inequalities. 


Example 4.1. (IMO, 1987) Let 21,72,23,...,0, be a sequence of n real num- 
bers such that i vs = 1. Prove that for every k > 2, there are integers 
1 ,42,43,...,@n, not all zero, such that |a;| << k—1 and 


(k-V)va 


Jaya + A202 +++ + On%p| < ae 


Solution: For each n-tuple (a1 ,42,a3,. , ite.) of non-negative integers with 
0 <a; <k-—1, associate the sum i a;x;. Observe that there are k” such 
n-tuples. Using the Cauchy-Schwarz inequality, we obtain 


ae (Sa) (Soa) 
Haar f wy) 
j=l 


IA 


‘A 
— 
S 
a 


Now, we split the interval (0, (k — 1) /n] into k” — 1 sub-intervals each of 
length (k - 1) /n/(k” - 1). By the pigeonhole principle, we can find two n- 
tuples (b1,b2,b3,...,bn) and (c1,c2,¢3,---,Cn) such that the sums jai bjaj and 
pa cj; lie in the same sub-interval. Hence, it follows that 


< (k= 1)vi 
<= 


n 


n 
) bja;— > CX 5 
j=l 


j=l 


Taking a; = bj — cj , we see that |a;| <k-1forl<j<nand 


: (k- 1a 
j=l 


Example 4.2. Find the maximum value of 


z(1 y’) (1 27) +y(1 Zz) (ad a”) +2(1 x”) (1 y), 


subject to the conditions that x, y, z are non-negative and zy +yz+zx% =1. 


Solution: Observe that 


S- «(1 y) (1 z) a > L- (ay? + ez) + xyz S- YZ 


cyclic cyclic cyc cyclic 

= y xr — y (a*y + 2) + xyz 
cyclic cyclic 

— y xr y a(cy + xz) + LYyz 
cyclic cyclic 

= y Mie y a(1—yz) +ayz 
cyclic cyclic 

= Aryz. 


Now the AM-GM inequality gives 


(ow) <3 Ms 
LYZ =3 Ty t+ yeZ+ 2x =a 


Thus, it follows that 


+ a(1—y*)(1— 27) =4ryz < 3/3 


cyclic 


Here equality holds if and only if « = y = z = 1/V3. Thus, the maximum 
value is 4/3V/3. | 


Example 4.3. (USSR, 1974) Consider a square grid S of 169 points which are 
uniformly arranged in 13 rows and 13 columns. Show that no matter what subset 
T consisting of 53 points is selected from these 169 points, some four points of 7 
will always form the vertices of a rectangle R whose sides are parallel to the sides 
of S. 


Solution: Let m,;, 1 <j < 18, denote the number of elements of T in the 
j-th row. Then 


my +me+---+my3 = 53. 


Now to get a rectangle R from the points of T’, with sides parallel to those of 
S, we must get some two points from some j-th row and some two points from 
some k-th row such that the columns determined by the two points on the j-th 
row coincide with the columns determined by the two points on the k-th row. 

Now the number of pairs of columns determined by m,; points on the j-th 


row is m3 . Hence, the total pairs of columns collectively determined b 
D) ; p y ry 


13 
ae 
int fTisS J). We ob that 
points oO (7) e observe a 


x) = ; (m5 — mj) 


j=l 


IV 
INS) 
x] 
— 
w 
—~ 
is 
iMs 
fa 
= 
YSN 
Ne 
| 
Nle 
Me 
w 
= 


> 2x 53-27 


13 
= 79>78= (72). 


We have used the Cauchy-Schwarz inequality in the second step above. The 
total number of pairs of columns in the grid S is eae Hence, we may apply 
the pigeonhole principle to conclude that there is a pair of columns determined 
by some two points on some j-th row which coincides with a pair of columns 
determined by some two points on some k-th row, j # k. We thus get a 
rectangle with sides parallel to the sides of S. 2 


Example 4.4. Consider the set S = fai, d2,--- ‘Gin h LetC = {P,, Po,...,P,} 
be a collection of n distinct 2-element subsets of S such that whenever P; M Px 
is not empty then {aj;, ay, } is also one of the sets in the collection C . Prove that 
each a; appears exactly in two elements of C. 


Solution: For each j, let m,; denote the number of P,’s in which a; lies. We 
have to show that m,; = 2 for each j7, 1 < 7 <n. Since P; is a 2-element set, 
we have P;| = 2 for 1 <j <n. Hence, we obtain 


My +tmMme+::- +My = 2n. 
Suppose a; € Py 1 Py. Then the given condition implies that far, ay} is in the 
collection {Pi,Pa, wns Pat Thus, for each 7, there are (5) number of P,’s 
being contributed to the collection {P,, Po) sa) Pay Moreover all such sets 


are distinct. In fact if a set. far, a} corresponds to a, and a;, then both a, 
and a; are in P, M P; forcing Py = fais; ay} = P,. It follows that 


E(z)= 


This simplifies to 


Since )°_, mj = 2n, we obtain 


nm 
S- ms < An. 
j=l 


However an application of the Cauchy-Schwarz inequality gives 


An? = (Som,)’ < PO <4n?. 
j=l 


j=1 


This shows that equality holds in the Cauchy-Schwarz inequality. We conclude 
mj; =, for 1 <j <n. Now using )7_) mj = 2n, we obtain \ = 2. This gives 
m,; =2,forl<j<n. | | 


Example 4.5. Let ABC be a triangle in which C = 90°. Let mg, mp, m, be 


its medians from the vertices A,B,C on to BC, CA, AB respectively. Find the 
‘ Ma + Mp 

maximum value of —————. 
Me 


Solution: Let us start with the standard expression: 
Amn? = 2b? + 2c” — a’. 


However, c? = b? + a? and hence 4m? = 4b? + a?. Similarly, 4m? = 4a? + b?; 
4m2 = 2b? + 2a? — c? = b* +a”. Thus, it follows that 


ma + ms 
2 
c 


= 5. 


m 


Now the Cauchy-Schwarz inequality gives 


(™ + a, (ms + m5) 
< 5 = 10. 
Me m2 
We obtain 
Ma + Mp 2 Vi0 
Me 
Equality holds if and only if a = b. Thus, the maximum value is V 10. a 


Example 4.6. Let ABC be a triangle with circum-circle [. The medians AD, 
BE, CF, when extended, meet Tin A,, By, Cy respectively. Show that the sum 
of the areas of the triangles BA,C, CB,A, ACB is at least equal to the area of 
ABC. When does equality hold? 


Solution: Let hg, hy and h, be the altitudes; mg, my, m- be the medians. 
Let A, K, B,L and C,M be the perpendiculars from A;, B,, Cy on to BC, 
CA, AB respectively. Then 


[BAC] _ Ai.K _ DA, 
[ABC] hk, AD’ 


But DA,- AD = BD. DC = a?/4, since BD = DC = a/2. This gives 
DA, =a?/4AD, and hence 


[BAC] @  @ 
[ABC] 4AD2  4m2° 
Similarly, 
(CB, A] _ b? [AC; B] _ Ce 
[ABC] 4m?’ [ABC] 4m?’ 
Thus, 


2 2 
4mz 4m; 


[BALC] + [CBA] + [ACB] = ( ee ) 4Bc}, 


and it is sufficient to prove that 


= + Teds 
4m2 Ame are 
Equivalently, we need to prove that 
az b2 a 


> 1. 
ae = gt Ieee et oa — 


Using the Cauchy-Schwarz inequality, observe that 


2 
2 2 2\2 a 
ai +b° +c = a2 +22 — a) 
( ) eo 22 + 2¢2 — q2 
a) (0? (20? 4 20? — 0? 
7 4 2b? + 2c? — a? ‘ m 7 ; 
cyclic cyclic 
Thus, we obtain 
3 a2 . (a? +82 +2)" 
2b? + 2c? — a? ~ 4(a2b? + b2c? + c2a?) — (at +b4 + c4) 


cyclic 


Thus, it is sufficient to prove that 


(a? +07 4 2)? > 4(a7b? +b? 4 ear) (a4 ae o)s 


This further reduces to 


S- a’ > x ab’, 


cyclic cyclic 


which is a direct consequence of another application of the Cauchy-Schwarz 
inequality. Equality holds if and only if a = 6 = c, which corresponds to the 
case of an equilateral triangle. | 


Example 4.7. Let n > 1 be an integer, and let a1, a2,... ,@, be real numbers 
such that (n — 1)a? — 2naz < 0. Prove that the roots of the equation 


gaye) ess anit + an = 0 
cannot all be real. 
Solution: Let a1, a2,...,Q@n be the roots of the equation, and suppose all of 
them are real. Using Viette’s formulae relating the roots and the coefficients 


of a polynomial equation, we get 


2 2 2 
ay trag te: +a, 


(a, +02 +++ +an)° — 25> ajay 
j<k 


= at _ 2a2. 


Since a1, Q@2,... ,@, are real, the Cauchy-Schwarz inequality is applicable. This 
implies that 


(a 4ag+---+0n)” < nla? +o2+---+02) 


= n(az - 2az). 


Thus, 
2 < 2 9 


and hence (n — 1)a? — 2nay > 0. This violates the given condition. Hence not 
all a1, Q2,... ,@, can be real. a 


Example 4.8. (Indian Team Selection, 1998) Let M be a positive integer and 
consider the set S = {n EN | M? <n < (M +1)?}. Show that the products of 
the form ab where a,b € S are all distinct. 


Solution: Suppose there are integers a,b,c,d in the given interval such that 
ab = cd. We may assume d is the largest among them so that a < d and b < d. 
This implies that c < a andc < b. Putc =a—k and d=a+l for some 
positive numbers k and /. Then we have 


ab = (a—k)(a +1) = a? + a(1—k) — kl. 


This shows that a divides kl. Since c,d lie in the set S, we observe that 
a—k> M? anda+I1< M?+42M. Thus, we have 


1+k=(a+l)—(a—k) < (M? + 2M) — M? =2M. 


Using the AM-GM inequality, we now get 
Vil < _ <M. 


This implies that kl < M?. Since a divides kl, we get a < M?. If a= M?, 
then c < a implies that c is not in the set S. Thus, a < M?, a contradiction. 
Thus, if ab = cd, then {a,b} and {c,d} must be the same sets. a 


Example 4.9. Let f : N — [1,00) such that 
(a) f(2) = 2; 
(b) f(mn) = f(m)f(n) for all m,n in N; 
(c) f(m) < f(n) whenever m < n. 
Prove that f(m) =n for all natural numbers n. 
Solution: Observe that f(1) = f(1-1) = f(1)? and hence f(1) = 1. Now 
induction shows that f(2*) = 2* for all integers k > 1. Let us take any m € N 


and suppose f(m) = 1. Then f(m”) = I” for all n € N. If & is such that 
2 <m” < 2**! then using (b) and (c) we obtain 


9k <[Me< ok+l 
Thus, we get the inequality 


; < (*)" <2, (4.1) 


valid for all natural numbers n. If m > 1, choose n such that n > I/(m — 1). 
Then Bernoulli’s inequality gives 


(*)"= i ore +2, 

l l l 

by our choice of n. This contradicts the right hand side of inequality (4.1). If 
m <1, we choose n > m/(l—m). Again, Bernoulli’s inequality is applicable 


and we get 

by” lL—-m\" l—m 

—} =(14+——] >1+4+n(|—]} >2, 

m m m 
by our choice of n. We thus obtain (m/l)" < 1/2. But this contradicts the left 
hand side of inequality (4.1). 


We conclude that | = m, thus forcing f(m) = m for all natural numbers 
m. a 


Example 4.10. ([8]) Determine all real polynomials of degree n with each of its 
coefficients in the set {+1,—1} and having only real zeros. 


Solution: Ifn=1 then p(x) = (w—1), (a+1), —(a@—1) and —(#+1) give all 
the polynomials of degree 1. We may assume n > 1. We may also assume that 
the leading coefficient of p(x) is 1 by changing the signs of all the coefficients, 
if necessary. Thus, p(x) is of the form 


p(z) = 2" + ene +++ + ee +, 


where le; =1,for0<7<n-1. Let aj,Q9,...,a, denote all the roots of 
p(x) = 0. We have aja2-+-an = (—1)"co, so that a; # 0 for every j. This 
implies that 


O02). OG 2a 12, 


Hence, cn—2 = —1 and ee of = 3. 
Consider the reciprocal polynomial of p(a). It is also of the same form, i.e., 
having coefficients +1 and 1/a; are the zeroes of this reciprocal polynomial. 


The same analysis leads to the conclusion }%_,(1/a7) = 3. These two lead to 


“ 1 
s («3 5 =) a 
: as 
j=l a 
However, the inequality 
1 
at+—>2 
a 
holds good for any positive real a. This implies that 


” 1 
: a; 
j=l J 


It follows that n < 3. We may verify that for n = 3, +(a+1)?(#—1) and +(a@+ 
1)(x — 1)? are the required polynomials. In the case n = 2, the polynomials 
+(x? — #—1) and +(x? + x — 1) are the required ones. = 


Example 4.11. ([8]) Suppose a, 3, and 6 are real numbers such that 
atBt+yto=al+ Bi +7745" =0. 


Prove that a(a + B)(a+7)(a+6) =0. 


Solution: Here we use a tricky factorisation: 
fi = ay ag Satay 
= (6+7+6)'’—p’-77-87 
7(8-+ 9) (9+ 8)(8-+8){ (5° by +02 + By +76 + B65)" 


+ Bra(6-+7+6) 
However we have 
4{ (6° ty? + 62 + By +64 85)” + 876(8-+7+0)} 
= [(6 +7)’ + (7 +8)"+ (64 8”) Ao.By6 
= IG + 8)? +(at7) + (a4 8") AaB 
- [30? + 2a(6+7+6) +6? +74 ey) 4apy6. 


The last expression reduces to 


Bnd Pe a 
[a + BY ++ + | 4aBy6. 


However we see that 


2 
fa? + 6? +42 +8] —4exBy6 > ||as| +2I16|] - 4085 
2 
> 4 jaar — 4daByo 
> 12|a8-6| > 0. 


The AM-GM inequality has been used. We conclude that 
4f (6? +7? +8? + By +75 + 86)” + 895(8 +7 +8)} > 0 


with equality if and only if |a|=|3|=|y|=|6|=0. Otherwise one of 6+, 8+, 
y+ 6 must be zero. It follows that 


a(a+ B)(at+y7)(a+ 46) =0. 


Example 4.12. Find 


min { max {|1 +2], [1 +2?|}}. 


Solution: Consider the functions f,g defined by 


2 


f(z) = max {|14+ 2], [1+ 27]}, 9(z) = max {|1 +2], leer 


Both f and g attain their minimum at the same point(Why?). Hence, it is 
sufficient to consider the latter and find the point where it attains its minimum. 
We have to find the least c for which there exists a z such that 


J1+2|? <c?, and |14+27|? <2. (4.2) 


Since |1 + z| = |1 + z?| =1 for z = 0, we must have c < 1. 


Let us put z = re’®. Then 


j1+2|” =1+r?+4 2rcos@, 1ag7|7 = (1—r?)” + 4r? cos? 0. 


Using |1 + 2|° <¢?, and |1+ 2? <c’, we get 


re41—¢2)? oa 1—r?)? 
( ) (leer) 


cos’ 6 > ; cos’ 6 < c 
Ar2 Ar2 


Thus, there is a z such that [1 + 2|° <c? and [1 + 2|? < ¢? if and only if 


(@ +1- 7)? < CH (1 — 7)”, 


This simplifies to 
2r4 — 2r?c? + (ct — 3c? +2) <0. 


For getting a positive value for r?, we need the discriminant of the above 
quadratic expression to be non-negative. This gives 


ef — 6c? +4< 0. (4.3) 


Thus, if (4.2) holds for some z, then (4.3) holds. The least number c satisfying 
(4.3) is 
c= 3-—V5. 


Thus, for any z, we have 


max {|1+ 2], [1 + 2?|} > /3—V5. 


= 2 
z=re’ r= 2 V5 ig - al 


2 3 


Taking 


we see that [1+ z| = |1+2?| = 3-5. Hence, the required minimum is 
3-5. : 


Example 4.13. (Romania) Define a sequence (2,,) by 


x n 
ty = 1, e441 = — + —yforn > 1. 
nN In 


Show that (x,,) is increasing and [x2] =n for n > 4. 


Solution: We observe that x; = 1, rg = 2, x3 = 2. We show that for n > 3, 
the inequality 


Jn < tn X< : (4.4) 
n—-1 
holds good. Consider the function 
con 


defined for all « > 0. Then it is easy to see that f(x) is a decreasing function 
for « <n. Assuming (4.4) for n, we have 


n+1 


aa 


Thus, (4.4) is true for all n by induction. We now have 


1 
In41—-In = v(+ _ 1) 
n 
_ 2 
NXLy, n—-1 


Thus, ty < #41 for all n. Now using x, < n/./n — 1, we get 


Tn41 = F(@a) < f(vn) = 


ro fe 2 (Ga) = 


We thus obtain 


This gives 


tna = S(t») <1 noi ) _ m(n—2)+ (n=)? 


We show that 


This is equivalent to the statement 2n? — 6n? + 4n — 1 > 0, which is true for 
n> A. Thus, tn, < /n+1 for n > 4. We obtain 


Jn <an<vnt+1, 


for n > 4. Hence, [a2] =n for n> 4. | 


Example 4.14. ([8]) Find all real numbers a, b,c such that 


(l= 4)? + (@-b? + 6-974 Oat. 
Solution: Observe that 
1 = |(l-a)+(a b) + (b—c) +e” 
< 4((1 =a)’ + (a— 0b)? + (6—c)?+ °) 


=) 


Thus, equality holds in the Cauchy-Schwarz inequality. It follows that 


1 b = 
a=a-—b eSe= 


Hence, a = 3/4, b= 1/2, c= 1/4. | 


Example 4.15. ([8]) Show that if all the roots of P(x) = ax*—bx? +cx?-x+1 = 
O are positive, then c > 80a + 0. 


Solution: Suppose a 4 0. Let a, 8, y and 6 be the roots of P(x) = 0. These 
are positive reals. Taking 


the following relations are easily obtained: 
utv=1, afu=at+ 8, you= 74+. 


We have to show that 
cb 
——-—> 80. 
a 


However, using the Viette’s relations between the roots and coefficients, 
, g 


| 
| 
| 
l| 


ab +ay+ad+ byt 86+76-(a+8+7+4+) 
(a+ Bye a) = (@ B= (40) ap + yo 
aBbyouv + aB(1 — u) + yd(1 — v) 

= aGbyouv + abu + you. 


I 


But, observe that 


Vas > a 


awl + Bo} ‘ 
This gives a3 > 4u~?. Similarly 6 > 4v~?. Thus, 


cb S 16 4 (u? + 0°) 


aa wu utr? 
16 4 
= 53 (u? uv 4 tv?) 
uv uzu 


But u+v=1 implies that uv < 1/4. Thus, 


OP BP = 6G) 
a a 
Equality holds if and only ifa=8B= y=6=4. 
Suppose a = 0 and b 4 0. Then P(x) reduces to a cubic polynomial: 
P(x) = —bax? + cx? — x — 1. Let p,q,r be its positive roots. Then 


c 1 1 1 

-=pt+q+r, and-+-+4+-=1. 

b p qr 
Hence, 

Cc (ere epee 

== erg t= ee oh So es, 

b p qr 


by the AM-GM inequality. In particular c/b > 1 and this proves the result in 
this case. 

Finally, suppose a = b = 0. Then P(x) = cx? — x — 1 and hence c > 0; 
otherwise P(x) = 0 has no positive root. This completes the proof. | 


Example 4.16. (CRUX, 1995) Find the maximum value of 


ae : iS _+ 
d b? 
where a, b,c, d vary over all fena real ance such that 


a bc od 
—+-+4+-+-—=4 = bd. 
Rey », ac d 


Solution: Introducing the new variables u,v by u = a/b and v = b/c, we see 


that 
Cc 1d lia bv 
d wa ve Hg 


u 

Thus, the maximum of wv + + — + - has to be found under the constraint 
u+tvu+t (1/u) + (1/v) = 4. Now for any nonzero real p, we have p + (1/p) > 2 
if p > 0 and p+ (1/p) < 2 if p < 0. The condition u + v + (1/u) + (1/v) = 4 
shows that u and v cannot both be negative. If u and v are both positive then 
ut (1/u) = 2 = v+ (1/v) which forces that u =v = 1. But thena =b=c 
contradicting the distinctness of a,b,c. Thus, one of u,v is positive and the 


other negative. We may assume that u > 0 and v < 0. In this case v-+ — < —2 
v 


1 1 
uc =4 (v ) 26 
U v 


and hence 


We finally get 


This maximum is attained when 


a=3+4+2V2,b=1,c=—1,d=-3 +4 2v2. 


Example 4.17. Solve the system of equations for real values of «x, y, 2: 


I 


s(e" +y? + e) 1, 
gy ty zt tte? = ayz(at+y+z)?. 
Solution: The second relation shows that ryz(x + y + z)? > 0 and hence 
xyz(a+yt+z)> 0. If eyz(a+y+z) =0, then the second relation implies that 


xy = yz = zz = 0. Hence, two of x,y,z are zero. If x = y = 0, then z? = 1/3 
giving z = +1/3. We get six solutions: 


(x,y,z) = (0,0, +1/V3), (0, £1/V3, 0), (+ 1/V3, 0,0). 


Suppose ryz(a+y+z) > 0. Using the Cauchy-Schwarz inequality, we see that 


(cy +yz+ zn)” < 3(27y? +72? + 227), 
This gives 


ayz(etytz) <a*y? + y%2? 4 222 = ayz(etytz). 


Since ryz(a + y+ 2) > 0, it follows that («+ y+)? > 1. But then 
1<(atytz)? <3(e? +y? 427) =1. 


Hence, equality is forced every where. We obtain (x+y+ 2)? = 3(a? +y? +27) 
or equivalently x? + y? + 22 = xy + yz + za. This leads to 


(@—y)? + (y— 2)? +(z-a) =0, 


which gives x = y = z. We obtain from the first equation x = y = z = 1/3 or 
x=y=z=-—1/3, giving two more solutions. a 


Example 4.18. Let P(x) = ana" +ay_12"1+--++a,x2+a9 be a real polynomial 
of degree n. Suppose n is even and 


(i) ap > 0, an > 0; 
4 
(ii): ae ae eats g es a Aa min gad 
n— 
Prove that P(a) > 0 for all real values of «x. 


Solution: Suppose z is a real number. The Cauchy-Schwarz inequality gives 


ane + tare] < y/o, + +a} Var + at pee - q2n-2 , 


for any real x. Thus, for x € R, 


P(x) = aga" + ao) + (Geir>” tere a2) 


2 (ana” ‘ir ao) a Qjcagr 4 apse ae 


> min {an,ao}(1+2") — \/a2_, +--+ +47 Var atte. + 42r-2 


Using the condition (ii), it follows that 


2min{ag, a,} 
vn—1 
Qa? + a4 f+ 2r-2 

a | 


Vx2 + at fee. - g2n-2 


P(z) > min {an,a9}(1+2") 


1+2” 


= min {ana } 


Thus, it is sufficient to prove that 


War + at pee + 2n-2 
Vn-1 


for all real x. Equivalently, one has to prove that 


1+” > 0, 


n-1 


(nm —1)(z" +1)? > 45°29. 


j=l 


Since n is even, n = 2m for some positive integer m. Introducing x? = y, we 
need to show that 


2m—1 


(2m —1)(y?" +2” +1) 24 0 y’. 
j=l 


We use the majorisation technique. The function f(t) = ¢* is a convex function 
for all k > 1. Hence, we need to show that 


(2m-1,.. 2m —1,2m—2,...,2m—2,... aan) 
----------??&__avxrcaaoe—s —_— 
4 4 4 
~< (2m,2m,.. ,2m,m,m,...,m,0,0,... 0) 
ee $e SS 
2m-1 2(2m—1) 2m—-1 


Note that after 4(m — 1) terms in the first vector, the remaining terms are not 
more than m. Hence, it is sufficient to prove that 


4(2m —1+2m—2+---+2m—(m-—1)) < 2m(2m— 1) +m(2m — 3). 


But the left-side is 6m? — 12m and the right-side is 6m? — 5m and hence the 
inequality holds. This completes the proof. a 


Example 4.19. (Nordic Contest-1992) Find all real numbers x > 1, y>1,2>1 
such that 
3 3 3 


ety tat — a ee: 7 = AVa42+ Vy+24+vz242). 


Solution: For t > 1, the AM-GM inequality gives 


t+2 
1+ => > avit3. 


Equality holds if and only if (t — 1) = (t+ 2)/(t — 1), which is equivalent to 
t= (3+ V13)/2. Thus, 


3 
OT Re iy ee I 
2 2 2 
= g-l+y-l+z et poet pen 
ea ye Bed 


> 2(Ve+2+ Vy +2+vz42 | 
3 3 


3 
= CUA iy ce 


Hence, equality holds and this corresponds to 


34 V13 
ee 


GH YF 


Example 4.20. (Bulgaria) Find the largest real number a such that 
x y ’ z 


JVyp+e2 Ve+e2° Jarry? 


for all positive real numbers z, y, z 


Solution: Note that for any real a, 


ee 
1l+a?— 
If a > 0, we also get 
2a? 
ite 
Thus, it follows that 
r 2a? /(y? + 27) 2x? 


Vere = 1+ (2/@ +2?) Re ee ae a 


This implies that 


x Yy z Qa? 
+ | > ee 
Vy +22 v22 +2? | Jetp 2 Payee 


cyclic 


We show that a = 2 is the largest possible. In other words, for each € > 0, 
there are positive x, y, z such that 


<2+e. 
Lye oa 


For this choose « = y = 1 and z = eV2. Then 


2 
+e<2+e. 
2 Vy? a Tee 


cyclic 


Example 4.21. (Romania, 1993) Prove that if x,y, z are positive integers such 
that x? + y? + z? = 1993, then « + y+ z cannot be the square of an integer. 


Solution: Suppose, if possible, x + y+ z= k? for some integer k. Then 


Ra=etyte< V38/22 +y? + 22 = V3V1993 < 70. 


Thus, k? € {1, 4,9, 16, 25, 36, 49, 64}. On the other hand x? = x (mod 2) for 
any integer «. Thus, x? + y? + 22 =x2+y+z (mod 2) and hence 


Pae+yt+eee? +7? +27 =1993=1 (mod 2). 
This shows that k? is odd and hence k? € dls 9, 25, 49}. Now observe that 
(atyt2z)? >a? +y? +2? = 1993, and 257 = 625 < 1993. 


Hence, + y+ z = 49 is the only possibility. But then «+ y+ z = 49 and 
x? + y? + 2% = 1993 give 


(49 — 2)? = (y+z)? > y? +27 = 1993 — 2”. 
Simplification leads to x? — 49a + 204 > 0. It follows that 


49 — /1505 49 + 1505 
==. or xz > —_——. 


either x < 


2 2 
However 
49 + 1505 49 + 39 
«> aa — 24> : = 44, 


and hence x > 45. But then x? > 45? = 2025 > 1993. Similarly, 


2 49 — /1505 


=—27< 4. 
2 


Symmetry shows that y < 4 and z < 4. It follows that 

atyt2<12< 49. 
Thus, «+ y+ z cannot be a square. a 
Example 4.22. ([7]) Find all real numbers a, b,c such that 


lax? +ba +c} <1, for all |x| < 1, 


8 
and re + 2b? is maximum. 


Solution: It is sufficient to maximise 4a? + 3b?, since 
3/8 
4a? + 3b? = 2 + 2b? |. 
rare 8(Se 


Consider the polynomial P(x) = ax? +ba +c. Since |P(0)| < 1 and |P(1)| < 1, 
we have 


2 > |P(1) — P(0)| = |a+b+c-—c¢l=|a+9. 


Similarly using |P(—1)| < 1, we also obtain 


2 > |P(-1) — P(0)| = |ja—b+c-—cl=|a- Od]. 


Thus, 
4a” + 36° = 2(a + 6)? + 2(a — b)? — 7 < 16-8 < 16. 


Here equality holds only if 6 = 0. Thus, 4a? + 3b? is maximum only if b = 0. 
In this case 
la + b| = ja — db] = lal = 2. 
Thus, 
|P(1) — P(0)| = ja+c-—c¢| = lal = 2. 
Hence, 
2 = |P(1) — P(0)| < |P(1)| + |P(0)| < 2. 


We conclude that |P(1)| = |P(0)| = 1 and hence |c| = 1, Ja+c| = 1. It follows 
that either c= 1,a = —2,b=0 orc=—l,a=2,b=0. 
Now the required maximum is 


8, 5 8 32 
Lope ya 2. 
3° 3 * 3 


Example 4.23. ([7]) What is the maximum value of a? + b?, given that the 
equation 


has real roots. 


Solution: Consider the polynomial P(x) = x4 + ax? + br? + ax +1. Observe 
that P(x) = x*P(1/x). Hence, P(x) is a reciprocal polynomial and hence the 
substitution y = « +1/z is meaningful. This leads to a quadratic equation 


y? +ay+b-—2=0. 
If x is real, we observe that y is also real and hence 


(2—y?)’ = (ay +b)? < (a? +6°)(1+y’). 


This gives 
(2-7)? 
Pere 
We also note that y = x +1/x < —2 or y > 2. Hence, y? > 4. Consider the 
function 


a? +b? > 


f= , 


for t > 4. This is a monotonically increasing function for t > 4, as may be 
verified using its derivatives. Its minimum is attained at t = 4; 


a+b > f(4) = 7 


If we take y? = 4, we have x +1/x = 2 and hence x = 1 is a real solution. This 


corresponds to 2a + b = —2 and we can take 
4 
a=-=, b= ae 
5 5 
Then a? + b? = 4/5. Thus, the minimum value of a? + b? is 4/5. a 


Example 4.24. Suppose a, b,c are real numbers such that 
jal <|b—cel, |b] <|e—al,and_ |e] < Ja — | 
Prove that one of these numbers is the sum of the remaining two. 


Solution: We get from the first relation, a? < (b—c)?, or which is the same 
as 
(b—c—a)(b—c+a) > 0. 


Similarly 
(c—a—b)(c—a+b) >0, and (a—b+c)(a—b—c)>0. 


Multiplying these (which is permissible since all are non-negative), we get 


(a+b—c)?(b+c—a)*(e+a—b)? <0. 


It follows that at least one of (a+b—c), (b+c—a), (c+a—b) is equal to zero. 
a 


Example 4.25. Let ABC bea triangle and P be an interior point of ABC. Let 
the lines AP, BP, CP meet BC, CA, AB respectively in D, E, F. Find all 
positions of the point P for which the area of triangle DEF is maximal. 


Solution: It is sufficient to locate D,E,F such that AD, BE, CF are 
concurrent and [DEF] is maximal, where [DEF] denotes the area of triangle 
DEF. Let us put BD =a—2, DC =2,CE=b-y, EA=y, AF =c-2z 
and FB = z. Then by Ceva’s theorem, 


= b— = 
a- ax y c ahs 


x y z 
If we also introduce a = x/a, 8 = y/b and y = z/c, then it takes the form 
(l—-a)(1— 6)(1— 7) = a8. 


Now observe that [BDF] = y(1 — a)[ABC] and similar expressions for other 
corner triangles. Thus, 


[DEF] = [ABC]—[BDF]- [CED] -[AFE] 
[ABC] {1 — y(1- a) — a(1- 6) - B(01-)}. 


This shows that we have to minimize y(1— a) + a(1— 8) + B(1 — 74) in order 
to maximise [DEF]. However 


Alo) +e = ~+ Bl —9) =a+ 8 +7 (a8 iy 4a), 


Now using (1 — a)(1 — 8)(1— 7) = a B74, it is easy to get 


a+tB+y7-—(a8+ by+ya) =1- 2067. 


Thus, we have to minimise 1 — 2a{7y or which is same as maximising afy. But 


| 
qQ 
g 
RD 
me) 
an 
| 
a 
ean 
| 
= 
‘Pp 
| 
= 


apy 


ll 
7 
i) 
an 
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2 

‘EP 
= 


Equality holds if and only if a= 6 = 7. This is possible if and only if D, FE, F 
are the mid-points of BC, CA, AB respectively. We conclude that P = G, the 
centroid of ABC. | 


Example 4.26. (Short-list, IMO-1993) Let a, b, c,d be non-negative real numbers 
such that a+b+c+d=1. Prove that 
176 


1 
b da+dab< — + — ; 
abc + bed + cda + dab < a7 + 97 abcd 


Solution: Consider the expression 


1 
F(a, b,c, d) = abc+bcd+ cda+ dab — seabed 


76 
bc(a + d) + ad (0 +e- a): 


The function F(a, b,c, d) is symmetric in a, b,c,d. There are two possibilities: 


1 
(i) Ifb+e- se be <0, then the AM-GM inequality implies that 


b d\> 1 
F(asbrevd) <be(a+d) < ( a ) Se 


Hence, we may assume that this never occurs in any subsequent steps. 


176 
(ii) Suppose b + c— ~—bc > 0. Then again the AM-GM inequality implies 


27 
that 
ay? 176 
bela+ d) + (S ) (o+0- Pee) 


F(S* 0,44). 


F(a, b,c, d) 


IA 


2 2 


Now we iterate this under the assumption that we are in the second case 
in each stage of the iteration and we also exploit the symmetry of F: 


F(a, b,c, d) 


x 
zy 
~~ 

8 

+ 
da 
a 
H 

a 

+ 

a 

NS 


This completes the solution. a 


Example 4.27. Determine the minimum value of ee a; where the minimum 
is taken over all sequences (a1,2,43,..-,dn), (n > 2), with non-negative terms 
n 


such that So aj a541 = 1, where an+41 = ay. 
j=l 
Solution: Let 


n n 
My = min { Ya; a a; = 0, forl <j <n, and So ajaj4a =i}, 


j=1 j=1 


We show that Mp = /2, M3 = V3 and M,, =2 forn>4. Puta = doa; and 
B= Yajajqi. Ifn = 2, then a = a; + a2, 8 = 2a,a2 = 1, so that 


a? =2=07—28 = (a1 —a2)* > 0, 
with equality if and only if a, = ag = 1/2. Thus, Mj = V2. If n = 3, then 


a-—3 = a’*—38 


= (ay + ag + a3)* al 3(a1a2 + a2a3 + a3a1) 


ay t a3 t ax a ,a2 — A203 — azay, 


= sf (a — a2)" + (ag — a3)" + (a3 — a)*} 


> 0. 


Here again, equality holds if and only if aj = ag = a3 = 1/V3. Thus, M3 = V3. 
Consider the case n = 4. In this case, 


a—-4 = a*-46 
= {(a + a3) + (a+ as)} — A(a, +.a3)(a2 + a4) 


{(a + a3) — (ag + as)b > 0. 


I 


Equality holds if and only if a, + a3 = ag +a4 = 1/2. Thus, My = 2. 
Suppose n > 5. We may assume that a; is the least number by using the 
cyclical nature of the condition }> aj;a;+1 = 1. Let 
y= (a) fay +2 4a,) = (ai ae bog (G1) a)": 
If n is even, say n = 2k, then 
y = (ar tag +--+ + a2x-1) (a2 + a4 +--+ + arr) 


> A(ayag + aza3 + +++ + a2K—1d2K + A201) 
Sly 


Suppose n is odd, say n = 2k — 1; then 


Oe = 4(ay + a3 + +++ + d2p—1) (a2 + a4 +-+++ + a2x-2) 
2 A(aaz a2a3 + +++ + G2k-2G2k—-1 + A2k—142) 
> A(ayaz + aza3 + +++ + a2%-141) 
= 4 


? 


using a2 > a ;. Thus, y > 4. This implies that 
(aj hag hioeaay & 4: (4.5) 


We show that equality holds in (4.5) if and only if there is a k such that 
l<k<n, ag =1, ag-1 + 4x41 =1 and a; = 0 for all other j. (Here ap = an, 
Qn4+1 = a1.) Clearly this is sufficient. Conversely, suppose equality holds in 
(4.5). Then 


(Gi Fag a) (a, az +a3—-+-+( ii hae) 
= 4(ajaz + ag + a3 + +++ + Gn—14n + an04)- 


Thus, for j,k with 7 + 2k+1 <n, it must be the case that ajajpor41 = 0. In 
particular, aja, = 0. This gives a; = 0, since a, < a4. Further we have 


a, + a2 +---+a, = 2, and ay — ag +a3—--- ta, = 0. 


Thus, it follows that 


QL G3: Tr as — 1, 

dg+tag+--- = 1. 
If ag # 0, then the condition ajaj;+2%41 = 0 implies that a; = a7 = --- = 0, 
and a3 = 1. Further it also follows that ag = ag =--- = 0. Hence, ag2+a4 = 1. 


Suppose ag = 0. Consider a3. Using a similar argument, it is easy to show 
that there is some / such that a; = 1 and a_1 + aj41 = 1 and the remaining 
are all equal to zero. a 


Example 4.28. (Taiwan, 2002) Determine all positive integers n and integers 
@1,42,43,...,4n such that a; > 0, for 1 <j <n, and 


Solution: Let us put 


Suppose a; <1, for all 7. Then a; = 0 or 1, for each 7. Let a be the number 
of those j’s for which a; = 1. Then n — a is the number of those j’s for which 
a; = 0. The given equation reduces to 


4 
a=1+ a”. (4.6) 


This shows that a > 1. Moreover, 


4 
4n+1=4 1) + ——. 
n+ (eed) tq 


Hence, a — 1 divides 4, so that a—1= 1,2 or 4. The first two cases may be 
disposed of using (4.6). The third choice gives n = 6. In this case (0,1, 1,1, 1,1) 
and its permutations give all the solutions. 
We may assume a; > 2 for some j. In this case 
4 
4n+1 


ae, 


At+1< Soa} =1+ 


Thus, A > n+ (1/4). Since A is an integer, it follows that A >n-+1. Using 
the Cauchy-Schwarz inequality, one obtains, 


A? ” 4 
ae 2)=1 2 
n < (oe) seer 


j=l 


This implies that A? < 4n? +n. Again the nature of A shows that A < 2n. 
Thus, n +1 < A < 2n. We hence obtain 


But we also have 


which gives 


for 1 <j <n. Thus, 
A A 
0<-l+—<a;<14+—<38, 
n n 
for 1 <7 <n. This shows that a; = 1 or 2 for all 7. Let b denote number of 


those j’s for which a; = 2. Then there are n — b values of j for which a; = 1. 
In this case (4.6) takes the form 


4b+n—b=1+4+ (2b +n —b)?. 


4 
4n+1 


1 
This simplifies ton = b+ tps Since n and 0 are integers the only possibility 
isb=landn=2. 
We conclude that n = 2 or n = 6. In these cases, a;’s can be computed 
using the bounds we have derived: 
n = 2: (a1, a2) = (1,2), (2, 1); 
n = 6: the 6-tuples are (0,1,1,1,1,1) and permutations of this. | 


Example 4.29. (IMO, 1992) Consider a finite set V in three-dimensional space 
consisting of points with integer coordinates. Let Sz, Sy, S, denote the sets 
consisting of the orthogonal projections of the points of S on to yz-plane, zx- 
plane, xy-planes respectively. Prove that 

2 


VI < |S2]"1S,|"|S- 


where |X| denotes the number of elements of a finite set X. 


Solution: Let us introduce 


S(z) = {(y,2) + (@y,2) €V}; 

Sy(x) {z : (#2) € Sy}; 

S(t) = {y = (a,y) € Sz}. 
Observe that S(x) C S, and S(x) € Sy(a#) x S,(x). Thus 


Vi=Is@! < Y yisells,( 18.) 
= VSI >> V/15y(2)18.(@)I. 


But Cauchy-Schwarz inequality gives 


37 /lsy@s-(a)| < y= sie 1S.(2)| = /1S,lISe1. 


Combining the two inequalities, it follows that 


IV] < V/|Sel[Syl|Szl. 


Example 4.30. For k > 2, define f : N > N by 


f(n)= (n + n/t) | +n, 


whee [2] denotes the integer part of a real number x. Determine the range of f. 


Solution: We show that the range of f is precisely the set of all those 
natural numbers which are not k-th power of some natural number. Suppose 
a € N is not a k-th power. Then there is a natural number m such that 
m* <a<(m+1)*. Using the binomial theorem, it is easy to derive that 


(@+1)* > o*+2+1, 


for all x > 0. Taking z = m — 1, it follows that (m—1)* < m* —m. Taking 
n=a-—™m, we also get m®* —m<a—m=n<a. Thus, 


m'<a-1 = (a—m)+(m-1) 
< n+nilk 
< (a—m)+(m+1) 
= atl 
< (m+). 


The definition of f shows that f(n) =m-+n=a, ie, f(a—m) =a. This 
shows that if a € N is not a k-th power, then a is in the range of f. Observe 
that f is strictly increasing. Since f(1) = 2, it follows that 1 is not in the range 
of f. Now consider any k-th power, say, m*. We have proved that if a € N is 
not a k-th power, then 

a= f(a- [a’/*]). 


Thus, we obtain 


and 
f(m* +1-m) =m +1. 


It follows that m* is not in the range of f. Thus, the range of f consists of 
precisely all those natural numbers which are not the k-th power. 
a 


Example 4.31. (IMO, 1992) Find all integers a,b,c with 1 < a < b < © such 
that (a — 1)(b— 1)(c— 1) is a divisor of abc — 1. 


Solution: Putting a—1=2,b-—1=y and c—1 =<, the problem is to find 
integers 1 <a < y < z such that xyz divides (x + 1)(y+1)(z+1)—-1. This is 
equivalent to find integers 1 < x < y < z for which 

ft ul og 2 1 1 


LY 2 wy YF wu 


Petes Woe 4 Le 


Thus, p= 1 or p=2. 


Case 1. p=1. 


Here we have 
1 1 1 1 1 1 
f—-+-—+ + + =15 
Gy 2 «ty ys ea 


Obviously x > 2. If e > 3 then y > 4 and z > 5 and we get an estimate 


1 1 1 1 1 1 59 
PSSA et + a <1 


which is not tenable. We conclude that « = 2 and hence 


re at te ee ee 
Dae ae" Die ge. Be 


This simplifies to (y—3)(z—3) = 11. Keeping in mind that y < z, we see that 
the only solution is (y, z) = (4,14). This leads to the triple (a, b,c) = (8,5, 15). 


Case 2. p= 2. 
Here again, we see that x > 2 forces p < 2, and hence x = 1. Using this 
information in the expression for p, we obtain (y — 2)(z — 2) = 5. Since y < z, 
the only solution is (y, z) = (8,7) and this gives (a,b,c) = (2, 4,8). 

We obtain two solutions to the problem: (a,b,c) = (3,5,15), (2,4,8). = 


Example 4.32. Find all integer sided triangles with the property that the area of 
each triangle is numerically equal to its perimeter. 


Solution: Let a,b,c denote the three sides of such a triangle. If s = (a+b+ 
c)/2 is its semi perimeter, Heron’s formula gives 


A? = s(s — a)(s — b)(s —c). 
The given condition translates to 
4s = (s —a)(s— 6)(s—c). 


Taking s-—a=2,s—b=y,s—c= 2, we can write an equation for z, y, z: 


=-. 4. 
cy ye za A a) 


We can rule out isosceles triangles. If, for example, a = b, we get x = y and 


the equation reduces to 
1 2 1 


gaz 4 
This can be written as a quadratic equation in x: zx? — 8a — 4z = 0. The 
discriminant of this equation is D = 16(4+ z?). The equation has an integer 


root only if D is the square of an integer. This can happen only if z = 0 which 
is impossible. 

Thus, we may assume that 1 <a <y < z. If x > 3, we have y > 4 and 
z > 5. Going back to the equation (4.7) with this information, we see that 


ae pens ge | D3, hes okt ll 
A” ay yz ze 12° 20°15 «5 


This absurd implication shows that « < 2. Thus, x = 1 or x =2. 


Case 1. x = 1. 
Here the equation (4.7) takes the form 


1 1 1 1 
yY oye 2 4 

This can be written as (y—4)(z—4) = 20. In this case, we get (y, z) = (5, 24), 
(6,14), (8,9). We obtain the triangles (with c < b < a) (6,25, 29), (7,15, 20), 
and (9, 10, 17). 


Case 2. x = 2 
By asimilar analysis, the only triangles when x = 2 are (5, 12,13) and (6,8, 10). 
| 
Example 4.33. Show that the only solutions of the equation 
w—v=u+1 
in integers are (u,v) = (1,0) and (0,—1). 


Solution: We show that there is no solution (u,v) such that wv 4 0. Suppose 
uv > 0 then u? — v3 > 0 and hence u— v > 1. We get 


uwt+1l=u—v = (u—v)(w+uv4+’) 
= (u—v){(u—v)? +3uv} 
> 3uv 
This shows that 2uv < 1 which is impossible because uv > 1. 
Suppose uv < 0. If wy = —1, we have u® — v? = wv +1 =0s0 that u = v. 
But then u? = uv = —1, which is impossible. Hence, we may assume that 


wu < —1. We have 


luv +1| = |u—ov|lu? + uv 4+ v?| 
= |u—o||\(u+v)? — uJ. 
If u+v =0, we see that u = —v and hence we get 2u? = —u? +1 which has no 


integer solution. Hence, we may assume that u+v 4 0 and thus (u+v)? > 1. 
Using the condition uv < 0, we get 


1—wv < |uv+ 1] = —(uv + 1) 


because wv < —1. This leads to the absurd conclusion that 1 < —1. 
We conclude that uv = 0. If u=0, we get v = —1. If v = 0, we get u = 1. 
Thus, the only solutions are (u,v) = (1,0), (0, —1). 
a 


Example 4.34. ( Romania, 2003) Two unit squares with parallel sides overlap in 
a rectangular region of area 1/8 square units. Find the minimum and maximum 
possible distances between the centres of these two squares. 


Solution: Let ABCD be the rectangle obtained as the intersection of two 
unit squares. Let X and Y denote the centres of the two squares. Let AB = a, 
BC = bso that ab = 1/8 sq. units, where a,b € [0,1]. Draw a line from X 
parallel to AB and a line from Y parallel to BC. Let them intersect in Z. (See 
Fig. 4.1) 

Then XZ =1-—aand YZ=1-b5and 


XV=X7°+VYZ* = (—a)?+(1-—6) 
= a? +b? —2(a+6)+2 
1 
= a?+2ab+b? —2(a+d) at? 
a (a+b)? —2a+0) +4 


3 
— +h—1)2 es 
= (a+b—-1)*+ ri 


X22 
Fig. 4.1 


Thus, XY > V3/ 2 and hence the minimal distance is V3 /2. This is achieved 


when a+6=1 and ab = 1/8. This corresponds to 


_2+v2,_2-v2_2-v2 , 
Ve oe oe ae 4 


Observe 


0<(1-a)\(1—-b)=1-a bt ab= = (a+b). 


This shows that a+ 6 < 9/8. On the other hand 


1 
a+b>2Vab= —. 
2 Va 

Thus, 

Seng epee 

—- a - =. 

V2 0 ~ 8 
However, 


(@) <(a-): 


as may be easily verified. This implies that 


XY? = (atb-1P +5 
< (= i) +3 
9 
= =_vy2 
4 


| 
a 
Ie) 
| 
SI = 
bo] 
SS 
b bo 


Thus, it follows that XY < 2— (1/2). Equality holds only if a = b = 1/2V2. 
We hence have 


1 


min XY = V3/2, and max XY =2-— —. 
; va 


Chapter 5 


Problems on inequalities 


1. (Romania,1996) Let a1, @2,... ,G@n,;@n+1 be n+1 positive real numbers such 
that aj + a2 +---+4n = Gn+41. Prove that 


nm n 
S- 4/ a5 (Qn41 a a;) < ae An41(n41 = aj). 
j=l j=l 


2. (Czech and Slovak, 1999) If a,b,c are positive real numbers, prove that 


a ” b ns Cc a 
b+2c c+2a at2b7 ~ 


3. (Balkan Olympiads, 2001) Let a,b,c be positive real numbers such that 
abe <a+b+c. Prove that 


a? +b? +c? > V3(abc). 


4, (Balkan Olympiads, 2002) For any positive real numbers a, b,c, prove that 


2 2 2 27 


b(a + b) | c(b +c) | a(c+a) < (a+b+ cc)? 


5. (Ireland, 2003) Let a, b,c be three sides of a triangle such that a+b+c = 2. 
Prove that l 
1<ab+be+ca—abe<1+ a7 


6. (Ukraine, 2004) If a,b,c be positive real numbers such that a+ b+c= 1, 
prove that 


Vab+c+Vbe+a+Vea+b>1+Vab+ Vbe+ Vea. 


7. (Romania, 2003) Let a,b,c,d be positive real numbers such that abcd = 1. 


Prove that 
1l+ab 1+bc Il+cd l+dal, 


l+a 1+5b l+c 1l+d~— 


8. If a,b,c, d are positive real numbers, prove that 


yes e —— 
4 = 4 ; 


9. (Hungary, 1990) Let a,b,c be the sides of a triangle such that a+b+c = 2. 
Prove that 
a? +b? +c? + 2abe < 2. 


10. If a,b,c are positive real numbers such that a? + b? + c? = 1, prove that 


is a 
(i+ 54g) tabb ree v3. 
a b ec 


11. (Austria, 2001) Find all triplets (a,b,c) of positive real numbers which 
satisfy the system of equations: 


a+b+c = 6, 
mee 24% 4 
a bc. abc 


12. (Bosnia and Herzegovina, 2002) Let a,b,c be real numbers such that 
a? +b? +c? = 1. Prove that 
a? b? oa 3 
7 Sood 
1+2be 14+2ca 1+4+2ab7 5 


13. (Ukraine, 2001) Let a,b,c and a, 3,7 be positive real numbers such that 
a+ @6+y7=1. Prove that 


aa + 6b+7¢+2y/ (a8 + 67 +72) (ab + be + ca) <at+b+e. 


14. (Estonia, 1996-97) Prove that for all real numbers a, b, the inequality 


a+b? +1>a/e+1+bVa24+1 
holds. 


15. (Poland, 1994-95) For a fixed positive integer n, compute the minimum 
value of the sum 


2 3 n 

rors gi ele eae 

’ 

2 3 n 
where £1,%,%3,... ,%, are positive real numbers such that 
1 1 1 1 
+ pian =n 

Ty T2 v3 In 


16. Let a,b,c,d be positive real numbers such that a+b+c+d< 1. Prove 


that 
c od 1 


< 7 
a 64abcd 


17. Let a,b,c be positive real numbers, all less than 1, such that a+b+c = 2. 
Prove that 
abc > 8(1 — a)(1— b)(1—c). 


18. (USAMO, 2003) Let a,b,c be three positive real numbers. Prove that 


(2c+a+b)? 


(Qa+b+c)? (2b+ce+a)? 
<8. 
20 + (ab) 


Qa? + (b+c)? © 2b2 + (ce +a)? 


19. Three positive real numbers a, b,c are such that (1+ a)(1+6)(1+c) =8. 
Prove that abc < 1. 


20. (IMO, 1983) If a,b,c are the sides of a triangle, prove that 


a*b(a — b) + b?c(b — c) + cPa(e— a) > 0. 


21. Let a1, a2,... ,@, be n(> 2) real numbers whose sum is 1. Prove that 
n 
a; = n ; 
aA 2—a; 2n—-—1 
22. Let a1, a2,... ,@,, be n positive real numbers whose sum is 1. Prove that 
n az 1 
ot} 
jal Aj + A541 2 


(Here An4+1 = a.) 


23. Let a,b,c,d be four positive real numbers. Prove that 


bah 5 Oy Mine 100 
ab @ > d athe’ 


24. Let a1, d2,... ,dn be n(> 2) positive real numbers such that a1 +a2+---+ 
ay, = 1 and a; < 1/2 for each j, 1 < j <n. Prove that 
= 1— 2a; ~ n—-2 


Jj 


25. (Romania, 1999) Let 71,72,... ,2n, Y1,Y2,--- 5 Yn be 2n positive real num- 
bers such that 21 + @%2+-+:-+ 4, > X1y1 + Tayo +--+ + LnYn, where n > 2 is 
an integer. Prove that 


x 
ttaot+-:-+ay < an Mirae iia 
Y1 y2 Yn 


26. (Proposed for IMO-2001) If 21,22,...,x%n are n positive real numbers, 
prove that 


Ly v2 rn 
4 bese < vn. 
lta?! l+a?+03 ° Ltap+a3t+-.-+22 ve 


27. (CRUX, 2001) If a,b,c are positive real numbers, prove that 
3(a7b + bc + c’a) (ab? + bc? + ca”) > abc(a +b +c)’. 


28. (Czech and Slovak, 2003) Let P(x) = axz?+bxr+c be a quadratic polynomial 
with non-negative coefficients and let a be a positive real number. Prove that 


P(a)P(1/a) > P(1). 


29. If a,b,c, d,e are positive reals, prove the inequality 


253 
b+e 2 


where the sum is taken cyclically over a, b,c, d, e. 


30. If a,b,c are the sides of an acute-angled triangle, prove that 


Sf Ja? + b2 — 2r/a2 —b2 + 2 < abtbe+ca. 
cyclic 
31. (Iran, 2006) Let a,b,c be non-negative real numbers such that 


ae or 
az7+1 e+1 


T 2 +1 T 
Prove that ab + be + ca < 3/2. 


32. (Thailand, 2006) Suppose a, b,c are positive real numbers. Prove that 
1/3 34 3 3\ 1/3 
3(a+b+c) > 8(abc) + (*) ; 
When does equality hold? 


33. Let c1,¢2,C3,...,Cn be n real numbers such that either 0 < c; < 1 for all j 
or c; > 1 for all j, 1 < 7 <n. Prove that the inequality 


n 
[[ G -p+.pc:) £1925 [Te 
= rea 


holds, for any real p with O < p< 1. 


34. (Taiwan, 2002) Let 21,22, 23,24 be real numbers in the interval (0, 1/2]. 
Prove that 


L1LQL3V4 


(1 x1)(1 x2)(1 x3)(1 x4) 


ss rit+aegtag+sy 
~ Capen 2s)" + 0 =e eee 


35. Let 21,02,23,...,2, be n real numbers such that 0 < 2; < 1/2. Prove that 
Ix/(X%) |< Ul (-z)/(S0-a)) 
Fr r= 


36. (CRUX) Consider a sequence (a,,) of real numbers satisfying aj4~ < aj;+@k. 
Prove that 


die eS te a 
eile a ee joe 


for all n. 


37. For positive real numbers 2, y, z, prove the inequality 


~ 
eta/(e+y)(e+2) 
where the sum is taken cyclically over 2, y, z. 
38. (INMO, 2002) Let x,y be non-negative real numbers such that «+ y = 2. 


Prove the inequality 
xy? (e + y’) <2. 


39. (INMO, 1998) A convex quadrilateral ABCD is inscribed in a unit circle. 
Suppose its sides satisfy the inequality AB. BC-CD-DA> 4. Prove that the 
quadrilateral is a square. 


40. Let {a1,d2,... itn} and {b1, ba... sa be two sets of reals such that 
O0<h<aj;<H and0<m<b; <M for some reals h,H,m,M. Prove that 


Ege i (VEE tr) 


41. Let f : [0,a] > R be a convex function. Consider n points 71,02,03,...,Un 
in [0, a] such that De _, 4; is also in [0,a]. Prove that 


Sle) < #( 372) +(n—1)f(0). 


j=1 


42. For any natural number n, prove 
2n * 
vin <4”. 
n 


43. Let a, b,c be positive real numbers and let x be a non-negative real number. 
Prove that 
att? 4 ptt? 4 ®t? > a® bce + ab®c + abc”. 


AA, Let (a1, G2,... , Qn), (b1, b2,... On), and (c1, C2,.-.. , Cn) be three sequences 
of positive real numbers. Prove that 


n n 1/3 n 1/3 n 1/3 
yeters(dd) (D8) (he) - 
j=l j=l j=l j=l 


45. ([9]) Prove for any three real numbers a, b,c, the inequality 


3(a? — a —1)(b? — b—1)(c? —c +1) > (abe) — abe +1. 


46. In a triangle ABC, show that 


1 ' 1 ” 8 
snA sinB~ 3+2cosC’ 


Find the conditions for equality. 
47. Consider a real polynomial of the form 
P(x) =a" + Ann" 1 +++- +a +1, 


where a; > 0 for 1 < j < (n—1). Suppose P(x) = 0 has n real roots. Prove 
that P(2) > 3”. 


48. Let a,<ag<a3<...<adp be n positive integers. Prove that 
2 
(aitag+a3t-+-+an) <a} +a3t+a3t--- +a). 
49. (Poland, 1996) Consider a sequence @1,@2,03,...,@n of positive real numbers 


which add up to 1, where n > 2 is an integer. Prove that for any positive real 
numbers 21,%2,%3,..-,£n with oH x; = 1, the inequality 


holds. 


50. (Iran, 1998) Let 21,22,273,x24 be four positive real numbers such that 
11220324 = 1. Prove that 


3 3 3 3 : 1 1 1 1 
rypt@y +473 +24 > min’) %1+%2+%34 £4, + + : 
T1 %Q2  %3 V4 


51. (Romania) Let {x} denote the fractional part of x; ie., {x} = x — [2]. 
Prove for any positive integer n, 


Yivas = 


52. If a,b,c are positive real numbers, prove that 


a2 b2 Cc 


Gio. hea) ee olen) 


3 
>. 
— 4 


53. Suppose a, b,c are the sides of a triangle. Prove that 


a2(b+ce—a)+0(c+a—b)+C(a+b—c) < 3abe. 


54. Let x,y,z be positive real numbers such that xyz > xy + yz + zx. Prove 
that 
xyz > 3(at+ytz). 


55. Let 61,b2,b3,...,b, be nm non-negative real numbers and let b denote the 
sum of these numbers. Prove that 


n-1 b2 
ey bjbj41 S Z- 
g=l 


56. (AMM) Let a,b, c,d be complex numbers such that ac 4 0. Prove that 


max {|ac|, |ad + bel, |bd| } e 145 
max {Jal,[b|}{Icl, idl} = 2 
57. Let x,y,z be three real numbers in the interval [0,1] such that xyz = 
(1—2x)(1—y)(1—z). Find the least possible value of x(1—z)+y(1—2)+z(1—y). 
58. Let x1,%2,23,...,£n be non-negative real numbers such that 


n 


i 
Pipes 


j=l 


Prove that 2, %9%3:--%p, > (n—1)”. 


59. (Bulgaria, 1998) For positive real numbers a, b,c, prove the inequality 


3(a+ Vab+ Vabe) <4(at+b+c). 


60. ({1]) Show that for any two natural numbers m,n, the inequality 


1 1 4 
< 
m+n+1 (m+1)(n4+1)7~ 45 


holds. 
61. If a,b are two positive real numbers, prove that 
it be Sy 


62. Let a, b be positive real numbers such that a+b = 1 and let p be a positive 
real. Prove that 
Ly" rat he. BP 
> ; 


63. (IMO, 2000) Let a,b,c be positive real numbers such that abc = 1. Prove 


that ; ; : 
(« 14 )(> 1+ ) (c 1+ ) <u 
b c a 


64. (Proposed for IMO-2001) Let x, y, z be real numbers in the interval [—1, 2] 
such that + y+ z= 0. Prove that 


(2—2)(2—y) (2—y)(2— 2) (2— z)(2—2) 
(ereee as aoa i (g2e ae 


65. (IMO, 1978) Let (ay) be a sequence of distinct positive integers. Prove 
that 


for every positive integer n. 


66. (IMO, 1984) Let x, y, z be non-negative real numbers such that «+y+z = 1. 
Prove that 7 

O< aytyz+ 2x — 2ryz < a7 
67. Let 21, 22,... ,£n be n positive real numbers. Prove that 


x 


UZ aes 2a 


j=l 


n 3 


where p41 = 41. 


68. Suppose x, y, z are non-negative real numbers. Prove the inequality 
a(e— 2)" +y(y— 2) > (e@-z)(y-2@+y-2). 


Find conditions for equality. 


69. (Indian Team Selection, 2002) Prove that for any positive reals a, b,c, the 
inequality, 

ae cl cta  atb bte 
b' ca ctb' ate b+a 


holds. 


70. If a,b are real numbers, prove that 


a? +ab+b? > 3(a+b-—1). 


71. ((7|) Define a sequence (x,,) by 


4 
Prove that 5 < In < ° for alln > 1. 


72. ([7]) Let a,b,c be positive real numbers such that a? — ab+ b? = c?. Prove 
that (a —c)(b—c) < 0. 


73. ((7|) Let a,b,c be positive real numbers. Prove that 


Ja? —ab+b2 +b? —be+2 > Va? tact. 


7A. ([7]) For all real numbers a, show that 
(a? —a+ 2)? > 4a7(a? + 1)(a — 2) 
holds. 


75. (Thailand, 2004) Let a,b,c be distinct real numbers. Prove that 
aN b= e\* a= 4,)7 
ot > 5. 
a—b b—c c—a 


76. Let a, 8, ©1,%2,03,...,0%, be positive reals such that a+ 68 = 1, and 
U1+X%Q+H3+---+2, = 1. Prove that 


for every positive integer m, where %pj41 = 21. 


77. Given positive reals a, b,c,d, prove that 


Vato? + (+d? <Ve+P4+VF4+0 


2|ad — bc| 


SVG+E OTM + Tre Or ae 


78. (APMO, 1996) In a triangle ABC, prove that 


JV/s—a+vVs—b+Vs—cx< va + vb+ ve 
ie 2 


B 


79. Let ABC be an acute-angled triangle with altitudes AD, BE, CF and 
ortho-centre H. Prove that 


HD HE HF _ 3 


So, 
HA HB HC” 2 


80. (IMO, 1981) For any point P inside a triangle ABC, let 71, r2, r3 denote 
the distances of P from the lines BC, CA, AB respectively. Find all points P 
for which a/r; + b/r2 + c/rg is minimal. 


81. (IMO, 1996) Let ABCDEF be a convex hexagon in which AB, BC, CD 
are respectively parallel to DE, EF, FA. Let Ra, Rp, Ro be the circum-radii 
of the triangles FAB, BCD, DEF respectively, and let p denote the perimeter 
of the hexagon. Prove that 


Rat Rpt Re >. 


82. (AMM) Let ha, my, we denote respectively the altitude from A to BC, the 
median from B to CA and the internal angle bisector of angle C. Prove that 


3S 
he +m, +s < Slatb+o). 


83. (Bulgaria, 1997) Let ABC be a triangle with centroid G. Prove that 


sin ZABG + sin ZACG < >, 


V3 


84. (CRUX) Let ABC be a triangle with in-radius r. Let T, P'2, 3 be three 
circles inscribed inside ABC such that each touches other circles and also two 
of the sides. (Such a configuration is called Malafatti circles.) Let O,, O2, Os 


be respectively the centres of the circles [;, [2, 3. If r’ denotes the in-radius 
of O10203, prove that 


ee. 
fe 
Find conditions for equality. 
85. Let Q be a Brocard point of a triangle ABC. Let AQ, BOQ,CO extended 


meet the circum-circle of ABC in K, L, M respectively. Prove that 


AQ | BQ ca. , 
QK ' QL | 


QM ~~ 


86. (Romania, 2006) Let P be a point inside a triangle ABC. Let ra, rp, rc 
denote the in-radii of triangles PBC, PCA, PAB respectively. Prove that 


b 
ha GO HA/3), 
rA TB TC 
87. (Bulgaria, 1995) Suppose A; A2--- Az, By Bo--- By, CiC2---Cz are three 
regular heptagons which are such that A,A2 = B,B3 = C,C4. If Ay, Ao, Ag 
denote respectively their areas, prove that 


1 Agt+As 
g— 4/2. 
GS V2 


88. (Germany, 1995) Let ABC be a triangle, and let D, E' be points on BC, 
CA such that the in-centre of ABC lies on DE. Prove that [ABC] > 2r?. 


89. (Ireland, 1995) Let A, X,D be points on a line with X between A and D. 
Let B be a point such that ZABX > 120° and let C be a point between B 
and X. Prove that 2AD > /3(AB+ BC+CD). 


90. (South Korea, 1995) Let the internal bisectors of the angles A, B, C ofa 
triangle ABC meet the sides BC, CA, AB in D, FE, F and the circum-circle 
in L, M, N respectively. Prove that 

AD BE CF 


aN 
DL EM FN” 


91. (IMO, 1995) Let ABCDEF be a convex hexagon with AB = BC =CD, 
DE = EF = FA, and ZBCD = ZEFA = 7/3. Suppose G and H are two 
interior points of the hexagon such that ZAGB = ZDHE = 27/3. Prove that 


AG+GB+GH+DH+HE>CFEF. 


92. (Balkan Olympiads, 1996) Let O and G be respectively the circum-centre 
and centroid of a triangle ABC. If R and r are its circum-radius and in-radius, 


prove that OG < \/R(R — 2r). 


93. (St. Petersburg Olympiad, 1996) Let M be the point of intersection of two 
diagonals of a cyclic quadrilateral. Let N be the point of intersection of two 
lines joining the midpoints of opposite pair of sides. If O is the centre of the 
circumscribing circle, prove that OM > ON. 


94. (APMO, 1997) Let ABC be a triangle with internal angle bisectors AD, 
BE, CF. Suppose AD, BE, CF when extended meet the circum-circle again 
in K, L, M respectively. If 1, = AD/AK, l, = BE/BL and |, = CF/CM, 
prove that 
la 
sin? A 


ly n bs s 
sin? Bo sin?C 


95. (Armenia, 1999) Let O be the circum-circle of a triangle ABC’. Suppose 
AO, BO, CO when extended meet the circum-circles of triangles BOC, COA, 
AOB in K, L, M respectively. Prove that 

Ak BL CM és 9 


OK OL OM ~ 2 


96. (Romania, 2003) Show that in any triangle ABC 
1 1 1 ._v8 


MaMp MMe Mem, [ABC] 


97. (Romania, 2003) In any triangle ABC, prove that 
Wa + Wy + We < V3s. 


98. (Ireland, 1998) Let ABC be a triangle with points D, E, F respectively 
on the sides BC, CA, AB. Let the lines AD, BE, CF, when produced meet 
the circum-circle respectively in K, L, M. Prove that 


AD BE OR og 
DK BL” FM 


99. Show that in a triangle ABC, 
max {ama, bmp, cm} <sR. 
100. Let ABCD be a convex quadrilateral of area 1 unit. Prove that 


AB+BC+CD+DA+AC+BD>4+V8. 


101. Let ABCD be a square inscribed in circle. If M is a point on the arc AB 
(arc not containing C and D), prove that 


MC -MD> (3+2V2)MA- MB. 


102. (Estonia, 1996) Let a,b,c be the sides of a triangle ABC with in-radius 
r. Prove that 
asin A+ bsinB+csinC > 9r. 


103. Suppose ABC is an acute-angled triangle with area A and in-radius r. 
Prove that 


2 A 
(veot A + Veot B + Vcot Cc) <5. 
r 
104. (US Team Selection, 2000) Let ABC be a triangle having the circum- 
radius R. Let P be an interior point of ABC. Prove that 


AP | BP (CPt 
BC2° CA2' AB2 7 R 


105. With every natural number n, associate a real number a, by 


1 1 1 
Gn = ree ‘ 
Pil p2 Dk 
where {pi 2, ae Pr} is the set of all prime divisors of n. Show that for any 


natural number N > 2, 


N 
So agag+++an <1. 


n=2 


106. (IMO, 1999) Let n be a fixed integer, with n > 2. 
(a) Determine the least constant C' such that the inequality 


4 


s xin; (x? + x7) <C S- Li 


1<i<j<n 1l<i<n 


holds for all real numbers 21,... ,@p > 0. 
(b) For this constant C, determine when equality holds. 


107. Let a,b,c,d be real numbers such that 
(a? + >7 — 1)(? +d? _ 1) > (ac + bd — ee 
Prove that a? +b? -1>0andc?+d?-—1>0. 


108. ([9]) Let 21,72,73,...,%100 be 100 positive integers such that 


1 1 1 
Ae oat 


Jai’ Jia 


Prove that at least two of x;’s are equal. 


= 20. 
V X100 


109. Let f(x) be a polynomial with integer coefficients and of degree n > 1. 
Suppose f(x) = 0 has n real roots in the interval (0,1), not all equal. If a is 
the leading coefficient of f(x), prove that 


ja] > 2" +1. 


110. Show that the equation 


Gy 2 w 
—~+=-+—+—=m, 
y 2 w & 


has no solutions in positive reals for m = 2, 3. 
111. Solve the system of equations 


42? 4a? 4a? 
CS => ———_ LoS 
(ae Pe ae 1 +4 4e2’ 


for real numbers 2, y, z. 


112. Suppose a,b are nonzero real numbers and that all the roots of the real 
polynomial 


ax” — ax”! + dn_ov 7 +++ + ann? — n2br +b =0 
are real and positive. Prove that all the roots are in fact equal. 


113. Find all triples (a, b,c) of positive integers such that the product of any 
two leaves the remainder 1 when divided by the third number. 


114. (CRUX, 2000) Show that a triangle is equilateral if and only if 


a* +b*+c4 


acos(3 — y) + bcos(y — a) + ccos(a — 8) = ee 


>) 


where a,b,c are the sides and a, 3,7 are the angles opposite to the sides a, b,c 
respectively. 


115. ((7]) Find all positive solutions of the system 


1 iI 1 1 
vy +— =4,42 + — =1,... ,X1999 + = 4,22000 + — =1. 
x2 £3 £2000 Ly 


116. Find all positive solutions of the system 


e+ytzez = 1, 
ety+2oayez = attytt+e2tt1. 


117. (Bulgaria, 2001) Let a,b be positive integers such that each equation 
(a+b-—2)?=a-b, (ab+1—z2z)? =ab-1 


has two distinct real roots. Suppose the bigger of these roots are the same. 
Show that the smaller roots are also the same. 


118. (Short-list, IMO-1989) Suppose the polynomial 
P(@) =a" +n"! tage”? +--+ +a 
has real roots @1,@2,Q3,...,Qn. If 
at® +af6 +..-4+q)6 =n. 


Find @1,02,03,..-;Qn.- 


119. (IMO, 1972) Find all the solutions of the following system of inequalities: 


(7) (xt = 1305) @e = 1305) < 0, 
(it) (5 — £421) (ae _ @421) <0; 
(iit) (a3 - r522) (ay _ 1522) < 0, 
(iv) (ci _ r123) (az _ 1103) < 0, 
(v) (ee _ r204) (ei; _ r204) < 0. 


120. (Short-list, IMO-1993) Solve the following system of equations, when a 
is a real number such that |a| > 1: 


rj = axatl, 
re = ar3+1, 
2 
X99 = 42X1000 + 1, 
2 
Ligon9 = ax+1. 


121. (Indian Team Selection,1999) Let a1,a2,a3,...,@, be n positive integers 
such that }7_, a; = []{_, a. Let V;, denote this common value. Show that 
Vn >n+s, where s is the least positive integer such that 2° — 5s > n. 


122. Let 21,22,23,.--;2n be m complex numbers such that i |z;| = 1. Prove 
that there exists a subset S' of the set { 21 ,22,23)- : ier such that 


ba 


1 
a 
zES 


123. ((1]) Let (a1,a2,a3,...,an) and (b1,b2,b3,.-.,bn) be two sequences of real 
numbers which are not proportional. Let (x1 ,©2,X3,-- Des) be another sequence 
of real numbers such that 


Prove that 


n bie a2 
2 anes, 
at” (Ss) (Dhak) - (Ehaes) 


When does equality hold? 


124. ([1]) Let (a1,a2,a3,...,¢n) and (b1,b2,b3,...,bn) be two sequences of real 
numbers such that 


bf =b5 — +s — 02 > 0 ora? — a5 —- — a2 > 0. 
Prove that 
2 
(aj — a3 —--- — a2) (b} — b3 —--» — be) < (a1b) — agb2 — +++ — Gnd)’, 


and show that equality holds if and only if a; = Abj;, 1 < 7 < n, for some real 
constant 2. 


125. ({1]) Let x1,72,73,...,0 be n positive real numbers. Prove that 


U3 . 
y : <n, 
j=l 2aj7 4+ Uj41 ++++ + 2j4n-2 


where @n4% = Xp. 


126. ((1]) Let 21,72,43,...,0n be n > 2 positive real numbers and k be a fixed 
integer such that 1 << k <n. Show that 


a Uy + 22g +++ + 20,1424 = 2n(k — 1) 
Ue t+ epgi tet Un ~n-k4+l1 


cyclic 


127. ((1]) Let z and € be two complex numbers such that |z| <r, |€| <r and 
z # €. Show that for any natural number n, the inequality 


= €" 
z—§ 


(n L)pre| a — E| 


< a” 
holds. 


128. For any three vectors, x = (21,22,23,. . eee y= (y1,Y2,43,- , we and 
ZS (21,22,23). : ea) in R”, prove that 


[lal] + lal + [ell — lle + yl] — ly + 2] — lle + el] + lla t+ y+ 2|| 2 0. 


129. Let A; A2A3---An41 be a polygon with centre O, in which A, = Ay4+1 is 
fixed and the remaining A,’s vary on the circle. Show that the area and the 
perimeter of the polygon are the largest when the polygon is regular. 


130. ({1]) A sequence (a,,) is said to be convex if an — 2an41 + Gn42 > 0 for 
alln > 1. Let a1,a2,a3,...,dan41 be a convex sequence. Show that 


a, 4 a3 t a5 bree QA2n4+1 S ag +d4+ 46 +°': + Aan 


— 9 


n+1 n 


and equality holds if and only if a1 ,a@2,a3,...,@an41 is an arithmetic progression. 


131. Suppose a1,a2,43,...,@n, are n positive real numbers. For each k, define 
Le = Geri + Onset --+ + apsn-1 — (n— 2)ag, 


where a; = a;—-n for 7 > n. Suppose rz > 0 for 1 < k <n. Prove that 
nm nm 
Te2 [17 
k=1 k=1 


Show that for n = 3 the inequality is still true without the non-negativity of 
x;,’s, but for n > 3 these conditions are essential. 


132. Let a,c be positive reals and b be a complex number such that 
f(z) =alz|? + 2 Re(bz) +c > 0, 
for all complex numbers z, where Re(z) denotes the real part of z. Prove that 
|b? < ac, 


and 
f(z) < (a+e)(1 + |z|’). 
Show that |b|? = ac only if f(z) = 0 for some z € C. 


133. (IMO, 2003) Suppose 11 <a2<a3<...<a, be n real numbers. Show that 


Prove also that equality holds if and only if the sequence (x;) is in arithmetic 
progression. 


134. (Short-list, IMO-2002) Suppose (a,,) is an infinite sequence of real num- 
bers with the properties: 


(i) there is some real constant c such that 0 < a, <c, for all n > 1; 


1 
(ii) la; — ax| > 7A for all j,k with j Ak. 


g+ 
Prove that c > 1. 


135. Let ABC be a right-angle triangle with medians m,, mp, M-. Let A’ B/C’ 
denote the triangle whose sides are mag, Mp, Mc. If R and R’ denote respectively 


the circum-radii of ABC and A’B’C’, prove that R’ > PR. 


136. Let ABC be an equilateral triangle and D, E, F' be arbitrary points on 
the segments BC, CA, AB respectively. Prove that 


1 1 1 
DEE. Hoon t CED] * ae} S 


(Here [XY Z] denotes the area of the triangle XY Z.) 


137. Let the diagonals of a convex quadrilateral ABCD meet in P. Prove that 


V[APB] + V[CPD] < V[ABCD], 
where as usual square-bracket denotes the area. 


138. Let AD be the median from A on to BC of a triangle ABC; let r, 11, re 
denote the in-radii of triangles ABC, ABD, ADC respectively. Prove that 


Pas Ms og by 2 
TT) #2 r BC) 


139. (Japan, 2005) Let a,b,c be positive reals such that a+ b+ c= 1. Prove 
that 


a(1 +b ane | b(1 tC ae | e(1 +a— ») <1. 
140. Show that in a triangle ABC, 
(ami + b?m? + cm?) (@ +0 + ) > 16m2mim?2, 


where ma, Mp, M- denote the medians on to the sides BC, CA, AB from A, B,C 
respectively. 


141. Let 71,72,73,...,0, be n positive reals which add up to 1. Find the 


minimum value of 
nm 


a oe 
j=l Lt Yegej Bh 


142. (IMO, 1974) Find all possible values of 


a b 4 c d 
atb+d + atb+tc b+cetd atet+d’ 


when a, b,c,d vary over positive reals. 
143. Let (F;,) be the Fibonacci sequence defined by 
F, = Fy = 1, Fnt2 = FratitFfh, for n > ls: 
Prove that 
en 
rae 23 * 
for alln > 1. 
144. ([7]) Let P(x) = x” + ap_ix"~' +--+ + ag be a polynomial with real 
coefficients such that |P(0)| = P(1). Suppose all the roots of P(#) = 0 are 
real and lie in the interval (0,1). Prove that the product of the roots does not 


exceed 1/2”. 


145. If x,y are real numbers such that 


Qa + y + /8a? + 4ry + 32y2 = 34 3V2, 
prove that x?y < 1. 


146. (South Africa) If a, 8, y are the angles of a triangle whose circum-radius 
is R and in-radius r, prove that 


a-B or 
cos” — 25: 
147. (IMO, 1991) Let I be the in-centre of a triangle ABC. Suppose the 


internal bisectors of angles A, B,C meet the opposite sides at A’, B’ and C’. 


Prove that 
1 AI-BI-CI & 8 


AA’. BB'.CC’ ~ 27° 


148. (Proposed for IMO-1991) Determine the maximum value of 


So ajee (a +24), 
j<k 


over all n-tuples (x1,%2,%3,...,0n) of reals such that 7; > 0 forl<j<n. 


149. If a, 6, y are the angles of a triangle, prove that 


3 S- cosa > 2 S- sina sin §. 


cyclic cyclic 
150. (Indian Team Selection, 1994) Let 21,02,23,...,2~ be positive real num- 
bers. Prove that 
N 
Seen 2 (oa). 
j=l j=l 


151. (Indian Team Selection, 2000) Let aj<ag<a3<---<a, be n real numbers 
with the property 4 a; = 0. Prove that 


n 
NAL An ) as <0. 
j=l 


152. (Indian Team Selection, 1997) Suppose a,b,c are positive real numbers. 


Prove that 
1 1 1 3 


> 
ab) Bde) ea Pe) — Tabs 


153. Let x,y,z be positive real numbers such that x? + y? + 27 = 2. Prove 


that 
rtytz2<2+ xyz. 


Find conditions under which equality holds. 


154. (Wolschaum County Problem book) Let 0 < 2, <a2<a3<---<a, be such 
that 354 x; = 1, where n > 2 is an integer. If 2, < 2/3, prove that there 
exists a k such that 1< k <n and 


1 2 
gS LS 5 


155. (Vietnam, 1996) Let x,y, z be non-negative real numbers such that ay + 
yz + za + xyz = 4. Prove that 


etyte2> cytye+ 2x 


156. (Canada) Let x, y, z be non-negative real numbers such that «+ y+z = 1. 


Prove that 
4 


2p Ae ge oe ae 
CYT YZ+ aS se 


157. Let x,y,z be real numbers and let p,q,r be real numbers in the interval 
(0, 1/2) such that p+ q+r=1. Prove that 


par (a tyt+ z) > ayr (1 = 2r) + yzp(1 = 2p) + zaq(1 = 2q). 
When does equality hold? 


158. (Romania) Let 21,22,%3,...,2, be n real numbers in the interval (0, 1]. 
Prove that 


where p41 = 41. 


159. (IMO, 2005) Suppose «, y, z are positive real numbers such that xyz > 1. 
Prove that the inequality 


ee | y—y2 poz pe 


T > 
x? + y? + 2? (Page arg ceper 


holds. 


160. (Indian Team Selection, 1992) Consider two sequences of positive real 
numbers, a,<a2<a3<---<a, and b;<bo<b3<---<by, such that 


Suppose there exists a k, 1 < k < n, such that b; < a; for 1 < 7 < k and 
b; = a; for 7 > k. Prove that 


n n 
j=l ga 


161. (Bulgaria, 1997) Let a,b,c be positive real numbers such that abc = 1. 
Prove that 


162. (PUTNAM) Let n > 4 and let a1,a2,03,...,a@,, be real numbers such that 
ay +agt++++an 2N, a? nae tae a? >n?. 


Prove that 
max {a1 ,02,43,. i silin > 2. 


163. Let 7) <a%2<a3<---<an41 be n+ 1 positive integers. Prove that 


suk te eee al 

aes 

! 2 
a 

j=l jt] j= 


164. Let a,b,c be three positive real numbers which satisfy abc = 1 and 
a> > 36. Prove that 


2 
zo <a? +b? +c? — ab—be— ca. 


165. ({1]) Let 21,22,23,...,2n be n complex numbers and consider n positive 
real numbers \1,A2,A3,..-,An Which have the property that 5° 1/A; = 1. Prove 


that 
2 n 5 
<del 
j=1 


n 


D4 


j=l 


166. ({1]) Let a,b,c be three distinct real numbers. Prove that 


3min {a,b,c} < Soa- (Se — >> a) 
< Svat (Se ~ Soa)” < 3max {a,b,c}, 
where the sum is cyclically over a, b,c. 
167. Suppose a,b,c are real numbers such that a? + b? + c? = 0. Prove that 
(eH) =(e=e)(e), 
where the sum is cyclically over a, b,c. 


168. Show that for all complex numbers z with real part of z > 1, the following 
inequality holds: 


j2zmtt—1) > |z"||z-—1], for all: n> 1. 


169. Suppose a, b,c are positive real numbers and let 
t=a+b-c, y=b+c-a, z=ct+a-b. 


Prove that 
abc(ay + yz + zz) > xyz(ab + be + ca). 


170. Let a,b,c be positive real numbers. Prove that 


SS > 3 Sregtic ab ; 
b? — = +c2 — Doeyelte a 


cyclic 


171. (CRUX, 2004) Let a1, a2,... ,a@, < 1 be non-negative real numbers sat- 


isfying 
ayy ean tan V3 
n 3 


Prove that 
ay a2 An na 


ri eC Tega Leas 


1—-ajz 1—a3 


172. (USAMO, 2001) Suppose a, b,c are non-negative real numbers such that 
a? +b? +c? + abc = 4. Prove that 


0<ab+bce+ca-— abe < 2. 


173. (CRUX, 2003) Suppose a,b,c are complex numbers such that |a| = |b| = 
\c|. Prove that 

ab 
Goa pe 


be 
Foi ge 


4 S38: 


174. (CRUX, 2001) Suppose x,y, z are non-negative real numbers such that 
x? +y? + 2% =1. Prove that 


@i< Uy le 


cyclic I—ye * 

xv 
b)1< < V2 
(b) “agg 


175. (CRUX, 2004) Let x, y, z be non-negative real numbers satisfying «+ y+ 
z=1. Prove that 


2 2 2 2 
ry + yz + 2x = UU Ue ee ge 


176. (CRUX, 1990) Let a,b,c,d be four positive real numbers such that a + 
b+c+d=2. Prove that 


a? 2 16 
cyclic (a? a ae - 25° 


177. (IMO, 2001) Prove that 


a b c 
t t >1 
Vaz2+8be Vb? +8ca Vc? + 8ab 


for all positive real numbers a, b and c. 


178. Prove that in a triangle ABC, the inequality 


its toc ys tn a OT 
Got ge ee Aa 


holds. 


179. (CRUX, 2002) Prove that in a triangle with angles a, 3, y, the inequality 


Se sina < [a+ Doeosla 8) 


cyclic 


holds. 


180. (KOMAL) If x,y are real numbers such that 2? + y* < 2? + y?, prove 
that 23 + y? < 2. 


181. (CRUX, 2003) Let a,b,c be three positive real numbers. Prove that 
ab a 
eur 
» c(e +a) ~ eS c+a’ 


where the sum is taken cyclically over a, b,c. 


182. Prove that for any real x, and real numbers a, }, 


2 
(sin z + acos x) (sina + bcos x) <1+ (S) : 


183. (PUTNAM, 1988) Let x,y be two real numbers, where y is non-negative 
and y(y +1) < (a +1)?. Prove that y(y— 1) < 2?. 


184. Let x,y,z be positive real numbers. Prove that 


== 2 (Galo ae-ta))" 


185. (Romania, 1997) Let a,b,c be positive real numbers such that abc = 1. 


Show that eT, 
Se 
a® + a3b3 + 56 
where the sum is cyclical. 


186. Let a,b,c be the sides of a triangle and set x = 2(s — a), y = 2(s — b), 
z = 2(s —c), where s denotes the semi-perimeter. Prove that 


abc(ab + be + ca) > xyz(xy + yz + 22). 


187. (AMM) Let aj,a2,03,...,@n (nm > 2) be positive real numbers and let s 
denote their sum. Let 0 < 6 < 1 be a real number. Prove that 


(eH)! om (te) 


k=1 


When does equality hold? 


188. A point D on the segment BC of a triangle ABC is such that the in-radii 
of ABD and ACD are equal, say r;. Similarly define rg and r3. Prove that 


\/s(s — a) figs 


i) 2r) + 22 yr = 
(i) 2ry + 7 r 
(ii) 2(r1 +ro +73) +8 > Na thy the. 


189. (Romania) For n > 4, let a1,a2,43,...,@, be n positive real numbers such 


that 5“ aj = 1. Show that 


j=l 

a eee ee =e Vay + anJay t+ + Vim) 
oe? a a a a aed Q a 6 

@+1° a+l GL ee ee ea 


190. (Belarus) Does there exist an infinite sequence (x,,) of positive real num- 


bers such that 
Tn+2 = Vln+1 — s/Cn, 
for all n > 2. 


191. (Belarus) Let a1,a2,@3,...,@, be n positive real numbers and consider a 
permutation b),b2,b3,...,b, of it. Prove that 


192. Let aj1,a2,a3,...,@, and 61,b2,b3,...,b, be two sequences of positive real 
numbers such that )7_) aj = )04_1 bj =1. Prove that 


n 


2 
ae 
a;+b; ~ 2 


j=l : 


193. Let x, y, z be positive real numbers. Prove that 


yr—a? yg? 2? 


Z+2 u+y y+tz 


> 0. 


194. (Japan, 2003) Find the greatest real value of k such that for every triple 
(a, b,c) of positive real numbers, the inequality 


(a? _ be)” > k(b? = ca) (e? _ ab) 
holds. 


195. (Romania, 2003) Let a, b,c, d be positive real numbers such that abcd = 1. 


Prove that 
l+ab 1+be 1l+cd l+da., 
ia: % ah eae kenge =? 


196. (UK, 2004) Let a,b,c be the sides of a triangle such that a+b+c=1, 
and let n > 2 be a natural number. Prove that 


1/n 1/n 1/n gl/n 
(rae) (mney (ener) red 


197. Let a,b,c,d be positive real numbers. Prove that 


See 
b+2c+d 


cyclic 


198. (Balkan Olympiads, 2005) Let a,b,c be positive real numbers such that 
(a+ b)(b+c)(c +a) =1. Prove that 


ab+be+ca< 


| CO 


199. (Iran, 2005) Let ABC be a right-angled triangle with A = 90°. Let AD 
be the bisector of angle A, and [,be the ex-centre opposite to A. Prove that 


AD 
<v2-1. 
pr, <¥? 


200. Let x,y,z be non-negative real numbers such that «+ y+ z= 1. Prove 
that 


gy? +274 182yz <1. 


201. Let ABC be a triangle with circum-circle [, and G be its centroid. Extend 
AG, BG, CG to meet [ in D, E, F respectively. Prove that 


AG -+BG+CG <GD+GE+GE. 
202. Prove with usual notation that in a triangle ABC, the inequality 
(a+b+c)(ha t+ he the) > 18A. 


203. (Short-list, IMO-2004) Let a, b,c be three positive real numbers such that 
ab+ bc +ca=1. Prove that 


1 1/3 1 1/3 l 1/3 1 
(= +00) + (= +6) + (= +62) < —. 
a b c abc 
204. (IMO, 1974) Let ABC be a triangle. Show that there exists a point D 
on AB such that CD? = AD- BD if and only if Vsin Asin B < sin(C/2). 


205. (Short-list, IMO-2004) Let a1,a2,a3,...,dn be n > 1 positive real numbers. 


For each k, 1 << k <n, let Ay = (a1 +a24+---+a%)/k. Let gn = (a1a2--- Gig et? 
and Gy, = (A; A2---An)!/”. Prove that 


1/n 
n(S) tg abel 


Find the cases of equality. 
206. Let x,y, z be real numbers in the interval [0,1]. Prove that 
3(a7y? + y?2* + 2747) — Qayz(x@+ytz2) <3. 


207. (UK, 1999) Let x, y, z be non-negative real numbers such that «+y+z = 1. 
Prove that 


Tay + yz4+ 24) < 24 9xryz. 


208. (South Africa, 2003-04) Let x,y,z be real numbers in the interval [0, 1]. 
Prove that 


o y z 
+ + S02; 
yz+l zxe+1 aytl 


209. (Greece, 2003) Let a,b,c,d be positive reals such that a? + 6? + 3ab = 
c+d=1. Prove that 


3 3 3 3 
1 1 
nae + b+ +(e+-—] +[(d+-— 5) > 40. 
a b c d 


210. Let x,y, z be positive real numbers such that x+y+z = xyz. Prove that 
1 1 1 3 
+ t <n. 
Vita? VJl+y2? vV1l+227 2 


211. Let P be an interior point of a triangle ABC’ whose sides are a,b,c. Let 
R, = PA, Ro = PB, and R3 = PC. Prove that 


(Ri Ro + RoR3 + R3R1)(Ri+ Ro+ Rs) >a? Ri +0? R2+ Rs. 
When does equality hold? 


212. (IMO, 2004) Let t1,t2,t3,...,t, be positive real numbers such that 


: Dae 1 
nm +1>(t ttet--+tn Po +e-+—], 
ti | te i 


where n > 3 is an integer. Show that for each triple (j,k,l) withl<j<k< 
<n, there is a triangle with sides t,, ty, ty. 


213. (Moldova, 2004) Let x,y,z be non-negative real numbers. Prove that 
e+y te >a /yzty Vert 27/ay. 
214. (Romania, 2004) Find all positive real numbers such that 
4(ab + be + ca) -1>@7+4+0+c> 3(a® +b? +c). 


215. Let a,b,c be positive real numbers such that abc = 1. Prove that 


a b Cc 3 
(a+1)(b+1) | (b+ 1)(e+1) ° (c+1)(a+1) st 


216. (CRUX, 2000) Suppose a,b,¢ are positive real numbers such that a? + 
b? +c? = 1. Prove that 
Te Shy aL 2(a? + b3 + c3) 


> : 
@ pt eset abc 


217. (Taiwan, 1999) Let ABC be a triangle with circum-centre O and circum- 
radius R. Suppose the line AO, when extended, meets the circum-circle of 
OBC in D; similarly define EF and F’.. Prove that 


OD-OE-OF > 8R°. 


218. (Proposed for IMO-1998) Let x,y,z be positive real numbers such that 
zyz = 1. Prove that 


foal 3 23 


! : + 
(i+y)1i+z) (1+z)(1+2)  (1+2)(14+y) 


3 
> 
— 4 


219. (Nordic Contest, 2003-04) Let D, E, F be respectively the points of 
contact of the in-circle of a triangle ABC with its sides BC, CA, AB. Prove 
that 

BC CA. AB 
ci > 6. 
FD DE EF 


220. (Short-list, IMO-1990) Let a,b,c,d be non-negative real numbers such 
that ab + be + cd + da = 1. Show that 


a® b? oa BP sah 
btetd atb+c~ 3 


‘et+d+ta dtatb- 

221. (Bulgaria, 1974) Find all real \ for which the inequality 
ri +23 + 23 > A(x1L2 + Laas), 

holds for all real numbers 271, %2, 73. 


222. Let a,b,c be positive real numbers such that abc = 1. Prove that 


a bee 1 1 1 
Boe ae ne St 
b c aia bee 


223. (Indian Team Selection, 2007) Let a,b,c be non-negative reals such that 


a+6b<l1l+c, b+e<l1lt+a, cta<1+b. 


Prove that 
a? +024 < 2abe+1. 


224. (Indian Team Selection, 1997) If a,b,c are non-negative real numbers 
such that a+ b+ c= 1 then show that 


a b és Cc we 
1l+be l+ca 1+ab7~ 10 


225. (Indian Team Selection, 2006) Let ABC be a triangle with sides a, b,c, 
circum-radius R and in-radius r. Prove that 


Ris ( 6402620? J 
2r ~ \ (4a? — (b— c)?) (4b? — (c — a)?) (4c? — (a—b)?) ] 


226. (INMO, 2004) Let R denote the circum-radius of a triangle ABC; a, b, c 
its sides BC, CA, AB; and rq, rp, T¢ its ex-radii opposite A, B, C. If2R< rq, 
prove that 


(i) a>banda>c; 


(ii) 2R > rp and 2R>r,. 


227. (USSR, 1974) Given a square grid S containing 49 points in 7 rows and 7 
columns, a subset T consisting of k points is selected. What is the maximum 
value of & such that no four points of T determine a rectangle R having sides 
parallel to the sides of S? 


228. (Proposed for IMO-1977) Let a,b, c,d be real numbers such that 0 <a < 
b<c<d. Prove that 
a’bectd® > b%cP deat. 


229. (Ukraine, 2001) In a triangle ABC, let AA,, CC; be the bisectors of the 
angles A, C respectively. Let M be point on the segment AC, and I be the 
in-centre of ABC. Draw a line through M, parallel to AA, and let it meet 
CC, in N and BC in Q. Similarly, let the line through M parallel to CC; 
meet AA, in H and AB in P. Let dj, d,, d3 respectively denote the distances 
of H, I, N from the line PQ. Prove that 


d, dy ds 2ab i 2bc " 2ca 
dj dy a2+bce B+ca c+abd 


230. (CRMO, 1996) Let ABC be a triangle and h, be the altitude through 
A. Prove that 
(b+ 0)? > a? +4n2. 


(As usual a,b,c denote the sides BC, C'A, AB respectively.) 


231. (CRMO, 2003) Let a, b, c be three positive real numbers such that 
a+b+c=1. Prove that among the three numbers a— ab, b — bc, c— ca there 
is one which is at most 1/4 and there is one which is at least 2/9. 


232. (CRMO, 2004) Let x and y be positive real numbers such that y? + y < 
x — x3, Prove that 


(a) y<a <1; and 


(b) a? +y? <1. 


233. (CRMO, 2005) Let a,b,c be three positive real numbers such that a + 
b+c=1. Let 


A= min {a® + abe, b° + ab?c, c+ abc" }. 


Prove that the roots of the equation x? + x +4 = 0 are real. 


234. (CRMO, 2006) If a,b,c are three positive real numbers, prove that 


atl +1 eee ae 
b+e eta a+tb~ — 


235. (Hungary, 1990) If d is the largest among the positive numbers a, b,c, d, 
prove that 
a(d—b) + b(d—c) +c(d—a) < a’. 


236. (INMO, 2007) If x, y, z are positive real numbers, prove that 

(a +y +2)? (yz + ze + ay)” < 3(y? +yz+ za + 2x + 27) (x? + ay+y?). 

237. (USAMO, 1974) Suppose a, b,c are positive real numbers. Prove that 
abc > (abc) (ate+9/3, 

238. (Bulgaria, 1988) Find all real p and q for which the equation 


8 2 
x z x? + 4qz° — 3pr + p? =0 
qd 


has four positive roots. 


239. (Russia, 2005) Let aj, a2,a3 be real numbers, each greater than 1. Let 
S' =a, + a2 + a3 and suppose S$ < a5/(a; — 1) for j = 1,2,3. Prove that 
1 1 1 


t t > 1. 
ai +a2 a2+a3° agt+ay 


240. (Macedonia, 2010) Let a, b,c be positive real numbers such that ab+be+ 
ca = 1/3. Prove that 


a = b c . 1 
a*#—be+1 b-—cat+l1 c-—ab+17 atb+ec 


241. (Balkan Olympiads, 2010) Suppose a, b, c are positive real numbers. Prove 
that 


a’b(b—c) | be(c—a) , Pala—bd) , 
a+b  b+e  ec+a ~~ 
242. (Macedonia, 2010) Let a1, a2,a3,...,@n be n > 2 positive real numbers 
such that a, + ag + a3 +-+-+a,n = 1. Prove that 
Sy Has eg 1 
aj+n—2 ~ (n— 1)?" 


jai 


243. (Thailand, 2014) Determine the largest value of k such that the inequality 


(+3) (+2) (+5) = E4245) (54543) 


holds for all positive real numbers a, b,c. 


244. (Macedonia, 2010) Let x1, 22,23,... ,&n, be n > 3 positive real numbers. 
Prove that 
Xx Lu Cea4e Cyv 
103 204 le ste n-121 a n&2Q Sapeet: 

1%3+XQ%4 = LQX4 + UZ3X5 En-1%1, + @ynlQ = CnX2+21%X3 

245. Let a,,a2,43,... ,@2917 be positive real numbers. Prove that 
= a 2017 
2 > Thos 
j=l Qj+1 + aj+42 Sea Qj+1008 1008 


where the indices are taken modulo 2017. 


246. (Russia, 2014) Let a,b,c be three positive real numbers such that ab + 
be + ca = 1. Prove that 


oti tyort ters > avert vo+ vo) 


247. (Macedonia, 2010) Let a,b, c be positive real numbers such that a+b+c = 
3. Prove that . Q : 

a’+2 bP +2 cf +2 Saif 

b+2 e+2 a+2 — 


248. (Russia, 2014) Let a,b, c,d be real numbers such that a?+b? +c? +d? = 4. 
Prove that (2+ a)(2+ b) > ed. 


249. (Belarus, 2014) Find all real X such that 


2 b2 
ots avab 4 Gees he z 


holds for all positive real numbers a, b. 


250. (Russia, 2014) Let a,b, c,d be real numbers having absolute value greater 
than 1 and such that abc + abd + acd + bed +a+b+c+d=0. Prove that 


251. (Belarus, 2014) Show that 


1 1 e 1 
e+yt1 (#+1)(yt1) ~ 11’ 


for all positive real numbers 2, y. 


252. (Kazaksthan, 2008) Let a,b,c be three positive real numbers such that 
abc = 1. Prove that 


1 1 1 


3 
b(a + b) - c(b+c) | a(c+a) < 2° 


253. (Belarus, 2014) Let a, b,c be positive real numbers such that a+b+c = 1. 
Prove that 
a? fe b? 5s e eS 9 
(b+c)3 (c+a)®> (a+b)? ~ 8 


254. (Belarus, 2014) Suppose a, b,c are positive reals such that ab+bc+ ca > 
a+6+c. Prove that 


(a+b+c)(ab + be + ca) + 8abc > 4(ab + be + ca). 


255. (Kazaksthan, 2008) Let a,b,c,d be four real numbers such that a+ b+ 
c+d=0. Prove that 


(ab + ac + ad + be + bd + cd)? + 12 > 6(abe + abd + acd + bed). 


256. (Vietnam, 2014) Consider the expression 


ryt 23 yrzta3 gry 


~ Gy 2 AGP eet 


Find the maximum value of P when 2, y, z vary over the set of all positive real 
numbers. 


257. (Ukraine, 2014) Let a,b,c be the sides of an acute-angled triangle. Prove 
that 


Jae+e—82+/P4+28—-a+Ve2+a2—-BR< \/3(ab + be + ca). 
258. (Ukraine, 2014) Let x1, 22, 23,... ,@n be Positive real numbers such that 
£1 XQU3°++ Ln = 1. Let S= af +a34+234+---+23. Prove that 


1 2 ; v3 ee tn 24. 
S—ai+a} S—«#4+23 


T T l a 
S— 2} + 23 8 ae es 


259. (Ireland, 2014) Let a1,a2,a43,...,@, be n(> 1) positive real numbers 


a2 
whose sum is 1. Define by = —-# Sea 1<k<n. Prove that 


ery 


260. (Bulgaria, 2014) Suppose a, b,c, d are positive real numbers. Prove that 


3 a* a+b+ct+d 


> 
a? + a2b+ ab? + B38 — 4 


cyclic 


261. (Turkey, 2014) Let a,b,c be non-negative real numbers satisfying a? + 
b? + c? = 1. Prove that 


Vatb+Vb+c+ Veta > d5abc +2. 


262. (Turkey, 2014) Let x, y, z be positive real numbers such that 7?+y?+2? < 
x+y+z. Prove that 


rt+3  y2+3 2743 
{ > 6. 
ek ye 26 


e+ 


263. (Belarus, 2010) For any three positive real numbers a, b,c, prove that 
a? b? 3a+2b—c 
as > 
a+b b+c™7 4 


264. (APMO, 2003) Let a,b,c be the sides of a triangle with perimeter equal 
to 1. Prove that 


Vi+B+ (Prat Vere cit 2, 


265. (Tajikisthan, 2014) Let a,b,c be the sides of a triangle. Prove that 


Va? +ab+b2+ Ve +be+2+4+ V2 +ca+a? 
< \/5(a? + b? + c2) + 4(ab + bc + ca). 


266. (Tajikisthan, 2014) Suppose a,b,c are non-negative real numbers such 
that a® + b° + c? + abc = 4. Prove that 


ab+bc+ Ca < 3. 


267. (JBMO, 2014) Let a,b,c be positive real numbers such that abc = 1. 
Prove that 


pe i \7 PY 
(0+5) +(o+2) +(c+2) S30 bee 


I 
i 


268. (Tajikisthan, 2014) Let a,b,c be positive real numbers with abc 
Prove that 
a b Cc 3 
> 


asa)? a@eiy Ney 2 


269. (Estonia, 2014) Let a,b,c be positive real number such that abc = 1. 


Prove that 
1 1 1 


1 + q@2014 | 1 + 02014 + 1+ (2014 > 1. 


270. (CRUX, 2000) For positive real numbers a, b,c, prove the inequality 


begs 1 1 4. 1 & 9 
a bc l+a’1+6)0 1+e/] 7 1+abe’ 


271. ([10]) Let x, y, z be positive real numbers such that «+ y+ z= 3. Prove 
that 


Vat //yt+Vz2>xcytyzt 22. 


272. ({10]) Let a,b,c be positive real numbers. Prove that 
9abe 2 ab? be” ca? eo a? +b? +c? 
2(at+b+c)7~ a+b b+e c+a7~ 2 


273. ({10]) For positive real numbers a, b,c, prove that 


abc 1 
(1+ a)(a+ b)(b+c)(c+ 16) s 81° 


274. ([10]) Let a, b, c, d be positive real numbers such that a+ b+c+d= 


4. Prove that 
1 1 4: 1 ; 1 > 9 
a+1) B41 @4+1° d4+1 7 


275. Let a, b, c be the sides of a triangle. Prove that inequality 
64(s — a)(s — b)(s —c) < (a+ b)(b+ c)(c+a), 


where s = (a+b+c)/2 is the semi-perimeter of the triangle. 


276. (Estonia, 2014) Let a,b,c be positive real numbers. Prove that 


1 b 14+6 1 
Ba pe Te Var +24 VR +24 VE +2. 
Cc a 


277. (Estonia, 2014) Let I Be the incentre of a triangle ABC. Let Ra, Rp, Ro 
be respectively the circum-radii of triangles BCI,CAI,ABI. If R is the 
circum-radius of AABC, prove that 


Rat+Rpt+Ro < 3R. 


278. (Estonia, 2014) Let a, b, c be positive real numbers such that a+b+c = 1. 
Prove that 
a’ ae b? o Ce ze: 1 
B+cAt+1 B8+att+1 a +b4417° 5 


279. (Balkan Olympiads, 2014) Let x, y, z be three positive real numbers such 
that xy + yz + zx = 3xyz. Prove that 


gy t+y?2 + 222 > Uet+ytz)—3. 


280. (Janous inequality) Let a,b,c and x,y,z be two sets of positive real 
numbers. Prove that 


ae (b+c)4 Z (c+a)4 : (a+b) > \/3(ab + bc + ca). 


ytZz 22 c+y 


281. Let x,y,z be positive real numbers such that xy + yz + zz = 1. Prove 


that 
x y z < 3v3 
ee+1  y2+1 22417 4 


282. Suppose x,y, z are positive real numbers such that « + y+ z= 1. Prove 


that ; ‘ / 
(1+:) (1++) (1+2) > 64, 
x y Zz 


283. Let x,y,z be positive real numbers such that «+ y+ z= 1. Prove that 
1 1 1 27 
< 


| 
T 


1— xy Tagert De 
284. Let x,y,z be positive real numbers such that «+ y+ z= 1. Show that 


z—axy 
x2 +ayty? 


v— yz Y— 2x 


| 


y2>+yzt22 * 2+zn4+n2 = 


285. ([10]) Let a,b,c be positive real numbers define 


2 2 
u=a+t+b+ce, 


=ab+bc+ca, w=abc, 


where v > 0. Then 
(u—v)2(u+ 2v) 


Bi Ss 
(u + v)*(u 2v) Cpe 
27 a 27 


286. ((10]) Let a,b,c be positive real numbers. Prove that 


at +b4+c4> abc(at+b+c). 


287. Let a,b,c be real numbers such that a? + b? + c? = 9. Prove that 
2(a+b+c) —abc < 10. 


288. (Serbia, 2008) Let a,b,c be positive real numbers such that a+b+c= 1. 
Prove that 


a) 


a? +b? +c? + 3abe > 


289. (China, 2004) Determine the maximum value of \ such that 
at+tb+c>xX 
for all positive reals a, b,c with aVbc + b/e+ c/a > 1. 


290. (China, 2004) If a,b,c are real numbers such that a + b+ c = 1, prove 
that 
10(a? + 6? +.c°) —9(a® +0° +.e°) > 1. 


291. (IMO, 2004) Suppose a1, a2,a3,... ,@, are n positive real numbers such 
that 


re 1 
(a1 +2 +03 +--+ +an) vt Sy <n +1. 
at a2 a3 an 


Show that for any three distinct numbers j,k,/ the numbers aj, a,, a; form the 
sides of a triangle. 


292. (Colombia, 2013) Let a,b,c be positive real numbers. Prove that 


8 
24abe < la’ + b+ —(a+b4 c)>| < 9 (4 tb+c)°. 


Show further that equality holds in both the inequalities if and only ifa = b =c. 


293. (Czech and Slovak, 2013) Two circles T'1, [2 with respective centre $1, S92 

and radii r1, r2 are externally tangent to each other and lie in a square ABCD 

of side a units so that [Ty touches DC, DA while Tz touches CD, CB. Prove 

that the area of at least one of the triangles AS, S_ and BS}S5 is no more than 
2 


3 . 
ige units. 


294. (Czech and Slovak, 2013) Find all \ > 0 such that the inequality 


Va? + Ab? + /b? + Aa? > a +b+ (A—1)Vab 


holds for all positive real numbers a and b. 


295. (Netherlands, 2013) Let a, b,c be positive real numbers such that abc = 1. 
Prove that 


a+b+c> y/ pla +2104 2)(c+2). 


296. (Belarus, 2013) Let 71, 72,73,... ,%n be n > 3 positive real numbers such 
that 11%9%3--+®p, = 1. Prove that 


n 
q q ae 
j=l U5 (25 + 2541) 2 


where @n41 = 21. 


297. (Belarus, 2013) Let a, b,c be positive real number such that -. + oa + 4 = 
1. Prove that 
a+b +e +abtbe+ca-3 a b 


ese 
5 —b @ -&. 


298. (Turkey, 2012) Show that for all positive real numbers «, y, z, the inequal- 


ity 
x(2e—y) | y(2y-2) | 222-2) 


T T > 1. 
y(2z+ 2) * 2244) * 2Qy+2) - 
299. (Turkey, 2012) Suppose 
z(xz + yzt+y) 
aoe < kK, 
Yy + 2 + 


for all real numbers x,y,z € (—2,2) with 2? + y? + 22+ xyz = 4. Find the 
smallest value of Kk. 


300. (Turkey, 2012) Suppose a,b,c are positive real numbers such that a? + 
B34 3 = at +b4++ c+. Prove that 
a ; b Cc 
a2 +643 f2+c3+as — 


"2+ 8443 | 
301. (Turkey, 2013) Let a,b,c be positive real numbers such that a+b+c¢ = 1. 
Prove that 
a*+5b4 bt +. 5c*# = c*# +. 5a# 
>1 b+b : 
a(a + 2b) 5 b(b + 2c) ‘a c(c + 2a) ~ C or) 


302. (USAMO, 1998) Let ao, a1,@2,...,@n be real numbers in the interval 
(0, x) such that 


T 7 T 7 
tan (a9 ~ 7) tan (a: — 7) tan (a2 — 7) ---tan (an — 4) >n-1. 


Prove that 


tan(ao) tan(a;) tan(ag)---tan(a,) > nt’. 


303. (Iran, 1996) Let x,y,z be positive real numbers. Prove that 


(ay tye 20) (- ! | d ! Jeg 


aty)? (y+2)?  (2+a)? 


304. Suppose a,b,c are positive real numbers such that abc = 1. Prove that 


cyclic 
305. Let a,b,c be non-negative real numbers. Prove that 
4(a? +b? + c*) + l5abe > (a+b+0)°. 

306. Let a,b,c be positive real numbers such that a+ 6+c= 1. Prove that 


1 1 1 3 
| } < 5 
at+b+e b4+e+a c+at+b7 atbt+e 


307. Let a,b,c be positive reals. Prove that 


1 


5 
pietbte) ‘ 


a*(b+c)+04(c+a)+c(a+b) < 


308. Suppose a,b,c are positive reals such that ab + bc + ca = 1. Prove that 


ee ere 1 


- > 
a+b b+ce c+ta atb+c7— 


309. Let a,b,c be positive real numbers such that ab+bc+ ca = 1. Prove that 


Lathe Tire « deere? 2:5 
(a+b)? ° (b4+c)? © (eta)? ~ 2 


310. [10] Let a,b,c,d be non-negative real numbers. Prove that 
Ga he fa 4 abe SC Oe ECAP CE. 
311. (Kvant, 1988) Let a,b,c be positive real numbers. Prove that 


au bafta gaie, eh E Se Oie Oe, (a+ 1)O+I1)e+r))_ 
a b ec b e¢cioa 1+ abe 


312. (Indian Team Selection, 2017) Let a, b,c be distinct positive real numbers 
such that abc = 1. Prove that 


q® 
S- EE? 15. 


cyclic 


313. (Indian Team Selection, 2010) Let a,b,c be real numbers such that a? + 
b? +c? = 1. Prove that 


a+b+c< 2abe+ V2. 


314. (Japan, 1997) Let a,b,c be positive real numbers. Prove that 


(b+c—a)? 
a? + (b+ c) 


(cta—b)? | (a+b—c)? 53 
b+(c+a)? ) 2&+(at+b)? ~ 5 


315. (Ukraine, 2005) Let a, b,c be positive real numbers such that a+b+c = 1. 
Prove that 


" NE 1+ i 1+y2 i 1>6. 
a b b c Cc a 


Chapter 6 


Solutions to problems 


1. Let a1, @2,... ,@n,An41 be n+ 1 positive real numbers such that a, + a2 + 
+++ + Qn = An41. Prove that 


nm n 
S- 4/4; (Qn41 = a;) < S- On41(n41 _ aj). 
j=l j=l 


Solution: We observe that 


n 
S- An+1 (Gn41 _ a;) 
j=l 


n 
2 > 

NAn+1 = ( ay an 
j=1 


= (n—-Vanys. 


Thus, it is sufficient to prove that 


Y Vai(anta — a3) < a es Ly aed 


However, this follows from the Cauchy-Schwarz inequality: 


Salen —a) 


lI 
M: 
a 

s 
ee 

Q 

3 

t 
| 

& 


IA 
=) 
SG 
iti 
—~ 
Ss 
3 
+ 
me 
| 
=) 
S 
wn” 


V An+1 V(n — 1)an41 


(n — 1) Gn41. 


2. If a,b,c are positive real numbers, prove that 


a a b Cc a 
poe ete Gon - 


Solution: The inequality may be written in an equivalent form: 
2 2 2 
a b Cc Sa 
ca + 2bc — 


ab+2ca bc + 2ab 
Using the Cauchy-Schwarz inequality, we have 


2 


Vab + 2ca 


(a+b+c)? = 


a 
oD Vab + 2ca 


cyclic 


2 

a 
—— b+2 
ab + 2ca d (a ee) 


cyclic cyclic 


IA 


It follows that 5 


S a ss (a+b+c)? 
ab + 2ca ~ 3(ab+be+ ca)’ 


cyclic 


Thus, it is sufficient to prove that 
(a+b+c)*? > 3(ab+be + ca). 


Equivalently, we need to prove that a?+b?+c? > ab+bc+ca, which is clear from 
the Cauchy-Schwarz inequality. (Or one can use (a—b)?+(b—c)?+(c—a)? > 0.) 
|_| 


3. Let a,b,c be positive real numbers such that abe <a+b+c. Prove that 
a? +b? +0 > V3(abc). 


Solution: We observe that 


3(a? + b? 4 c’) = 2(ab+be+ca—a? —b? —c’) <0. 


Thus, we get 
3(a? +67 +4 e) > (a +b+ c)” > (abc)”. 


On the other hand, we also have 
a+bt+ce> 3(abe)*"”, 
as a consequence of the AM-GM inequality. This gives 
(a? +07 4 <7)" > 27(abc)”. 
Multiplying these inequalities, we get 
9(abe)* < (a? +07 4 cae 


Taking the fourth-root, we get the desired inequality. = 


A. For any positive real numbers a, b,c, prove that 


2 2 2 27 


b(a + b) | c(b +c) | a(c+a) < (a+b+c)? 


Solution: Taking A = Wabc and B = ¥/(a+ b)(b+c)(c +a), we have 


2 a 2 BP 2 . 6 
b(a+b) c(b+c) a(c+a)~ AB’ 


by the AM-GM inequality. However, the AM-GM inequality also gives 


yg amon pe 2latbte) 
~ 3 = 3 
Thus 
6 27 


5. Let a,b,c be three sides of a triangle such that a+b+c= 2. Prove that 


1 
1 <ab+ be + ca— abe <1 + 5. 


Solution: We have 


(l-—a)\(1-—b6)(1-—c) = 1-(a+b+c) + (ab+ be + ca) — abc 
—1+ (ab+ be + ca) — abe. 


Thus it is sufficient to prove that 


But, this is a consequence of the AM-GM inequality: observe a < b+c=2-a 
so that 1—a> 0, and similarly 1-b>0,1—c>0; 


| | Cc 3 
a-aa-a-9< (7 wet )=# 


6. If a,b,c be positive real numbers such that a+ b+ c= 1, prove that 


Vab+c+Vbe+a+ Vea+b> 1+ Vab+ Vbe+ Vea. 


Solution: First we observe that ab +c > Vab+c. In fact, this is equivalent 
toc > ce + 2cVab, which is equivalent to 1—¢ > 2Vab, since c > 0. Using 
1—c=a+b, we get a+b > 2vVab. Similarly, we derive Voc + a > Vbe +a, 
Vca+b> /ca+b. Thus it follows 


Vab+c+Vbce+at+Veatb > Vab+vVbe+ Veatatbte 


= 14 Vab+Vbe+ Vea. 
|_| 
7. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that 
1+ab  1+be _l+ed l+da., 
i+a “+b +e 1+a-~ 
Solution: Using cd = 1/ab and da = 1/bc, the inequality to be proved is 
1 1 1 1 
1+ ab 1+6 > 4, 
ne rest ares} +! Rees, arcal = 
But, 
1 1 - 4 
lta abl+c) > 1+a+ab+abce 
1 1 4 
p ee 
1+6b  bce(1+d) ~ 14+b+b6c+ bcd 
Thus 
3 1 + ab = 4(1 7 ab) A(1 + bc) 
ere l+a ~ l1+a+ab+abe 1+6+6c+ bcd 
7 A(1 + ab) 4a(1 + bc) 
~ L+at+abtabe a+ab+abc+ abcd 
_ A(1 + ab) da(1 + bc) 
~ 1L+atabtabe 1+a+ab+abc 
Sted, 
|_| 


8. If a,b, c,d are positive real numbers, prove that 


(ae = (ae 
4 ~ 4 : 


Solution: Using the AM-GM inequality, we have 
abc + abd + acd + bed 


4 
1 fab(e+d)  cd(a+b) 

~ sf fe ap \ 

< ieee , a eo 
2 8 8 

— (a+b) (e+d) (a+b+ce+d) 

ae ny aa 4 
at+tb+ct+d\* 

Sar a: 


This shows that 
ee < atbte+d | jee 
4 a 4 ze 4 2 


where we have used the root-mean-square inequality in the last step. | 


9. Let a,b,c be the sides of a triangle such that a+b+c= 2. Prove that 
a? +b? +c? + 2abe < 2. 


Solution: Note that s = (a+b+c)/2=1. Using s—a > 0, it follows that 
a< 1. Similarly, b< 1 andc< 1. We have 


a+b? +c? +2abe = (a+b+c)? — 2(ab+be+ ca) + 2abe 

= 2(2-(ab+be+ca) + abc). 

Thus, we have to prove that 
2 — (ab + bc+ ca) + abe <1. 
Equivalently, 
1—(a+b+c)+ (ab+ be + ca) — abc > 0. 

But this is precisely (1 — a)(1 — 6)(1—c) > 0, which follows from a < 1,6 <1, 
e<l. 
Alternate Solution: 
We use the transformation a = y+z,b=2z+2,c=a+y. This is possible 
because a, b, c are the sides of a triangle. Then, x, y, z are positive real numbers 
such that x + y+z= 1. The inequality gets transformed to 


s x? + S- ry + S- gy + S- zy? + Qryz <1. 
cyclic cyclic cyclic cyclic 


This reduces to 1 — wyz < 1 after using x+y+z=1. The result follows from 
xyz > 0. | 


10. If a,b,c are positive real numbers such that a? + b? + c? = 1, prove that 


dey 
(G+5+ ) tato+e> a5, 


Cc 


Solution: Using the AM-GM inequality, we have 
1 1 1 9 
> 


ab ¢ a+tb+e 


Thus, it is sufficient to prove that 


arene c> 4V3. 
atbt+ec 


Equivalently, we need to prove 
(a+b+c)? —4V3 (a+b+c)+9>0. 


7 (a+b+c-v3)(a+b+c-3v3) >0. 


However, we have 
atbt+c< V3 Vat+R+2= V3 


Hence a +b+c—3V/3 <0 and the inequality follows. | | 


11. Find all triplets (a, b,c) of positive real numbers which satisfy the system 
of equations: 


I 


a+b+c 6, 
1 1 4 
c 


1 ie 
a b 


abc 


Solution: By the AM-GM inequality, we have 


b 3 
abe < (+) = 8. 


3 
Thus 4 ae 
2 <2 — 
abc 8 2 
On the other hand, 
mn 9 _ 3 
“Gb (6 aes 2 
Thus, 
3021 4 3 
fof i= en 
27a 0b abc ~ 2 


This shows that equality holds in the AM-GM inequality. Hence a = b = ¢, 
giving (a, b,c) = (2, 2,2). | 


12. Let a,b,c be real numbers such that a? + 6? + c? = 1. Prove that 


a b? e fo 3 
14+2be 14+2ca' 14+2ab7 5° 


Solution: Using the AM-GM inequality, we have 2bc < b? +c? = 1-—a? and 
similar bounds hold for 2ca, 2ab. Thus, 
Pe b2 a ae b2 eo 


(oooh. reiea Ieee ee a 


2-02 2-2 
1 1 ul 
as io sels) 


Thus, it is sufficient to prove that 


Tint ot. al ie 1 is 1/3 ety ls 9 
2—a2 ' 2-B 2-22 ~ 2\5 en 
This follows from AM-HM inequality: 
1 1 1 9 9 


} > =o. 
2—a? ee ee eae ee 5 


13. Let a,b,c and a,8,y be positive real numbers such that a+ 6+~7 = 1. 
Prove that 


aa + 6b + 76+ 2y/ (a8 + By +74) (ab + be + ca) <a+b+e. 


Solution: Introduce new variables 


a b Cc 
x= —————_ 
atb+ec y 


a 
atb+e’ a+tbt+e 


The inequality may be written in the form 


ox + By +72 + 2y/ (a6 + By + 70) (2y + yz + 22) <1. 


Observe that x+y+z=1. Using the AM-GM inequality 


ox + By +72 + 2y/ (a8 + By +10) (ay + yz + 22) 
2 2 2 2 2 2 
oe a : +2 oe t (aB + By + ya) + (ey + y2 + 22) 


= Fat B44 


(o@+y+ 2)? =1. 


Nl rR 


14. Prove that for all real numbers a, b, the inequality 


a+ePt+1>a/e+1+bVa2+1 


holds. 


Solution: By the Cauchy-Schwarz inequality, 


(a/b? +1 + ba? +1)” < (a? +b?) (a? +0? +2). 
But it is easy to see that x(x + 2) < (a +1)? for any positive x. Thus 
(a? +b?) (a? +0? +2) < (2 +0? +1)’, 
which gives the desired inequality. = 


15. For a fixed positive integer n, compute the minimum value of the sum 


2 3 n 
wR PRES ties 
>) 
2 3 n 
where £1,%2,%3,... ,%p» are positive real numbers such that 
1 1 1 1 
ete =n 
Vy v2 “3 rn 


Solution: Let S denote the sum to be minimised. Define 


1 1 1 1 ; 
BSS ak ee and wy pl Sssn. 


Then w; > 0, for 1 <j <n, and wy + wg +---+ wy, = 1. Using the weighted 
AM-GM inequality, we obtain 


n 
_ ad 
= > 72} 
j=l 


n 


IT (ei) ” 


j=l 


- (ite) 


j=l 


ql 
IV 


Using the GM-HM inequality, we also get 


It follows that S > H, and equality holds if and only if 7] = v2 =-+-- = 2p. 
1 


1 
Thus the least value of S is H = 14 | free f—, | 
2% 18 n 


16. Let a,b,c,d be positive real numbers such that a+b+c+d< 1. Prove 
that 


a bc od 1 
< ‘ 
a 64abcd 


Solution: We have 


a boc Gs a®cd + b?da + c2ab + d?bc 
b as c u Ge ae = = abcd 
(ab + cd)(ad + bc) 
i abcd , 
Thus, it is sufficient to prove that 
(ab + cd)(ad + bc) < a 


The AM-GM inequality gives 


(atplera <(StPeere)’ ct 


2 ee. 
and 
Keehn << (ected ete)! 
= oro — 
< ! = 
7 7 a 


17. Let a,b,c be positive real numbers, all less than 1, such that a+b+c = 2. 
Prove that 
abe > 8(1 — a)(1— b)(1—c). 


Solution: Introducing new variables x,y,z by x = 1—a, y = 1-6 and 
z = 1-c, we see that x,y,z are positive and x+y+z2= 1. The required 
inequality is 

(1—2)(1—y)(1 — 2) 2 8ayz. 


Equivalently, we have to prove that 
ryt yzt+ 2x > Oxryz. 


This may be written in the form 
1 1 1 
-4+-4->9. 
Goo aye zB 
Since + y+z=1, this follows from the AM-HM inequality. | 


18. Let a,b,c be three positive real numbers. Prove that 


(2a+b+c)? (2b+c+a)? (Q2e+a+b)? Sf 
2a2+(b+c)? 2b2+(c+a)? 2c? + (a+b)? ~~ 


Solution: We introduce 4, and v by 2A = b6+c, 2u=c+aand 2v=a+b. 
Then 
a=ptv—-r, b=v+rA-p, c=Atp-v. 


Thus, we obtain 
2a+b+c=2(ut+v), 2b+ce+a=2vt+A), 2+atb=2(A+p-v). 
The inequality to be proved is: 


2 
A(u + v) oy 
De 2(utv— A)? +42 


cyclic 


However, we observe that 


4(u + v)? 2(u +)? 4(u + v)? 


= < : 
Awty—A)?+4?2  (wtyv—A)? +2)? — (wt+v)? + 2d? 


Here we have used (w+)? < (u+v— d)? +2d?. Using (u+v)? < 2(u? +7), 
we get 


A(p +)? 4 4 _ A(u? +?) 


(atv yP +O 14 (/(u tv) ~ 14+) EE 


Thus, 


2 2 
S- ann ae Ne at ae) 
cyclic 2( (u+u—A “+ 4A eyelet tu +A 


19. Three positive real numbers a, b,c are such that (1+ a)(1+6)(1+c) =8. 
Prove that abc < 1. 


Solution: We know that 1+a>2/a,1+b>2Vband1+c> 2c. Thus, 
we get 
8 = (1+a)(1+b)(1+¢) > 8Vabe. 


It follows that abc < 1. | 


20. If a,b,c are the sides of a triangle, prove that 


a*b(a — b) + b?c(b— c) + Ca(e—a) > 0. 


Solution: Taking s—a=2,s—b=yands—c=z, we see thata=y+<z, 
b=z+aandc=2+y. The inequality is 


ae (y+z)?(z+2)(y—2) > 0. 


cyclic 
Expanding the left hand side, this reduces to 
ry? + yz? + 22° = xyz + ry? z + xyz’. 
Using the Cauchy-Schwarz inequality, we have 


xyz + xyz + xyz? = > (een?) (al /2yz1/?) 


cyclic 
< (a*z + yea + zy) Me (xyz + ryZ? + xyz). 
This implies that 


xyz + ry? z + yz? < ry? + yz? +203. 
This also follows from Muirhead’s inequality, since (2,1,1) ~ (3,0,1). 


21. Let a1, a2,... ,@, be n(> 2) real numbers whose sum is 1. Prove that 


n 
a; n 


> ; 
2-—a;~ 2n-1 


j=1 


Solution: Using the Cauchy-Schwarz inequality, we see that 


n 


os oi x (1+ a2 +++++4n)? _ 1 
2—ay ~~ 0p a3(2 — a) 2-1 


Thus, it is sufficient to prove that 


j=l 


1 se 
2 ae ~ In-1 


This is equivalent to n})_, aj > 1, which follows from the Cauchy-Schwarz 
inequality: 


1 = (a, +a24+-:++4n)? < n(a? +03 +--- +2). 


| 
22. Let a1,a2,... ,@,, be n positive real numbers whose sum is 1. Prove that 
n 2 
as 1 
>} 
= Ay + A541 2 


(Here an41 = 41.) 


Solution: We observe that 


peat i ee 
DS a =, (a - G41) = 0 
jar 9 TOIL Ga 
Thus, we get 
n 2 n 
3 a5 = = O44 
j=1 aj + A541 j=l aj + Qj41 


Hence, if S$ is the required sum, we have 


es eee 2 + a2.) 
— aj + Qj41 
j=l 


(a; + ajy1)” 


Qj + Aj41 


IV 


j=1 
n 
7 2 ( ay + aj41) = 2. 


It follows that S > 1/2. | 


23. Let a,b,c,d be four positive real numbers. Prove that 
1 re 4 “i 9 16 . 100 
a b ec d—~atb+e+d 


Solution: This follows from the Cauchy-Schwarz inequality: 


(1+24+3+4) = (Yer2ve eave + 4s) 


va vb Ve vad 


1 4 9 16 
< SB hea at+b+c+d}. 
a bee d 


1 4 9 16 100 
a b ee d ~a+tb+c4+d 


Thus, it follows that 


| 
24. Let a1, a2,... ,@n be n(> 2) positive real numbers such that a1 +a2+---+ 
ay = 1 and a; < 1/2 for each j, 1 <j <n. Prove that 
n 2 


Yee 
1—2a; ~ n-2 


j=1 


Solution: Since a; < 1/2 for each j, we see that 1 — 2a; > 0, for 1 <j <n. 
Using the Cauchy-Schwarz inequality, we have 


(as) - Syd) 


j=l 


j 
s (Lis, )(De-%) 
j=l j=l 
n a2 
= (n-2) 7 
— | — 2a; 
j=l 
Hence it follows that 
“ 1 
Par 1- re —2 
because of )7'_j aj = 1. a 
25. Let 21, %2,---,2n; Y1;Y2;---;Yn be 2n positive real numbers such that 


pte t +++ ay > LY + Layo +--+ +2nYyn, where n > 2 is an integer. Prove 
that 


ay tagte + an SS FSH t 


Solution: The Cauchy-Schwarz inequality gives 


2 1 | 2 en 
(v1 + 2%2+++++2n)° < et cy ae ets 
n 


The inequality x,y, + reyo +++ + 2nYn < 11 + XQ +++: +2y gives the result. 


| 
26. If 71, 22,... ,X%n are n positive real numbers, prove that 
X11 X2 In 
+ foe < Vn. 
l+ap 1l+a}4+25 l+ap+apt+---+22 un 


Solution: Using the Cauchy-Schwarz inequality, it suffices to prove that 


2 go #2 
2)2 2 Baer et ate 2 Dec. ae 
(1+ 27) (1+ 23 + 23) (1+? +03 +---+ 02) 


But for 7 > 2, we have 


v5 


(1 +22 +22 +--+ +02)’ 


2 
ue 
(lt+afta3+---+a2_,)(lt+ai+e3+---+2%) 
= 1 1 
sae a ais ae gD ae ges be hae 
We also have 
Fi 1 
vy 
ed a 
(1 + 27) (1 + 2?) 
Summing all these, we get 
xt x3 x 
ae ra aa 2 a 7 
(l+07)  (1+2}+23) (l+a2+4+a3+---+ 22) 
1 
<i <1 
7 Tae ag aes 
|_| 
27. If a,b,c are positive real numbers, prove that 
3(a7b + b’c + c7a) (ab? + be* + ca”) > abc(a+b+0)°. 
Solution: Using the Cauchy-Schwarz inequality, we have 
(a°b +b?e+ Ca) (ab? + be? + ca”) 
= (a?Vbe + b?/ca + cv/ab)” 
= abe(a?/? + 03/2 4 eye 
Thus, it is sufficient to prove that 
30/7? ERP + 3/2)? > (a+b+c)’. 
This follows from Holder’s inequality: taking p = 3/2 and q = 3, we obtain 
(atb+c)< sere ee 42/7/78 41418, 
which gives the desired inequality. = 


28. Let P(x) = ax? + ba + c be a quadratic polynomial with non-negative 
coefficients and let a be a positive real number. Prove that 


P(a)P(1/a) > P(1)?. 


Solution: We have 
b 
P(a)P(1/a) = (0? + ba 4 c) ( = c) 
a 
= @4+04c 
1 | 
“BUGb tbe Gel ae 
a a 


a +b? +e + Dab 2be + 200 
(a+tb+ c)? = P(1)?; 


IV 


I 


we have used the AM-GM inequality. 


29. If a,b,c,d,e are positive reals, prove the inequality 


a 5 
Dee 5 


where the sum is taken cyclically over a, b,c, d, e. 


Solution: The inequality is equivalent to 
a? b? om d? e? 5 


| | 
ab + ac 


' be+bd ' cd+ce' de+da' ea+eb~ 2’ 
Using the Cauchy-Schwarz inequality, we see that 
(atb+e+d+e) 


a? b? e d? e? 
< T T 
= (cast ert cd+ce de+da a) 


x (ci-+ 00+ e+ 0d +ed+ce+de+da+ea4 a), 


Thus, we obtain 


a? # b? on a a ee ne (at+b+c+d+e)?2 
ab+ac be+bd' ced+ce de+da ea+eb~ aaa? 
where 


S¢ ab = ab tac+ad+ae+bce+ bd+be+cd+ce+de. 


sym 


Hence, it is sufficient to prove that 


5 
2 
(at+b+c+d+e)°> 30 


This is equivalent to 


2(a?7 +b? +c? +d? +e?) > abt+actad+ae+bce+bd+be+cd+ce+de. 


After multiplying by 2 on both sides, we may write this in the form 


(a — b)? + (a—c)? + (a—d)* + (a—e)? + (b—c)? + (bd)? 
+ (b—e)? + (c—d)? + (c—e)? + (d—e)? > 0. 


Hence the result follows. a 


30. If a,b,c are the sides of an acute-angled triangle, prove that 


S- Va? +b? — 2y/a2 — B2 +2 < ab+be + ca. 


cyclic 


2 


Solution: Let us introduce a?+b?—c? = z, b?+c?—a? = x and c?+a?-0b? = y. 


Then we have 


S- Ja? + b2 — 2r/a2 —b2 + 2 


cyclic 
= Vry+ yz + V20 
= {vm JVyz + fyet Vea 4 Vz + sayh 
= Svat vet vet vet vet yah 
< s{ V@rwMet) + VUFDu+a) + VetaerD} 
~ 5 {V2 DBF + VOaF- 22 + VObE- Dat 
= ab+be+ca. 


31. Let a,b,c be non-negative real numbers such that 


1 1 1 


! ! = 2. 
az+1 c+ 


T Ral T 
Prove that ab + be + ca < 3/2. 


Solution: We have 


GE sie OF ng ay re ee ee 
a+1 B41 e@+1 atl b4+1° e441) 


Using the Cauchy-Schwarz inequality, we observe that 


a? b? Ce 5 3 3 : 
(satecrtaa)( Bie es cee eae a +1) > (a+5+e) , 


Thus, we get 
a? +b? +e? +3 > (a+b+c)?. 


This simplifies to 
ab+be+ca< 


No] ce 


32. Suppose a, b,c are positive real numbers. Prove that 


3(a+b+c) > 8(abe) de = 


When does equality hold? 


Solution: Using the concavity of the function f(x) = x!/? on the interval 
(0,00), we obtain 


1/3 (a +84 3\19 Babe + Btbite? \ V8 
8 (abc) (4) < 9(—“" 3 


= 3(24abe +0 +08 4+ oan xe 
Thus, it is sufficient to prove that 
2abe+ a? +b? +c% <(a+bt+c)’. 
This reduces to 
a7b + b?e+ Ca + ab? + bc? + ca? > 6abc, 
which is a consequence of the AM-GM inequality. Equality holds if and only 


ifa=b=c. 
| 


33. Let c1,c2,C3,-..,€n be n real numbers such that either 0 < c; < 1 for all j 
or cj > 1 for all 7, 1 <j <n. Prove that the inequality 


n 


n 
II 1—p-+pe;) <1-ptplfc 
ra jal 


holds, for any real p with O < p< 1. 


Solution: We use induction on n. The statement is immediate for n = 1. 
Suppose it is true for all 7 < n—1. Since 0 < p < 1 and c; > O imply 
1—p+pce; > 0, the induction hypothesis gives 


[[ G@-ptpc) = Th 1—p+pej) -(1—p+ pen) 
j=l jel 


IA 


Ges) Cae) 


j=1 


The induction step is complete once the inequality 


n-1 n 
(1-p+p]] oj) -(1-p+ pen) <1-pt+pl[c¢ 
j=l 


j=1 


is proved. This is equivalent to 
n—-1 n—-1 
(p—p*) {en + [Lo -1-e [I a} <0 
j=l j=l 
Since p — p? > 0, this is equivalent to 


(Ilo -1)(o-1) 20 


The given conditions on c;’s now imply the result. 


34. Let 11, %2,x%3, 24 be real numbers in the interval (0,1/2]. Prove that 


T1LQU3ZV4 


(1 x)(1 x2)(1 x3)(1 LA) 


ritastae+24 
(1 —2,)4 + (1 — xq)4 + (1 — x3)4 + (1 — 24)" 


Solution: The inequality may be written in the form 
4 
L(t-a) . Lay 
T(i-2;) ~ Ie; 


By symmetry, we may assume that 71 > x2 > 13 > x4. If we set 1 — 2; = y;, 
then y1 < yo < y3 < ys. An easy computation shows that 


Dat (hah)? + (ah = 29)? + 2(eree — oe)” 


II 2; 11 U]QU304 


Thus, it is sufficient to prove that 


(a; _ x)" + (23 _ x)" + 2(a122 _ xga4)” 


T1LQL3ZV4 


(y? — y3)° + (y2 — 92)” + 2(y1y2 — yaya)” 
Yiy2y3y4 , 


= 


Since x1 + #2 < 1, we have x; — x2 > (x} — x3) which may be written in the 
form xy, > X2y2. Suppose p and q are real numbers such that p > q > 1. 
Then it is easy to see that 
1 1 
| i rie Fao 
Pp qd 
holds. Taking p = x71 /a2 and q = y2/y1, we obtain 
Ty v2 Y2 
v2 Ly Y1 Yo 


This may be written as 


2 2 2 2 
PD ee + Y2 
L1XQ Y1Y2 


or equivalently in the form 


(x1 +22)" (yi +42)" 
X12 = Yiyo 


But observe that (a1 _ x2) = (yi _ yo)” and x%3%4 < (1 _ x3) (1 _ x4) = Y3y4- 
Thus we obtain 


(c?- 23)" (wr ta)” (e.- 2)’ 
L{XLQL3ZV4 a XL1X2 L3U4 
= (v1 Tv yo) ; (v1 = yo)” 
a: y1y2 Ysa 
_ (vi= 98)’ 
Yiy2y3ya — 


Similarly, 
2 2 
(e3 — #4)". (ys — v4) 
L1L2X3X4 ~——- YL Y2ysya 
may be obtained. Taking p = 2122/r374 and q = y3ys/yiye, it can be easily 
verified that p > q > 1. We hence also obtain 


2 2 
2(a1 x2 = r304) S 2(yiye2 -- y3y) 
L1LQLXZX4 7 Yry2y3ya 
Combining all these, we get the result. Equality holds if and only if 71 = x2 = 
v3 = %4. | 


35. Let x1,%2,03,...,0, be n real numbers such that 0 < 2; < 1/2. Prove that 
I«/(X) }< Ul (1-a) /(Sa-s)) 
j=l j=l j=l j=l 

Solution: (By Kshipra Bawalkar) Since 0 < x; < 1/2, we have 1/2 < 1—a; < 


1 for, 1<j <n. Thus 0(1—2;), }>2,;, [[ 2; and [[(1 — z;) are all positive. 
The inequality may be written in the form 


Tai Z (Stas) 7 
Tn =7§ Toe anap) 


Let A= (x1 + @g+++++ Gali ne Let x; and x, denote respectively the largest 
and the smallest among 71,72,73,...,0,. We show that 


jas 23 
ff i (1 — 25) 
2 @ytg-++ A+++ (aj) +25 —A)-++ tp 


a (1 —21)(1—a2)---(1— A) +--+ (1-27 —2, + A) +++ (1—2n)’ 


where the right side is obtained by replacing x; and x, respectively by A and 
xv, +2, — A. We need to prove that 


Pies Z A(ai +25 — A) 
(1—a,)(1-a,) ~ (1- A)(l-—a-—2,+ A) 


We first observe that 0 < a; +a, <1. The above inequality simplifies to 
(4 _ A(z + E.) + nes) (1 —2- 5) <0. 
Since 1 — x — x, > 0, this is equivalent to 
yee A(z + its) +20, <0. 


But 
Ae A(x + ay) +22, = (A - 21) (A - 5) <0, 


since x; < A <2x,. Now consider the set 
{s1,02... ,A,... (a1 +25 —A),... tn } 


obtained by replacing «7, 7, respectively by A, (2j+2,;—A). This again satisfies 
the hypothesis of the problem, as 0 < A < 1/2 and 0 < a, +2,—A < 1/2 


(since «, > A and a; < A). Moreover the average of the set does not change 
by this process and it remains A. We may continue this process and after at 
most n — 1 steps all the numbers in the set are equal to A, the average. Thus 
we obtain the inequality 


4 vj AY 
(fata) tar 


However 


(1- A)” (n — nA)" 


It follows that 


Alternate Solution I: 


We give here another solution based on induction on n. We use the classical 
technique of proving the result whenever n is a power of 2 and then fill up the 
remaining gaps by coming back. The case n = 2 is simple. The inequality 
required is 
L1X2 Zz (1 — 21) (1 — 22) 
z= qe 
(a1 + £2) (2-21 — £2) 
Simplification gives the equivalent inequality: 


(v1 = a2)" (1 — 1 x2) = 0. 


Since 7; + v2 <1, the result follows for n = 2. We also observe that equality 
holds if and only if x; = x2. We use the case n = 2 to prove the result for n = 4. 
Consider positive numbers 21, 22,%3,%4 € (0,1/2]. Taking y, = (x1 + x2) /2 
and y2 = (3 + x4) /2, the result for n = 2 gives 


Y1y2 < (1 7 y1) (1 = y2) 
(yi+y2)  (2—m —y)” 


Substituting for y; and ye, this reduces to 
2 2 2 2 
U1 LQL3ZX4 (x1 + 22) (a3 + a4) < T1@Qx304(2 pees) Os Lees 12) (2 — 3 a4) 


Gs ni) es (1-2) 


However, using the result for n = 2, we also have 


(1-21) (122) (1 +22)" 
(1-23) (1-24) (v3 +24)”. 


ees oo) (2 Se x2) 


< 
2 
U3X4 (2 — @%3 w4) = 
Using these on the right side and effecting some cancellations (a1 + 22)° (3 + 
wa)’, we get 


id= vj < Te (1 = xj) 


(Stas) (chia-aa) 


This proves the result for n = 4. Using induction on k, this proves the inequality 
for all n of the form n = 2". 

Take any n and fix k such that 2* < n < 2*+!. Let A be the average of 
these n numbers; A = (x1 +a@g+---+ ey te We consider 2+ numbers 


Cis C503 84 Bag Ay Apes A; 


where A appears 2"+1!—n times in the above sequence. We apply the inequality 
for these 2'++ numbers. (Note that 0 < A < 1/2.) Thus we obtain 


1129+: kp, A2 
os xj + Qe - n)A) 
E (1 — 21)(1— 2) --- (1 —2n) (1 — A) 


= Qk+1° 


(Sas @-25) + @4-n)(1—a)) 


Qkt+1 


akt1_n 


This simplifies to 


€1£2°°"En — (1 — #1) (1-22) --- (1-2) 
ae * Gay 7 


which is the required inequality for n. 


Alternate Solution II: 


Here is another solution using Jensen’s inequality for the convex function 
q y 


fv) = log € = i), 


defined on the interval (0,1/2). Writing f(x) = log(1— x) — log a, it is easy to 
check that 


(iG) Sse os 
l-x « 

1 1 

VI = = et 

Me) = ~qugt ep 

1— 22 

= > 0, 

x?(1— 2?) 


for x € (0,1/2). Hence f is convex on (0,1/2). This implies that 


a (=“em i); Tks (37): 


The exponentiation gives 


(sa?) <G;-) 


Some simplification leads to the required inequality. a 


36. Consider a sequence (a,,) of real numbers satisfying aj% <a; +a. Prove 
that 


t testy: = ) 
oe gee oo 


for all n. 


Solution: We have for any n, 
An Sa; + Gn_-j, 1<j<(n-1). 


Summing over 7, we obtain 
n-1 
(n—1)an < 250 a;. 
j=l 


We prove the given inequality by induction on n. It is obviously true for n = 1. 
Suppose it is true for all k < n. Thus, we have 


by = a, 4 t pt = Gk; 


ak 
k 


for all k < n. Summing these over k, we get 


n-1 n-1 
Db = Dae 
k=1 k=1 
But, we have 
ie, a a a 
2 2 3 
doe =a t+ (at S)+ (a+ S43) 
k=1 
| | | G2 | | Gn—1 
1 1 ay + 2 1 1 et 
This simplifies to 
n-1 
—2 _ —1 
So be = (n 1)ay t 2 a2 + t R a Moy 
2 n—-1 
k=1 
We thus have 
n—2 n—(n-—1) 
(n — 1)ay, + i as ar ee ea 


Adding a; + a2 +--+-+ a, to both sides and simplifying, we get 


n(a S v4 et) tan = (ar bitia het an) + Gn. 


But we note that 2(a1 +ag+:: -+an-1} +n > (n—1)an+an = nay. Dividing 


by n, we get 
a An— a 
apt te tt San. 
n—-1 n 


This completes the induction step and hence the inequality is valid for all n. 
| 


37. For positive real numbers z, y, z, prove the inequality 


SS cae 


a+ V(r +y)(# + 2) 


where the sum is taken cyclically over a, y, z. 


Solution: We observe that 


(@+y)(@+2) > Vayt ve. 


In fact, squaring on both the sides, this reduces to 


x? + yz > Qx,/yz. 


which is immediate from the AM-GM inequality. Thus 


ren 0G) 2s eae 


cyclic cyclic 


| ae 


cyclic 


38. Let x,y be non-negative real numbers such that «+ y = 2. Prove the 
inequality 
(PAP Wy, 


Solution: As a consequence of the AM-GM inequality, we have 


2 
ry < () i be 


Thus, we obtain 0 < zy < 1. We write 
oye (a? +9) = ae (et —my+9) 
= (xy)"(( xu+ y)” ma ay) 
= pee (4 = 3zy). 


Thus we need to prove that 


(xy)°(4 - 3ry) <1 
Putting z = xy, this inequality reduces to 
3 (4 — 32) <1 


for 0 < z <1. We can prove this in different ways. We can put the inequality 
in the form 

324 — 423 +1>0. 
Here the expression on the left hand side factors in to (z — 1)?(3z? + 2z + 1) 
and (327 + 22+ 1) is positive since its discriminant D = —8 < 0. Or applying 
the AM-GM inequality to the positive reals 4 — 3z, z, z, z, we obtain 


4—3z+3z\* 
23(4 — 32) < (—*) a 
| 
39. A convex quadrilateral ABCD is inscribed in a unit circle. Suppose its 


sides satisfy the inequality AB-BC-CD-DA > 4. Prove that the quadrilateral 
is a square. 


Solution: Let AB = a,BC = b,CD = c,DA = d. We are given that 
abcd > 4. Using Ptolemy’s theorem and the fact that each diagonal cannot 
exceed the diameter of the circle, we get ac+ bd = AC- BD < 4. But an 
application of the AM-GM inequality gives 


ac + bd > 2Vabed > 2V/4 = 4. 


We conclude that ac+ bd = 4. This forces AC: BD = 4, giving AC = BD =2. 
Each of AC and BD is thus a diameter. This implies that ABCD is a rectangle. 
Note that 

(ac — bd)” = (ac + bd)? — 4abed < 16 — 16 =0 
and hence ac = bd = 2. Thus we get a = c = fac = V2, and ee 
b=d= V2. It now follows that ABCD isa square. 


40. Let {a1,a2,...,@n} and {bj,b2,... ,bn} be two sets of reals such that 
O0<h<a;< HA and0<m<b; < M for some reals h, H,m, M. Prove that 


is TBD oi (Vw) 


Solution: The first inequality is simply a restatement of the Cauchy-Schwarz 
inequality. Define cy = min {a1, Q2,---, An} and having defined c,,c2,..., 
cj—-1, define 


Ge min { {a1,a2,... stg \ | Cig toy ee: ,ej-ah bs 


for 2<jy <n. Then cq < co < +--+ < cy, and {c1,C2,++. ,Cy } is simply the 
rearrangement of {a1, a2, Sites Oiig't in increasing order. Similarly, we get the 
rearrangement {d1, do jesay d,,} of the elements in {bi, bg,.-- , by, } in decreasing 


order: d; > dz >--- > dy. Using the rearrangement inequality, we have 


SS eids < Day, 
j=l 


We may assume that not all the a;’s are equal and not all the b;’s are equal so 
that cy < cn, and d,, < d,. Hence we obtain 


Cy ay = C1dy, = (ee c) dy + Cy (dy dn) > 0. 


If k > 2, define uz, and vz by 
GQ = URCY + URC, d; = upd; + upd? 
Then uz > 0, vy > O and 


1/2 1/2 
cred = (uxct + URC2) / (upd; + upde,) / > upcidy + vgcndn, 


using the Cauchy-Schwarz inequality. We observe that uz, = 0 for some k 
implies that cy = cpz1 = +++ = Cn, dy = deo = ++: = dy and vz = 1. Similar 
is the case when vz; = 0. If uz > 0 and vg > 0, then cpdy > ugcydy + Upendn.- 


Hence 
(Xei)(L4i") — (Pei + Qeh) (Pai + Qdh) 
(SSejdj)> (Pedy + Qendn)” 


where P=1+ugq+---+Un and Q =v, +o +--:+Un—-1 +1. The expression 
on the right hand side is equal to 


Cyndy = C1dy, é 
1+P 
Q (ee + so | 


Using Pcyd, + Qcendn > 2/PQc1d1Cndn, we obtain 


1< 


Cy dy cidy 
ips: PQ Cyndy = cidn e < cidn o Cn di 
Pod, + Qendn 2 
HM h ; 
V ihm + V HM 
< SP : 
~ 2 
Since }) a4 = 0c, 05 = 0 dj and 
nm n 
di eids S Do ajby, 
j=l j=l 
we get the desired inequality. a 


41. Let f : [0,a] > R be a convex function. Consider n points 21,02,03,...,Un 
in [0,a] such that 9", x; is also in [0,a]. Prove that 


Ysle) < (Yas) + (0). 
j=l j=l 
Solution: Using the convexity of f, we have 


(2% La) nt) lt f(x a2) =e f (0). 


r+ X2 ~ £1 + 22 


Thus it follows that 


Interchanging x1 and x2, we also obtain 


f(z) < f (v1 +22) 4 a f (0). 


U+22 


Ly + XQ 


Adding these two, we get 
f (x1) + f (x2) < f(x + a2) + (0). 


Now we use the induction on n. Suppose the result holds for (n — 1); say 
f (x1) + f(e2) +--+ + f (@n—1) < f (ei + eo + +++ + n-1) + (n—- 2) fF (0), 


for all points 71, 2%2,... ,%n—1 in [0, a] such that their sum is also in [0, a]. Now 
consider any n points 21,22,23,...,2n in (0, a] such that jai x; is also in [0, a]. 
Then 


f (a1) + f (ae) +--+ + f (ena) + f (an) 
< f(ai + @g+++++ fa~i) ae (n — 2) f (0) + f (zn) 
S f(tita2+++++%n-1+ an) + f(0) + (n — 2) f(0) 


= f(a + 2%Qg++++¥n-1 + Zn) aly (n— 1) f (0). 


This completes induction and hence the proof as well. a 


42. For any natural number n, prove 
2n a 
V3n <A". 
n 
Solution: We show by induction that 
2n 
V3n+1< 4". 
n 


For n = 1, the result is obvious. Suppose it holds for all k <n. Then we have 


BELAY Joes aay 2 SOO 20 EE ares 
Gee a) 


n+1 n+1 n 38n+1 
2(2n+1) /3n+4 
n+1 38n+1 


by induction hypothesis. However, we can show that 


9) L 
n+1 /3n oe 
n+1 38n+1 7 


In fact, this statement is equivalent to 


(2n + 1)?(8n + 4) < 4(n + 1)?(3n 4+ 1). 


This further reduces to 
12n? + 28n? + 19n + 4 < 12n? + 28n? + 20n + 4, 


which is true for all natural numbers n. Hence we obtain 


2n+ 2 
@ ) Vater iy Fi <a, 


n+1 
which completes induction. Since V3n < V3n +4 1, we get the required inequal- 
ity. a 


43. Let a, b,c be positive real numbers and let x be a non-negative real number. 
Prove that 
att? 4 pet? + +2 > abe + ab®c + abc’. 


Solution: We observe that 
a®b? + ab? < at? + 57*?, 
This follows easily, by writing the inequality in the form (a® = b”) (a? - b?) > 0. 
Thus we have, 
2(att? + b*t? 4 c7t?) 


_ (ger? prt?) (oe? et) (ct? + att?) 


> (a? pb? + ba") + (b*c? | c*b") | (a? a" c’) 

= +a" (b° + e) + b” (2 + a) +c” (a? + b*) 

> 2(a™be + b*ca + c*ab). 
Hence the result follows. | 
AA. Let (a1, d2,... , Qn), (b1, b2,... , On), and (c1, C2,... , Cn) be three sequences 


of positive real numbers. Prove that 
n n 1/3 n 1/3 n 1/3 
3 3 3 
Mawa<(Dat) (#8) (V4) - 
j=l j=l j=l j=l 
Solution: Using Hoélder’s inequality with exponents p = 3 and q = 3/2, we 


get 
Lob Gj < (de (x (oe)"") 


j=l j=l 
Using the eee inequality, we also get 


n 3? n : 1/2 n : 1/2 
rar (0; C5) <{ 8 se F 
j=l j=l j=l 


Combining these two, we get the desired inequality. a 


45. Prove for any three real numbers a, b, c, the inequality 


3(a? a 1) (0? b 1) (¢ c+1) > (abe)? — abe +1. 


Solution: Consider the function f(a) = 3(a?—a4 1)° (a®+a+1) fora eR. 
Some computation shows that f(1) = 0, f’(1) = 0, f”(1) =0, f’”(1) = 0, but 
f™ (1) £0. Thus (a — 1)* divides f(a) but not any higher power of (a — 1). 
Expanding f(a), we obtain 

f(a) = (a- 1)* (2a? —a+2). 


But the discriminant of 2a? — a+ 2 is —15 and hence 2a? —a+2 > 0 for all 
real a. It follows that 


Sa easel)” Sao ha) 


for all real a. Using the previous problem, we obtain 


3 3 
((2yz)? + (yz) +1) = (2? -y?- 2? +e-y-z41-1-1) 


(2° +29 +1) (yo +9 +1) (2°43 41). 


IA 


Hence we get 
(xyz)? + (xyz) + 1)" < 27(2?7 —a2+ 1)°(y? —yt 1)°(2 Sage 1)°. 
But for arbitrary reals a,b,c, we have 
(abc)? — (abc) +. 1 < |abe|? + |abe| + 1. 
Thus it follows that 


((abe)? — (abc) + 1)° < 27(a? —a+1)(b? —b4+1)(? —c+1). 


46. In a triangle ABC, show that 


1 1 8 


> : 
snA snB~ 34+2cosC 


Find the conditions for equality. 


Solution: The function f(x) = 1/sinz is convex on [0,7]. Jensen’s theorem 


shows that 
1 1 2 2 


T = —= . 
snA  sinB~ sin(4t2) — cos(C/2) 


Thus, it suffices to prove that 


1 Rs 4 
cos(C/2) ~ 3+2cosC 


Using cos C = 2cos?(C/2) — 1, this reduces to 
2 
(2 cos(C/2) — 1) > 0. 


Equality holds here only if cos(C'/2) = 1/2 which is equivalent to C = 120°. 
Equality holds in Jensen’s inequality if and only if A = B. Thus equality holds 
in the inequality only for that triangle with C = 120° and A = B = 30°. | 


47. Consider a real polynomial of the form 

P(a) =a" + Qn" 1 4+---+ aye +1, 
where a; > 0 for 1 < 7 < (n—1). Suppose P(x) = 0 has n real roots. Prove 
that P(2) > 3”. 


Solution: Since the coefficients are all non-negative, we see that P(t) > 1, 
for any t > 0. Thus P(x) = 0 has only negative roots; let these be —a1, —ao, 
. , ~Qy, Where a,’s are all positive. We have 
P(x) = (a@+a1)(a@ + a9)---(a@ + Qn). 
We also observe that 
AA * An = 1. 
Using the AM-GM inequality, we obtain 


240; =14+1+a; >3(a;)”", forl<j<n. 
Hence 


P(2) 


l 


(2 +ay4)(2 +a) aes (2 + Qn) 
1/3 
> 3” (ares vee ain) 
= 53", 
In fact, this may be generalised as follows: for any t > 0, the inequality p(t) > 
(1+t)”. We use the weighted AM-GM inequality. As in the above solution, 


we have 
P(t) = (t+ ar)(t + a2g)--+ (t+ an). 


Consider a general term (¢ + a,). We have 


t By SS 
+ aK FA (£+1) 

> (+ 1)(a,) FY, 
by the weighted AM-GM inequality. Thus 


P(t) > (€+1)"(a1a2+++ an)“ = (£4+1)". 


48. Let a,<ag<a3<...<dp, be n positive integers. Prove that 
2 
(a, +ag+a3+-+-+an) <a +a3+a3+---+a3. 
Solution: We prove this by induction on n. The inequality is clear for n = 1: 


a; > 0 implies that a; > 1 and hence a? < a}. Suppose it holds for all distinct 
positive integers 0 < ay < dg <--- < dy and ayn41 > ay. Then we see that 


Qnt1 21+@n, Ant1 2 Gn-1 +2, --- Ang 2, +7. 


Adding all these inequalities, we get 


n(n+1 
Ndnt1 > (a1 + a2 +++ +n) 4 ( 5 ) 
Thus ; 
n(n + 
(a1 +42 +--+ 4q) <naqyr — MED. 
Hence 


oN 
3 
+ 
a B 
Q 
SS 
ee 
bo 
II lI 
a aS 
Me iM: 
Q a 
wS a. 
aaa + 
+ = 
wo =P 
gS = 
s Say 
+ i) 
fr 
Yar ONS 
Me 
2 
Q. 
Sy 
+ 
Q 
3 
+ 
B 


j=l j=l 
n 
n(n+1 
< Sa} + 2an41 (anes _ ( 5 ') cea 


- S- a’ + (2n + 1a? ,, — n(n + Vans. 


Thus it is sufficient to prove that 


(2n + Lary, — (nt Vang S any) 
<=> (2n4+1)angi—n(n+1)< Ge 
> aha — (2n4+ Langit (ntl) >0 
—=—> (Gn41 — n) (an41 —n- 1) > 0. 


Since a; are integers and 0 < a, < ag <-:: < Gy < G41, it follows that 
a; > 9, for 1 <7 <n+1. Hence any; > n+ 1, and thus 


(Gn41 - n) (Qn41 —-n- 1) > 0. 


49. Consider a sequence @1,02,@3,...,@n of positive real numbers which add 

up to 1, where n > 2 is an integer. Prove that for any positive real numbers 
. n . . 

L1,02,03,.--;Lp with par x; = 1, the inequality 


holds. 


Solution: We have 
n 2 n 
(3) = a +2) > aap. 
j=l j=l j<k 


Thus we have to prove that 


This is equivalent to 


HK 
3 

8 
why 


This follows from the Cauchy-Schwarz inequality: 


= (Ea) 


IA 
—~ 
Me 
— 
|, 
ral 
. 
Ny 
fo oS 
Me 
— 
= 
| 
=) 
Q. 
SF 


lI 

Fee I 

3 

| 

= 

~~" 
Goo os 
le 2 
Km 

| eee a! 
2 
QS 
SS 


50. Let 71, 22,23,24 be four positive real numbers such that 7, x9%37%4 = 1. 
Prove that 


3 3 3 3 : l l 1 1 
U+@g+ 234+ 04 > ming 71 +%Q24+%34 La, + + + ; 
Ly v2 x3 v4 


Solution: Let us put 7}?+23+23+ 2} =A anda; = A- te: Then it is easy 
to check that ; 
A= 3 (a + a2 + a3 + a4). 


Moreover, 
1 43 3 3 
ay = 7 aN > £2%304 = — 
3 1 
Similarly, we get 
1 S 1 1 = 1 1 1 
a 4 a3 2 ; a4 
3 a v2 3 i x3 3 _ v4 


Thus it follows that 


1 1 1 1 1 
A= =(a1 + a2 +43 + a4) > + t + e 
3 U1 2 3 


Using Chebyshev’s inequality, we also have 


re +a3+23+23 s ae +a3+a2+23 1+ %2+%3 4+ %4 
4 = 4 4 


put 2 2 2 2 
e+ +%34+ 14 Sai 
1 2 
by the AM-GM inequality. Thus we also obtain 


A>a+%.+%34+ 24. 


It now follows that 


1 1 1 1 
A> max 42,+%22+2734+ 24, t t t ; 
|| 


51. Let {x} denote the fractional part of a; i.e., {x} = x — [x]. Prove for any 
positive integer n, 


Ses 


Solution: We use induction on n. For n = 1, the result is clear. Suppose 
it holds for some n. We prove its validity for n + 1 also. We observe that 
n<VJ/n?+j<n+1 forl <j <2n. Thus 


{J/netj}=Vne+j-n< Vretj+ Gane -n==. 


Hence 


(n+1)? (n+1)? 
wir = 3 iva SS Avil 
jt j=n?41 
m-1,14., 
= ge tga 23 se 
_ n?—1 1 2n(2n 4+ 1) 
7 2 2n 2 
— (nti1)j?-1 
——o. 
This completes the inductive step and hence the proof as well. a 


52. If a,b,c are positive real numbers, prove that 
a? b? oa 3 


Gite  GroOCre) GENE —4 


Solution: After expanding, the inequality takes the form 
4(a7b +b07?ce+ ca) + 4(ab? 4 Ber ca”) > 3(a + b) (b + c) (c + a). 
This reduces to 
(ab + b+ ca) + (ab? + be? + ca”) > 6abc, 
which is a consequence of the AM-GM inequality. | 
53. Suppose a, b,c are the sides of a triangle. Prove that 


a(b+c—a)+h(c+a—6)+c(a+b—c) < 3abe. 


Solution: Introducing x, y, z by 

b+c-a=22, cta-—b=2y, at+b-—c=2z, 
we geta=y+z,b=z2+2,c=x+y and the inequality takes the form 

2a(y + z)* + Qy(z +x)? + Qe(e@+y)? < 38(@@+y)(y t+ z)(z +2). 
Note that x,y, z are positive. The inequality may be reduced to 
6ryz < xy + yz + 27@4 ry” + y2 + 2x", 

which directly follows from the AM-GM inequality. | 
54. Let x,y, z be positive real numbers such that xyz > cy + yz + zx. Prove 


that 
xyz > 3(at+ytz). 


Solution: We have 


(cy + yz+ za)” — 3ryz(a + y+ z) 
(wy)? + (yz)* + (2x)? — (xy)(yz) — (yz) (zx) — (zx) (ay) 


= 5 flay yz)? + (yz — za)? + (za ry)?}. 


I 


Hence it follows that 
Bayz(z@+y +2) < (cy+yzt+ zm)” < (xyz). 
Since xyz > 0, we obtain 3(a + y + z) < xyz. | 


55. Let b1,b2,b3,...,b, be nm non-negative real numbers and let b denote the 
sum of these numbers. Prove that 


n-1 2 
De bjbj4a SZ 
j=l 


Solution: Let by, denote the largest among 6;’s. Then we have 


n-1 k-1 n-1 
Tdi = Sbsbyar +S babe 
j=l j=l j=k 

k-1 n—-1 


IA 
bg. 
+ 
M 
oS 

¢ 


56. Let a,b, c,d be complex numbers such that ac 4 0. Prove that 


max {|ac|,|ad + bel, |bd| } s -1+¥5 
max {|a|,|o|}{Icl,|d]f ~ = 2 


Solution: Let us take r = b/a, s = d/c and k = (V5—1)/2. Then k? = 1—k 
and 0 < k <1. We have to show that 


max {1, Ir + sl, Irs\} > kmax {1, irl} max {1,|s\. 


We consider several cases. 


Case 1. |r| > 1 and |s| > 1. 


In this case 


max {1, Ir +s], irs|} > |rs| > kIr||s| = kmax {1, irl} max {1, sit. 


Case 2. |r| < 1 and |s| < 1. 
We obtain 


max {1,|r +l, irs|} >1>k= kmax {1, |r|} max {1, is\}. 


Case 3. |r| < 1 and |s| > 1. 
We have to show that 


max {1, Ir + sl, irsi} > k\s|. 


If either |r + s| > kls| or 1 > &ls|, the result follows. Suppose |r + s| < k]s| 
and 1 < k|s|. Then 
eae pes) |= rae rs) ||; 


and hence 
lr| > |s| — Ir + | > |s| — kls| = k?|5}. 


Thus, we obtain 
Irl|s] > KPIs? > kls| 


since k|s| > 1. This shows that 
max {1, lr + sl, Irs|} > ks. 
By symmetry, the result follows in the case |r| > 1 and |s| < 1. a 


57. Let x,y,z be three real numbers in the interval [0,1] such that ryz = 
(1—a2)(1—y)(1—z). Find the least possible value of x(1—z)+y(1—2)+z(1—y). 


Solution: We show that 
3 
x(l—-z)+y1-2)+2(1-y)> re 
If « = 0, we see that either y = 1 or z = 1 and the inequality follows. Similar 


is the case when y = 0 or z = 0. We may hence assume that x > 0, y > 0 and 
z > 0. Now put 


1- 1- 1- 
YG, Lena ee 
x y Zz 


Then abc = 1 and we have to prove 


c 3 
USS wanes 


cyclic 


This is equivalent to 
4{ So at So ad] >3 [1+ So a+ So ab+ade 
cyclic cyclic cyclic cyclic 


This reduces to 


So a+ YS) ab>6. 


cyclic cyclic 
However, we have 
1/3 
at+t+b+e > (abe) = 3, 
2/3 
ab+be+ca > (abe) = 


These two together give 


Si a+ S> ab>6. 


cyclic cyclic 


Equality holds if and only if a = b = c, which is equivalent to x = y = z. a 


58. Let 21,%2,%3,...,£, be non-negative real numbers such that 


n 


1 
Pears <1. 


s=0 


Prove that 21 %9%3---%, > (n— 1)”. 


Solution: Introduce y; = 1/(1+4,;), for 1 < 7 <n. Then we get x; = 
(1 —y;)/yj, 1 < 7 <n. The condition translates to j-1 Ys) < 1 and the 
conclusion we have to derive is 


Using the AM-GM inequality, we get 


Alternate solution: 


We introduce the polynomial 
P(z) = (2+ 1) (z+%2) +++ (z+2n). 


Then 


3 Ty Pe) 
Sita; PO) 
The given condition is P’(1) < P(1). We now write 


P(z) = 2° +012" 1 + 92"? ++++ +09, 


where o’s are elementary symmetric functions in 21,%2,%3,...,2,. Then the 
derivative is given by 


P'(z) = nz"™"1 + (n—1)o12"? + (n — 2)og2" 3 + +++ + on 1. 
The condition P’(1) < P(1) is now equivalent to 
On > (n-1) + (n= 2)o1 + (n — 8)og +++ + On—2. 


Now we use the inequalities 
a2 ()) (an) Taga 
J 


Taking r = (on) aa we obtain 


Consider the polynomial 


= (n=2)(7)2— (n= 0). 


We observe that Q(x) has only one change of sign for x > 0. Hence the number 
of positive roots of Q(a) = 0 cannot exceed 1. However, it is an easy exercise 
to check that Q(n — 1) = 0. Thus, it follows that Q(x) > 0 in (0,00) if and 
only if « > (n—1). Since Q(r) > 0, we conclude that r > (n — 1). This gives 
On > (n—1)”. a 


59. For positive real numbers a, b,c, prove the inequality 


3(a+ Vab+ Wabe) <4(a+b+e). 


Solution: Here is a beautiful solution to the problem. We write 


at Vab+ Vabe = a+ 5Va-tb+ 7 Yad Te 
Using the AM-GM inequality, we have 
a+ 5Va- 4b + 5 Va-4b- 166 
<a+7(a+40) + 5 (a+4b+ 166) 
= s(a+b+0). 


60. Show that for any two natural numbers m,n, the inequality 


1 1 4 
m+n+1 (m+1)(n4+1)7~ 45 


holds. 


Solution: Suppose we introduce 


1 1 
m+n+1 (m+1)(n4+1) 


f(m,n) = 


Then it is easy to see that f(1,1) = f(1,2) = 1/12 < 4/45. Now it is not hard 


to prove that 
1 4 


MEE manne 


In fact, this is just equivalent to (m —n)? > 0. Thus if k= m+n-+2, then 


1 1 
5 mt+tnt+1 (m+1)(n+1) 
1 4 
< 
~ m+tn+1l (m+n+4+2)? 
=. 2 
k—-1  k? 
Consider the function g(k) defined for natural numbers k& > 2 by 
1 4 
k) = —_- —. 
oh) = 9 aa 


We show that it is a non-increasing function for k > 6. In fact for k > 1, 


1 4 1 4 


_ ne {CBC +k) 
= T= he= 2k? 


(Ik — 21 — 2k)? — 41 — 4k 
(—D(k—- DER 


= (I-k) 


Since | — k < 0, we have to show that lk — 2(1+k) > 2V1+k for 1 > 6 and 
k > 6. For 1 > 6 and k > 6, we have (J — 4) > 2 and (k — 4) > 2 and hence 
(l—4)(k — 4) > (l—4) + (k—4). This gives Ik > 5(1+ k) — 24. Thus 


Ik —2(l+k) > 3(1 +k) — 24. 


It is sufficient to prove that 3(1+k)—24 > 2Vl+k, whenever | > 6 and k > 6. 
Consider the quadratic function 


q(t) = 3t? — 2t — 24. 
Then q(t) > 0 if and only if t > (1+ /73)/3. Since 


Lea 73 
3 ? 


Vl+k>V12> 
for 1 > 6 and k > 6, it follows that 
3(L +k) —2Vl+k—24>0. 


This shows that f(m,n) < g(6) = 4/45 for all m,n such that m+n+2 > 6. 
| 


61. If a, b are two positive real numbers, prove that 


Gb? St, 


Solution: If either a >1 or b> 1, then the result holds. Thus it is sufficient 
to consider the case 0 < a < 1 and0 <6 <1. Define f(x) = a® + x* — 1 for 
€ (0,1), where a € (0,1) is fixed. Then 


f(0) =0, f(1) =a>0, f'(z) = a*Ina+az*!. 


Suppose for some x € (0,1), the inequality a® + «* < 1 holds. Then f(x) < 0 
f(0) =0 and f(1) > 0. Using Rolle’s theorem, we can find b € (0,1) such that 
f(b) < 0 and f’(b) =0. This implies that 


a’Ina+ab*1=0, a? +b°-1<0. 


Simplification gives 
b 
1—-—Ima-a? <0. 
a 


We show that this is not true for any a,b € (0,1). Consider the function 


x 


ay een 
g(x) TT es 


where a € (0, 1) is fixed. It is easy to compute 


9 (6) = —28 am* Ina =Ina( ad :): 
a a 
g' (#4) = —a*(Ina)” 


Thus g(x) < 0 for all x € (0,1). This implies that g/(x) is a decreasing 
function in (0,1). Hence g’(x) > g’(1) = 0 for all x € (0,1). But then g(x) 
is an increasing function on (0,1). Hence g(b) > g(0) = 0. Thus, there is no 
b € (0,1) such that g(b) < 0. a 


62. Let a,b be positive real numbers such that a+b = 1 and let p be a positive 
real. Prove that 
i\* sa A tage OE 
t > , 
+a) +(+a) 2am 


Solution: Suppose p > 1. If q is the conjugate index of p, i-e., 


then Holder’s inequality gives 


1 1 1 Pp 1 Pp 1/p 
a+—+b+—)<4(a+—]}) +(b4+- oye. 
a b a b 


However, a+ b= 1 and 


Thus, we obtain 


1\? 1\? 1/p 
5x { (« + ~) + (0 + 7) \ g(P-1)/P 
a 


since q = (p—1)/p. This proves that 


1\? T\? 5P 
> 


for p > 1. If p= 1, then the inequality to be proved is 


1 1 
a+—+b+-—>5, 
a b 


1 1 
which is immediate using a+ b= 1 and — + 3 > 4. 
a 
Suppose 0 < p < 1. Consider the function 


for x € (0,1). Its derivative is 


r(e)=r(1-4)(2+2)" +0 14 aoe) ( ott.) 


For 0 < x < 1/2, we observe that 


1 
w+—->1-24 ; 
£ 1-2 


In fact, this is equivalent to (1 — 2z)(—1+1/z(1—<2)) > 0, which may be 
seen to be true since 1— 27 > 0 and #(1—2) < 1/4. Since 0 < p < 1, it follows 


that 
es de 
(«+) <(1-2+ 74.) 
x 1-2 


This gives 


Similarly, we can prove that f’(a) > 0 for 1/2 < « < 1. It follows that f(x) 
is decreasing in (0,1/2) and increasing in (1/2,1). Thus f(a#) > f(1/2) for all 
x € (0,1). But 
5P 
(0/2) = (5/2)? + (5/2)” = 5s. 


We conclude that 


for all x € (0,1). a 


63. Let a,b,c be positive real numbers such that abc = 1. Prove that 


(148) (0-148) (rs) a 


Solution: A solution using Schur’s inequality was given in chapter 2 (Example 
2.29). Here we give two more solutions. 


Alternate Solution 1. 


Since a,b,c are positive real numbers such that abc = 1, we can find positive 
real numbers x,y,z such that a = a/y, b = y/z and c = z/«. The inequality 
reduces to 

(2+0e-ylety—2)ly+2—2) < aye. 


This is symmetric in x, y, z. Hence it is sufficient to consider the case x < y < z. 
It follows that y+z—a% > Oand z+a—y > 0. Ifa+y—z < 0, then the left-side is 
non-positive and the right-side is positive; hence the inequality holds. Suppose 
x+y-—2z>0. Then z,y,z are the sides of a triangle. Let its area, circum- 
radius, in-radius, semi-perimeter be respectively A, R, r, s. The inequality 
may be written in the equivalent form: 


(r@t+ytz)(2+a-yety—z)(yt2z—2) < vyz(e+y + 2). 


But the left-side is 16A? and the right-side is 8RAs. Thus the equivalent 
inequality is 

16A? < 8RAs. 
Using A = rs, this reduces to 2r < R, which is a standard result(Euler’s 
inequality). 
Alternate Solution 2. 
If a—1+ (1/b) < 0, then we see that a < 1 and b > 1. Hence we obtain 


1 1 
b-1+->0, c-1+->0. 
c a 
Thus, the product on the left hand side of the inequality becomes negative 
and forces the inequality. So is the case when either b — 1+ (1/c) < 0 or 


c—1+(1/a) < 0. We may thus assume that a—1+ (1/b) > 0, b—14 (1/c) > 0 
and c— 1+ (1/a) > 0. We observe that 


(« 14 5) (0 +2) (< 1+ 2) = (ab—b4 (be e+1)+(ca—a+l1). 


Suppose 
iL 1 1 
t—-<a+t+b+t+e. 
a b oe 
This implies that ab + be +ca <a+6+c. Using the AM-GM inequality, we 


obtain 


| | \ 3 
(ab—b+1)(be—c+1)4+(ca-—at+l1) < (a ~ b “**) 
eo 
If 
1 1 1 
+—-+->a+b+¢, 
a b 


we introduce the variables a = 1/a, 6 = 1/b and y = 1/c. We see that a, 6 
and ¥ are positive reals with aBy = 1. Moreover, these satisfy 


i ee Ca 
a ye 


(142) (48) eed) so 


64. Let x,y,z be real numbers in the interval [—1,2] such that «+ y+z=0. 
Prove that 


Solution: The inequality we need to prove is 


ys: ci Aste 9 (64.1) 


(2+ax)\(2+y) ~ 


cyclic 


Using the condition x + y + z = 0, we obtain 


3(4— 27) =12-32? = 12-22? -(y+2z)? 
= (y—2?+2(6- So 2? 
cyclic 


= (y—z)?+4(34+ S- xy 


cyclic 


We observe that 


3+ eo So (l+2)(L+y) >0. 


cyclic cyclic 

Thus, we get 
V4—2?V/4—- y? 

1 
=. (y—z)?+4 3+ Do zy (a —z)?+4 3+ D7 zy 

cyclic cyclic 

> Sly-je@-74+4/34 0 

= —z)\(a-—z)+ x 
= 3 y y 


_— 


cyclic 


= =(1245ay + 3xz 4+ 3yz + z”) 


3 
1 


= 3 (12 + 5ay + 2xz + 2yz) 


2 
= (4+2y) +3 


So zy], 


cyclic 


where we have used the Cauchy-Schwarz inequality and the given relation x + 
y+z=0. Using this estimate we obtain 


> (4-22)? (4—y?)? 


(2+ 2x)(2+y) 


cyclic 
= sare (4- 22)? (4- y?)?( (2+ z) 
T1242) 

i 2 
* Tere {eta ee 3(»)(De+)} 
i ; zt Qey + xyz e x 
~ TI@+e2 1 (8+ 42+ 20y +2y )+5( u)o} 
= x LYzZ zr 
= as {24+ 2( aX y) +3 y a) »)} 
= nee: 5 {2+ 6 vy) +302}, 


where [[(2+ 2) = 


x 


(2+ 2)(2+ y)(2+4+ z). However 


24+6| S > ay | +3eyz=3(2+2)(2+y)(2+2). 


cyclic 


We get the desired inequality (64.1). a 


65. Let (a,) be a sequence of distinct positive integers. Prove that 
ue ak ae, 
for every positive integer n. 


Solution: We use the rearrangement theorem (Theorem 4 on page 21). Fix 
n and consider the first n elements a1, d2,...,@n. Let o(1),0(2),... ,a(n) be 
a permutation of 1,2,...,n such that 


Aog(1) < Go(2) < +++ < Gon): 


Observe that 


1 1 
ap pe ee 


Using theorem 4, it follows that 


e 


However, a(x) is a positive integer for each k. Since (ag(,)) is an increasing 
sequence, it may be concluded that a,(,) =k for 1 <k <n. This gives 


66. Let x,y,z be non-negative real numbers such that «+y+ z= 1. Prove 
that 


7 
OS ay + yz + 2a — 2nyz S oe. 


Solution: Let us introduce f(z,y,z) = ry + yz + zx — 2ayz. Assume 
x < y < z, which is permissible by the symmetry of the expression. Using 
x+y+z=1, it may be concluded that x < 1/2. Write 


f(a,y,z) =a2(yt+z) + yz(1 - 22). 
Since 1 — 2x > 0, it follows that f(x,y,z) = 0. On the other hand 


(1-2)? = (y+ 2)? > 4yz, 


by the AM-GM inequality. Thus 


fla,y2)— ge = lyt2) +y2(1- 22) - 3 
(l—z)?(1-2r) 7 
Son 4 27 
_ (3a — 1)?(6x +1) ear 
108 = 


This proves the other part of the inequality. 


Alternate Solution: 


As in the previous solution, we may assume x < y < z. And the same method 
shows that f(x,y, z) > 0. Introducing new variables a, b,c by 


v4 ; 
f(x,y,z) = 97 T 3 (0° a Gabe). 


The conditions on a, b,c are 
1 
a<b<c, at+b+c=0, =, S@,0.¢5 
Thus it follows that either a < b << 0 < cor —(1/3) <a<0<b<ce. In the 


first case bc < 0, and abc > 0. Hence be — a? — 6abc < 0. In the second case, 
we rewrite the expression: 


be — a? — 6abe = —(b — c)? — 3bc(1 + 2a). 
Again bc > 0 and 14+ 2a > 0 since a > —(1/3) > —(1/2). Thus it follows that 
f(@,y, 2) < 7/27. 


(For yet another proof, refer to example 2.41.) | 


67. Let 21, %2,... ,2n be n positive real numbers. Prove that 


n hoe 


3 (i 
a : 2g 


2 ae 2 
ge HU 5Li41 + Ui 


where p41 = 21. 


Solution: Let us introduce 


n as 
A= 
fal us eon As 
Consider 
n 3 
B= athe 


Observe that 


This shows that A = B and hence A = (A+ B)/2. However, A+B is symmetric 
and it is advantageous to deal with it. Observe that 


ie oe = Lj + Uj41 
xs + L5U5j41 +0344 = 3 ; 
Thus 
i 1S oe 
A= ~(A+B) = S- 5 j+1 
2 2 £5 + @jL541 Paes 
1 ic 
2 5x3), (a +2541) 
j=l 
1 n 
= 8 yo . 
j=l 
This proves the inequality. | 


68. Suppose x, y, z are non-negative real numbers. Prove the inequality 


a(x —z)* +y(y— 2)" 2 (e—z)(y—z)(e@+y- 2). 


Find conditions for equality. 


Solution: Expanding and rearranging, the inequality may be written in the 
form 


zg? +y? + 2? + Bayz > 2?y + y?z + 22e + cy? + yz? + 227. 
This reduces to 


u(x —y)(a— 2) + y(y— x)(y— 2) + 2(z—-2)(z—-y) 20, 
which follows from Schur’s inequality. Equality holds if and only if « = y = z; 
r=0,y=2y4¥y=0,2=432=0,r%=y. a 


69. Prove that for any positive reals a,b,c, the inequality, 


a b c.cta at+b bte 
t-+—> | | 


b c a c+tb ate bt+a 


holds. 
Solution: Put 
a b c 
-= - = = SS J 
b Bee ee VG 
Then xyz = 1 and it is easy to calculate 
c+a a+y 
= 1 — —— 
c+) ae 1l+y’ 
+b ze 
a Si gy y z 
at+e 1l+z 
b+e z+" 
—! 1 + = . 
b+a *" T+2 
Thus, the inequality reduces to 
ee Se. 
l+y i+z 1+27 


This may be written in the form 


2 at 4 72 4 
T 


gta tet tetzt yet ety —(et+y+2)-32 0. 


Using xyz = 1 and the AM-GM inequality, we get 
xz + ya t+ 22y > 8ryz = 3. 


Using the Cauchy-Schwarz inequality, we also have 
_ 1/2 
atytez < V3(0? + y? + 2”) 
1/2 
(3(27y?2)'/?) («? 4yr4 2) 
1/2 1/2 
(2? +9? +2") (2? +9? +2") 


= gt ty? + 27. 


1/2 


l| 


IA 


Hence the result follows. a 


70. If a,b are real numbers, prove that 


a? +ab+b? > 3(a+b-—1). 


Solution: This may be written in the form 


(a+b—1)? + (a—2)? + (6-2)? > 3. 


By the Cauchy-Schwarz inequality, we have 


|(a+b—1) — (a—2) — (b—2)|? < 3((a+ b— 1)? + (a— 2)? + (b— 2)?). 


Hence the required inequality follows. | 


71. Define a sequence (x,,) by 


Prove that : < an < ° for alln > 1. 


Solution: First observe that all the terms of the sequence are positive. 
Moreover, 


‘ ee 3 , 8 , 38 
mtr "102, 10 10r, | 10%,  102n 
ae: an: ne es 
> 4 . . . 
Zs 10 102, 1027, 102, 
van 4 
ae 27) >. 
5 (V2) > 5 


Thus x, > 4/5 for all n. To prove the other inequality, observe that x = 5/4. 
If we show that a,41 < %y for all n > 2, it follows that x, < 5/4 for all n > 2. 
Thus we have to check that 
ri +9 
102, ~ 


for n > 2. Equivalently, we need to prove that 24 — 10x? +9 < 0, for all n > 2. 
If 1 < ap < 5/4, we have 1 < 2? < 9 and hence x+ — 1022 +9 <0. If an <1, 
we see that 


Zn; 


T+9 19. 2 tgs 
102, 10t, Xn 4’ 


since £, > 4/5, by the first part. a 


Tn+1 = 


72. Let a,b,c be positive real numbers such that a? — ab+b? = c?. Prove that 
(a—c)(b—c) <0. 


Solution: We have to show that ab — ac— be + c? < 0. This reduces to 
a? +b? < e(a +b). 
Squaring both sides, this may be written in the form 
(a2 +B)? < (a+6) (a3 +B). 
This reduces to the standard inequality 2ab < a? + b?, which is true. | 


73. Let a,b,c be positive real numbers. Prove that 


Jaz —ab+b24+ Vb? —be+ 2 > Va? tact 2. 


Solution: Consider the coordinate plane with O = (0,0) as the origin. Let 
A=(a,0), B = (b/2,bV3/2) and C = (—c/2,c/3/2). Then we see that 


AB=vVa?+b?—-ab, BC=vVb?4+c?—-bce, CA=vVa?+b? +a. 


Moreover A,B,C are the vertices of a triangle (may be degenerate) in the 
plane. Hence triangle inequality gives 


Va? +b? 4ac < a2 +02 —ab+ Vb? +2 — be. 


74. For all real numbers a, show that 
(a? —a-+ 2) > 4a?(a? +:1)(a— 2) 


holds. 


Solution: Consider the quadratic function 
f(z) = @?(a — 2)z? — (a? —a+2)2+ (a? +1). 


We observe that f(0) = a? +1 > 0 and f(1) = —(a? —a+1) <0 for all a. 
Hence f(x) = 0 has a real root. But then the discriminant of f(a) must be 
non-negative. Thus we get 


(a? — a+ 2)? > 4a7(a? + 1)(a — 2). 


75. Let a,b,c be distinct real numbers. Prove that 


2a—b\? 2b—c\? 2c—a\? 
+ > 5. 
a—b b-c¢ c—a 


Solution: Put 


Gage pee 


Then it is easy to see that 
(x — 1)(y—1)(z-1) = wyz. 


This reduces to 
etytz=a2ytyz+2e4+1. 


2a—b a 2b—c\? Se GN" 
a—b b-—e¢ c—a 
= (l+2)?+(1+y)? +42) 
= 84% ty? 4274+ 2r 4+ 2y 4 2z 
= B+a%4+y? + 274 QWeyt+yet2¢ 41) 


= 5t(e+y+2)? >5. 


Hence 


76. Let a, 8, ©1,02,23,...,%, be positive reals such that a+ 68 = 1, and 
U14+%q+23+---+2, = 1. Prove that 


n ae 1 


> 
3e Fra Tse = m2m—-1? 


j= * 
for every positive integer m, where %n41 = 21. 


Solution: Using the Cauchy-Schwarz inequality, we get 


n 2m+1 n 


(Sop) (SF) (Later +) 


j=l j=1 


However, 


n n n 
yo x; (ax; + Bx;41) a ss ars + S- Bx5t;j441 
j=l j=l 


Moreover, Hélder’s inequality gives 


n m+1 n 2 
2 m—-1 m+l1 
ea) Se) 
j=l 


It follows that 


n m+1 
2 
1 bgt 
er (> :) 


> 
eee nm-1(a+6)( Sh) 


1 O85 


j=l 
nm-l 


Again the Cauchy-Schwarz inequality shows that 
n n 2 
nf Yost) = (Sos)) =1 
j=l j=l 


Combining, we get 


77. Given positive reals a, b,c,d, prove that 


Vato? +40? <Ve+P4+VEF4+0 


2\ad — be} 


OES aa Oa 


Solution: We observe that 
Vato? + (b+d?2 < Vae2+P4+ V+ 0 
= (ate’?4+ (64d? <@74+P4+E4#@ + 2y/ (a? +82) (2 + d?) 


— 2ac+2bd< ay) (a2 + b?) (c? + d?) 
<3 (ac+bd)? < (a2 +8?) (2 +2) 
<> 2abed < a7d? + bc”, 


which follows from the AM-GM inequality. The second inequality is equivalent 
to 


(ve +R 4+ Ve? +e) (Vere + +08) 


< (a+c)? + (b+d)? + 2lad — be. 


In view of the first part, it suffices to prove that 


2 
(ve + b2 4+ Ve? + ®) < (a+c)? + (b+ d)? + 2\ad — bel. 
Squaring, and simplifying, this reduces to 
0 < 2(ac + bd)|ad — bcl, 
which is true by the positivity of a,b,c,d. Equality holds here if and only if 


ad = be. 
| 


78. In a triangle ABC, prove that 


Va+vb+4+ Ve 
773 


Solution: We use the standard transformations: s—a=2,s—b=y and 
s—c=z. The inequality is equivalent to 


/s—atVs—b+/s—c< 


tale Jy tet VzeFat Very 
Vet Jytvz< B 


This follows from the root-mean-square inequality: 


Se aa 


cyclic cyclic cyclic cyclic 


Note that equality holds if and only if « = y = z, which is equivalent to 
a=b=cor that ABC is an equilateral triangle. | 


79. Let ABC be an acute-angled triangle with altitudes AD, BE, CF and 
ortho-centre H. Prove that 

HD ie HE € AF s 3 

HA HB HC7~ 2 


Solution: Let us introduce « = [BHC], y = [CHA] and z = [AHB]. Then 
we see that 


HD _ (BDH) _ [CDH] _ [BDH]+[CDH] _ [BHC] ae: 


HA |BHA| |(CHA| ([BHA|+([CHA] [BHA|+(CHA] y+z 


Similarly, we may obtain 


HE y HF z 
HB 242° HOC «+y 


E 
F 
B D C 
Fig. 6.1 
Thus, we obtain 
AD . gence 7 x, Yy ip z 
HA' HB’ HC y+z  z+a ety 
3. 
2 5i 
see Nesbitt’s inequality. a 


80. For any point P inside a triangle ABC, let 11, r2, r3 denote the distances 
of P from the lines BC, CA, AB respectively. Find all points P for which 
a/r, + b/rg + c/rz is minimal. 
Solution: Let A denote the area of ABC. Then it is easy to see that 

2A = ar, + bre + cr3. 
Let \ = a/r; + b/rg + c/r3. Then we see that 


b 
2\A = (ars + bra +ers) (4 + | = 
ry T2 73 
a oe ae ee Tae : 
a Cc 2 ab * + 5 
cyclic 
> a+b? +c? 4 2ab+ 2bc + 2ca = (a +b+¢). 
This shows that 
eC (a+b+c)? 

aes oN 9 


for any point P. Equality holds if and only if ry = rg = r3. This is precisely 
when P is the in-centre of ABC. Thus, the given expression is minimal only if 
P is the in-centre of ABC. | 


81. Let ABCDEF be a convex hexagon in which AB, BC, CD are respectively 
parallel to DE, EF, FA. Let Ra, Rg, Rc be the circum-radii of the triangles 
FAB, BCD, DEF respectively, and let p denote the perimeter of the hexagon. 
Prove that 

Ra+Rgt+Ro> 


Solution: Inscribe the hexagon in a rectangle 17 N PQ as shown in the figure. 
Note that 7A = 7D, ZB = ZE and ZC = ZF. 


Q E D P 
C 
F 
M A B N 
Fig. 6.2 


In triangle BCD, we have 

2BD a MQ+ NP 

snC7~ sinC — 

But MQ = MF + FQ and NP=NC+CP. Again sine rule gives 


4Rp = 


MF = FAsinZMAF = FAsinA, 
FQ = EFsinE =EFsinB, 
NC = BCsinB, 
CP = CDsnD=CDsinA. 
Thus we get, 
sin A sin B sin B sin A 
> | . 
eee EA Ge inG ° ane sin! 


Similarly, we can prove that 
sin C sin A sin C sin A 
AB EF + DE 
e sin B sin B sin B sin B’ 
pe , psn? Apia? panne’ 
sin A 


4Ro 


4RA 


IV 


Adding these, we get 


4(Ra +Rept+ Rc) 


snA sinB snC  sinB 
> 
= AB(S2s =) po(So + Ss) 
snC sinA sinA  sinB 
ren( 36 =) +DE( s+ 5) 
snC  sinB sinC sinA 
ER (Ss 4 ra(=S | ao) 
> 2(AB+BC+CD+DE+EF+FA) 
2p. 


It follows that 
Ra+Rp+Ro> 


P 
ets 2 . 
= 


82. Let hg, mp, w- denote respectively the altitude from A to BC, the median 
from B to CA and the internal angle bisector of angle C. Prove that 


3 
ha + my + ue < latb+9). 


Solution: We first prove an auxiliary result. 
Lemma: Suppose a+ 6 < 2c. Then 


Ma +My + We S 


a 
and equality holds if and only ifa=b=c. 


Proof of Lemma: Let a=u+2,b=u-—~2, and c= 2u so that —u<a<v 
and v <u < 2v. Then 


we = aol - Ss) = (w = .) (1 - =) <w—2?. (82.1) 


Equality holds if and only if x = 0; i.e., a = b. We also have 


2m = V 2b? + 2c? — a? = \/(Bu— x)? + 8v? — Bu? = f(x), 


say. Then 2m, = f(—2). It is easy to verify that f”(x) < 0. Hence f(z) is 
concave. This gives 


ma +m = 5 f(a) + 5F(-2) < FO) = Vie FB, (82.2) 


Thus it is sufficient to prove that 


Vu2 + 8v2 + Vu? — v? < V3(u+ 0), (82.3) 


and equality holds if and only if u = 2v. Taking y = u/v, the inequality (82.3) 
may be written in the form 


2/(y? + 8)(y? — 1) <y? + by —4. 
Since 1 < y < 2, this is equivalent to 
A(y? + 8)(y? — 1) < (y+ 6y— 4)”, 
which reduces to 
(2—y)*(2+y) 20. 
This proves the inequality (82.3) and hence the lemma. 
Coming back to the solution of the problem, if a+b < 2c, then the lemma 


gives 
V3 ( 
2 


a+b-+c). 


Ma +My + We S 
Using hy < uw; < m, for t = a,b,c, we get 


V3 


ha + wp time < Me tmp + We < 5 (a+b+c). 


Similarly, if b+ ¢ < 2a, then the proof of lemma shows that 


(a+b+e), 


My + Me + Wa S 


2 
and hence 


ha tmp + We < We +My + Me < Barb+e. 
We may, therefore, assume that a+b > 2c, b+c> 2a. Hence it follows that 
a+2b+c>2(a+c), 
so that a+c< 2b. This implies that 


V3 


Ma+Me tw < 5 (at+b+c). 


Moreover, we also have 


4a + 2c 
2a+ 4c 


2(b+c)+ (a+b) =a+3b+4 2c, 
(b+c) + 2(a+ 6) = 2a4+ 3b+¢. 


IN IA 


From these two we get a < b and c < b. Thus 
b < 2a+2c—b< 2a+ (a+b) —b=3a, 
and similarly b < 3c. Thus we obtain 


a<b<38a, c<b<3c, at+b>2c, b+c> 2a. 
Suppose we show that 
ha — hy < Ma — Mp. 


Then 


3 
hg + my + We <a + hat te < mg + wy ne < Plat b+0), 


as observed earlier. Thus all we need to prove is hg — hy < mq — mp. 
We may assume b = 1. Thus we have 


1 1 
see g Sesh 2Za<1l+cec, 2c<1l+a, at+ec>l. 


Heron’s formula gives 


16A? = (1l+a+ce)(1+a—c)(1+c—a)(c+a—1) 
(1+ a2)e2 — o — (1-0)? = 9(0), 


say. Note that g is a strictly increasing function of c in the interval 1/3 <c <1. 
Since 2c < 1 +a, it follows that g(c) < g((1+.4)/2). This gives 


2-3 L\2 
16A* < 16° a)(3a —1)(1+a)*. 
Thus 
bots = 2a(2-1) 
= 2A(1 — a) 
< B(- \ Ve a)(3a—1) 


But we know that 
2WMq = V24 2c? —a?, Amy = V 2c? + 2a? — 1. 


Moreover, for any positive s > t, we have 


s—t 
ve— v2 2(s+t) 


Since a < b, we have mg > ms and hence 


Q(ma—mp) = V2+ 2c? — a? — V/2c? + 2a? -1 
= 3(1 — a?) (4c? +a? +1) 77”. 
Note that the right side is a decreasing function of c. Hence, replacing c by 


(1+ a)/2, we get 


3 
Ma — Mp > rig a’)(1 La-+ ae) tl, 
Thus it is sufficient to prove that 
V3(1— a”) 
8a 
This is simply 


which is true. | 
83. Let ABC be a triangle with centroid G. Prove that 


2 
sin ZABG + sin ZACG < —. 
V3 
Solution: Let AD, BE, CF be the medians of triangle ABC and let G be its 
centroid. First we solve a special case of this problem when the circum-circle 
of triangle AGB is tangent to BC at B. In this case DB? = DG. DA. This 
gives 

3a? = 4m? = 2b? + 2c? — a?. 

Hence b? +c? = 2a”. This gives that 4m? = 2a? + 2c? — b? = 3c? and similarly, 
Ana? = 3b". 


Fig. 6.3 


Thus 


sin ZABG+4+sinZACG = 


Using cosine rule, we get 
2bccos A = b? +? — a? = 20? — a? =a". 
Using this, we obtain 


sin ZABG +8in ZACG = —2% 8A jieae 


V3 a2/2cosA = 2B 


In the general case, there are two circles through A and G touching BC, say 
at K and L. Here K lies between B and D; L between D and C. Note that G 
is also the centroid of the triangle AK L. This follows from DL? = DG. DA = 
DK? so that DK = DL showing AD is the median of AKL from A; and 
AG : GD =2:1. Moreover ZABG < ZAKG, ZACG < ZALG. Suppose 
ZAKG < 90°, and ZALG < 90°. Using the special case above, we get 


sin ZABG + sin ZACG < sin ZAKG 4+ ZALG < = 


In the other case, we may assume that ZAKG > 90° and ZALG < 90°. 
(Obviously, both cannot be larger than 90°.) Hence AG? > AK? + KG?. Let 


us introduce KL = a,, LA = 6b; and AK = c,, the sides of triangle AKL. 
Then 


AG? = “AD? = 5 (283 + 2ci —a?), 
K@ = 5 (2¢3 + 2a} — b7). 
Hence we obtain 
5 (28% + 2cf — aj) > + 5 (24 + ay — 7). 


By the property of tangency, we have DK? = DG- DA. Using DK = a,/2, 
DG =m,/3, DA = mz, and mz, also gives median length of triangle AK L, we 
see that 
3a? = 4m? = 2b? + 2c? — ai. 
This reduces to 2a7 = b7 + c7. Thus we get 
2 2 

Oy 2) St 

sod+i. 

age: 
It follows that a? > 4c?. Similarly, we get b7 > 7c7. Now we have 


cL gin PEARS 2 peo LEAK. 
Me, V3b1 


However a? = b7 + c} — 2bici:cosZLAK. This gives cosZLAK = (b7 + 
c})/(4bic1) and hence 


2 
sin ZALG = 14/1 (4 +a) 
V3b, 4bi cy 
Putting c?/b? = x, We get 


sin ZALG = ny 147 — 1 — 2?. 
4/3 


Using x < 1/7, this gives sin ZALG < 1/7. Thus 


sin ZALG = 5 


sin ZAKG+sinZALG <1+ : < =. 


This implies that 


sin ZABG + sin ZACG < 


cal’ 


84. Let ABC be a triangle with in-radius r. Let I}, [2, [3 be three circles 
inscribed inside ABC such that each touches other circles and also two of the 
sides. (Such a configuration is called Malafatti circles.) Let O,, Oz, O3 be 
respectively the centres of the circles [',, Ig, 3. If r’ denotes the in-radius of 
O,0203, prove that 


Find conditions for equality. 


Solution: We have BD = s—b. Hence BE/BD = O2E/ID = 1r2/r and this 
gives BE = r2(s—b)/r. Thus ED = BD —- BE = (r—12)(s—b)/r. Similarly, 
we obtain DF = (r —r3)(s — c)/r. Now PO3 = 13 — re, O203 = rg + r3 and 
hence O2P = 2,/ror3. Thus we have 


(r —1r2)(s — b) + (r — 73) (8 — c) 


r 


2. /fatg = OoP = EF =ED+DF = 


We therefore get 


2r/rar3 = (r —1r2)(s — b) + (r—713)(s —c). 


Similarly, we may obtain relations 


2rJ/Tr3r1 a 
{rJ/rir2 = (r—1ri)(s—a)+(r—re2)(s— 6). 


| 
— 
3 
| 
3 
w 
Wa 
— 
w 
| 
io) 
NS 
+ 
— 
a 
| 
3 
a 
WV 
— 
wH 
| 
wa 


Solving these, we obtain 


r 
s-a = ( Jror3 +73" 4 rire) 
r—Ty, 
r 
s—-b = (Vrars —VJr3ri + Vnitr) 
r—f?vf2 
r 
6S-C = (Vrars + /r3ri — Vrira). 
| lemasy fe 


Using rs = [ABC] = \/s(s — a)(s — b)(s — c), we may write 


r?{(s — a) +(s—b)+(s—c)} =(s—a)(s — b)(s —c). 


Substituting for (s — a), (s — 6), (s — c), we get a quadratic equation in r: 


1 1 eae = 
! 2(vn Jra ) 2./Firars = 0. 
( Va oF =) r Ti+ ro + V/73)r +2V/rirars = 0 
This leads to 
2,/T1T2°3 
r= — : 
VritJ/rat+ Vrs —- Vr tre+7s 


Now the triangle O;0203 has sides rj + re, rg +173, r3 +71. Hence, as in the 
case of ABC, two ways of expressing the area of a triangle give 


(ry + rg + r3) = [010203] = Vrirer3(ri + rg + 13). 
We therefore obtain 


re avr +2 ts 
yr! - VritJ/rat+ Vrs —Vritreatrs. 


But /ri + J/72 + 73 S< V3 7/7, +12 + r3, where we have used the Cauchy- 


Schwarz inequality. Hence 


85. Let Q be a Brocard point of a triangle ABC. Let AQ, BOQ,CO extended 
meet the circum-circle of ABC in K, L, M respectively. Prove that 


BO) oO ee = 
Qk OL QM ~~ 


Solution: We observe that ZK MC = ZK AC and ZCML = ZCBL = uy, 
the Brocard angle. Thus we get 


ZEML=ZKMC+2ZCML=ZKAC+ ZBAK = ZBAC. 


Fig. 6.6 


Similarly, we obtain 7ZDKM = ZCBA and ZMLK = ZACB. These relations 
show that the triangles ABC and MKL are similar. Since both have the same 
circum-circle, they are indeed congruent. We also observe that 


ZAQC = 180° — ZAC A — ZQAC = 180° — w — (2BAc _ w) = 180° — ZA. 


Using the sine rule in triangle ANC, we get 

AQ = AC b 

sinw sinZAQC sin A’ 
Thus, AQ = bsinw/sin A. Similarly, BOQ = csinw/sin B, CO = asinw/sinC. 
Using similar arguments in the triangle MK L, we obtain KQ = asinw/sin B, 
LQ = bsinw/sinC and MQ = csinw/sin A. Thus 


AQ BQ Ca bsin B b? 
aK * AL QM », asinA — » 


cyclic cyclic 


> 3, 


az — 


by the AM-GM inequality. Observe that equality holds if and only if a = b =c, 
which corresponds to the case of an equilateral triangle. a 


86. Let P be a point inside a triangle ABC. Let r4, rg, rc denote the in-radii 
of triangles PBC, PCA, PAB respectively. Prove that 


LIER any oe a ENG 
TA TB TC 


Solution: We use the steps developed in example 3.6.8. Using the estimates 


there, we get 


ao. (c+y+z)a? | ah(x+z) . ah-(y+z) 
TA 2A x 2Ax 2Az 

b Be (2+y+z) 0?  bhely +2), bhalzt+y) 
rR 2A y 2Ay 2Ay 
aa (2ty+z2z)¢2  chalzty) , cho(x +2) 
ro 2A z 2Az 2QAz © 


Thus 


pes ea +e fa c+ E45 


TA 


where the sum is cyclically over a,b,c and x,y,z. However, the AM-GM in- 


equality gives 
az Cx 


a+c4 =p >at+ct+2vVac, 
x z 
and the Cauchy-Schwarz inequality gives 
Bs pee » ee 
(o+y+2) (+745) (a+b+e) 


Thus, we have 


a (a+b+c)? hy 


TA 
_ (a+b+c)? ne 
2A b 


> (abe)? +h {e+ aa ee Nee 


9 
> —-(abe)?/? +19. 
2 a (are) 


However (abc)? > (44/v3). (See 3.6.8.) Thus, we obtain 


Da Bte=o2+v3). 


87. Suppose A, Ag--- A7, By Bo--- Bz, CiC2---Cy7 are three regular heptagons 
which are such that A; Az = By, B3 = C\C4. If A,, Ag, As denote respectively 


their areas, prove that 
1 y Ag + As 


2 2: 
5 a V2 


Solution: Let the septagons be inscribed in three concentric circles of radii 
Ra, Rp, Ro respectively. (See figure.) Then we have 


Cie. Be OG 
AiAy Ra Ay Aa 
BiB3s Rg _ BiBo 
AjAz Ra Ay Aa 


Using A, Ao = B, Bs; = C1C4, we get 


(A; Aa)? (Ay Ao)? 
AiAg ’ A, A3 — 


Let A, Az = a, A, A3 = b and A, Aq = c. Then we obtain C,C2 = a?/c and 
B, Bz = a?/b. Using Ptolemy’s theorem, we also have 


AyAgs AsAs Ag As “AyAp AAs AgAs. 


CC, = 


B\Bo= 


Using the regularity of septagons, we see that A3Ag = c = AgAg, A1 Ag = 0 
and A,A3 =a. Thus ac+ ab = be or 


itd 
bc a 
We also observe that 
Ao (B, B2)? a 
Ai (Ay Ag)?” 
Ag _ (C1C2)? = a? 
Ay (AAs? 2 


Thus 


We also have 


Ap tNs pg [it D> 2 2a? 
Ay " b = Cc be be 


However, 
a=4R%sin?(7/7), b=4Rsin?(27/7), c=4R4 sin? (37/7). 


Thus 


a sin? 


: (x/7) 
be sin(27/7) sin(37/7) 
sin(7/7) 
2.cos(m/7) sin(47/7) 
1 
8 cos?(2/7) cos(27/7) 
1 


4 cos(27/7) (1 + cos(2x/7)) 


But cos(27/7) < cos(2m/8) = cos(m/4) = 1/V2. Hence 


a? 1 J/2-1 


be ~ 304 Va) 2 


We thus obtain 


AatAs _4_ 9% 24-9 v2-1)\_, V2 
Ai be : 


88. Let ABC be a triangle, and let D, E be points on BC, CA such that the 
in-centre of ABC lies on DE. Prove that [ABC] > 2r?. 


Solution: Choose D’ on BC and E’ on CA such that D/IE’ is perpendicular 
to CI. We may assume that CD > CE. Since CT bisects ZC’, we have 


E’ 
E 
BD D' C 
Fig. 6.8 
Hence 
y 1 7 : / 
[DID'‘) = 5? -ID-sinZDID 
1 


IV 


51’ - TE - sin ZEIE’ = [EIE"); 


here we have used D’I = IE’. Thus it follows that [CDE] > [CD’E’]. But 
note that 
ID! 


CD’ = sin(C/2)’ r= ID! cos(C'/2). 


Thus 


2. Qr? 
CD'E') =2|CD'l| =r-CD' = r = > 2r?, 
| a ee aes sin(C/2) cos(C/2) sin ~~ 


We hence obtain [CDE] > [CD'E’] > 2r?. = 
89. Let A, X,D be points on a line with X between A and D. Let B bea 
point such that ZABX > 120° and let C be a point between B and X. Prove 
that 2AD > V3 (AB+ BC +CD). 


Solution: Construct an equilateral triangle AT X on the segment AX. Using 
the cosine rule, we have 


AX? = AB? + BX? —2AB- BX cosZABX. 


Fig. 6 


9 


But note that cos ZABX < —1/2. Thus AX? > AB? + BX?+AB-BX. This 


leads to 


Thus 2AX > /3(AB+ BX). Finally, 


4AX? 


2AD 


> 4AB?+4BX?+4AB-.BX 
= 3(AB+BX)?+(AB-— BX) 


IV 


JAX +O) 
V3 (AB + BX)+2XD 


V3(AB 


3(AB + BX)’. 


BC) 


( 
(AB 
( 


SS 


BC) 


VPOX+IXD 
V3 (CX + XD) 
AB+BC+CD). 


90. Let the internal bisectors of the angles A, B, C' of a triangle ABC meet the 
sides BC, CA, AB in D, E, F and the circum-circle in L, M, N respectively. 


Prove that 


Solution: 


AD, BE. CF 


>9 


T 


DL EM + FN = ; 


Using the property of angle bisector, we have 


AD? = 


Thus,we get 
AD AD? — AD?® _ 4s(s—a) 
Dk AD-DK BD-DC — @ ° 
Similarly, we may obtain 


BE 4s(s—b) CF _ 4s(s—c) 


EL 2? ° FM @ 
Hence, we obtain 
AD | BES. 2 4 (62) (s= 0) 1(o=¢) 
DK EL FM “\ @ ° PB  @ 
— 1 
= 4 2 (s a) 1 
° {y s az 
a 1)? 
> 4 2 (s a) fos 
a _ De S a 
ih. Sys 
= 4s? Se 
op Dre 
2 


IV 
_~ 
ee) 
| 
a 
& 

bo 
II 
K) 


where we have used the convexity of the function f(a) = x? on the real line, 
and the AM-HM inequality. | 


91. Let ABCDEF be a convex hexagon with AB = BC =CD, DE = EF = 
FA, and ZBCD = ZEFA = 7/3. Suppose G and 4H are two interior points 
of the hexagon such that ZAGB = ZDHE = 21/3. Prove that 


AG+GB+GH+DH+HE>CEFEF. 


Solution: Join BD and EA. Note that BDC and EFA are equilateral 
triangles. Hence BA = BD and EA = ED. It follows that BE bisects ZABD 
and ZAED. 


Fig. 6.11 


Construct external equilateral triangles ABC’ with AB as base and EF’D 
with ED as base. Then C” is the reflection of C in BE and F” is that of F in 
BE. Now AC’BG is a cyclic quadrilateral. Hence, using Ptolemy’s theorem 
and the equilaterality of AC’B, we get C’G = AG+ GB. Similarly, we may 
obtain HF’ = DH + EH. Hence 


AG+GB+GH+DH+HE=C'G+GH+HF'>C'F'=CF, 


by the property of reflection. Note that equality holds if and only if G and H 
both lie on C’F”. a 


92. Let O and G be respectively the circum-centre and centroid of a trian- 
gle ABC. If R and r are its circum-radius and in-radius, prove that OG < 
R(R- 2r). 


Solution: We have OG? = R? —(1/9)(a?+b?+c?). Using rs = A = abc/4R, 
we get 2rR = abc/(a+b+c). Thus 


2 b2 2 b 
ROG OPE. 5 eR, 
9 a+b+c 
This gives OG? < R? — 2Rr, which is the needed inequality. a 


93. Let M be the point of intersection of two diagonals of a cyclic quadrilateral. 
Let N be the point of intersection of two lines joining the midpoints of opposite 
pair of sides. If O is the centre of the circumscribing circle, prove that OM > 
ON. 


+ 
Solution: For any point T,, let T denote the position vector of T’ with respect 
to some coordinate frame in the plane. Then we see that 


so that 


Q 


Fig. 6.12 


On the other-hand, 


so that 


Y+xX At+B+C+D 

a 4 ; 
This shows that N is also the mid-point of X and Y. Note that OX and OY 
are perpendicular to AC and BD respectively. Hence, the circle with OM as a 
diameter passes through X and Y. Now ON is the median of triangle XOY. 
It follows that ON < diameter = OM. | | 


94. Let ABC be a triangle with internal angle bisectors AD, BE, CF. Sup- 
pose AD, BE, CF when extended meet the circum-circle again in kK, L, M 
respectively. If 1, = AD/AK, l, = BE/BL and |. = CF/CM, prove that 


le ly le 
+ + > 
sin? A sin?B sin?C 


Solution: Observe that AK < 2R and AD > h,. Thus 


Fig. 6.13 


Using similar estimates for the other two fractions, we get 


la ha 
Ds sin? A < B 2Rsin? A 


cyclic cyclic 


he 
. x asin A 


cyclic 


acs hahohc a 
= abcsin Asin B sinC 
=. 3. 


(Here we have used hg = bsinC, h, = csin A and h, = asin B.) | 


95. Let O be the circum-circle of a triangle ABC. Suppose AO, BO, CO when 
extended meet the circum-circles of triangles BOC, COA, AOB in K, L, M 
respectively. Prove that 


AK | BL _CM _ 9 


+ a, 
Ok OL OM” 2 


Solution: Let us invert the configuration with respect to the circum-circle 
I of the triangle ABC. For any point X 4 O, let X’ denote the inversion 
of X in I. The inversion of the circum-circle of the triangle OBC is the line 
BC. Hence Kk’ = D, the point of intersection of AK and BC. The property 
of inversion shows that for any two points X,Y 4 O, 


Re xY 


CY ee 
OX -OY 


Thus, 


This gives 


AK R?. A'K! AKI 
OK  OA’-OK'-OK OA (since OK - OK’ = R?) 
i 
= ~ (since A’ = A) 
AD 
OA’ 


Let OD: DCO =2:y,CE: EA=2:2, AF: FB =y: z. Then it is 
easy to calculate that AD/OA = («x + y+ z)/(x+y). This gives AK/OK 
(c+yt+2z)/(a+y). Similarly, BL/OL = (a+ y+2z)/(y+z), CM/OM = 
(ct+y+z)/(z2+2). Thus we get 


Ak BL CM Cee 1 1 
= (& z 
OK OL OM a zct+y ytz z4+2 
9 
2 95? 
~ 2 
by the AM-GM inequality. | 


96. Show that in any triangle ABC’ 
1 1 1 3 
+ ve 


| 
T 


MaMy MMe Mem, [ABC] 


Solution: Let AD, BE, CF denote the medians of ABC so that mg = AD, 
mp = BE,m,. = CF. Let G be the centroid of ABC. Extend GD to K such 


that GD = DK. We observe that 
2 2 2 
GB = 3 ib BK = 3 (Mer KG — 3a 


We also observe that 


[GBK] = 2(|GBD] = s[4BC 


A 


Pe 
Fig. 6.15 


Hence the area A,,, of a triangle whose sides are ma, Mbp, M¢ is 
9 3 


Thus, we have to prove that 


By fe ees 


MaMy MyNe MeMg ~  4Am- 


Since this relates the area of a triangle with its sides, all we need to prove is 
that in a triangle with sides a,b,c and area A the inequality 


Ppl ade 3V3 
be ca” 4A 
holds. But, this is the standard inequality 


3V3 


sn A+sinB+sinC < a 


in a triangle ABC. 


97. In any triangle ABC, prove that 


Wa + wy + we < V3s. 


Solution: We have 


4bc 
2 
We = > 8(S — a) < 8(S— a), 
= alsa) < (sa) 
and similar inequalities for w? and w2. Using Cauchy-Schwarz inequality, we 
get 


(wa + wy + we)” <  3(w? + w+ w?) 
< 3(s(s— a) + s(s — b) +.s(s —c)) 
= ae 
Hence the inequality follows. | 


98. Let ABC be a triangle with points D, E, F' respectively on the sides BC, 
CA, AB. Let the lines AD, BE, CF, when produced meet the circum-circle 
respectively in kK, L, M. Prove that 

AD a BE @ CF 59 

DK EL FM” 


Solution: Let BD: DC =z: y. Using Stewart’s theorem, we get 
xb? + yc? = (x + y) (AD? + BD.- DC). 


M A 
Wes SS 
B C 
K 
Fig. 6.16 
This implies that 
xb? + yc? AD? AD? 


G@iy)ED DC 7 BD-DO- AD. DK’ 


Thus, 


AD xb? + yc? 


DK («+y)BD-DC 


But, we know that 


Bie => pO 
c+y c+y 
Thus, we get 

ALY (xb? + yc?) (x+y) i 

DK xya? 
2 

5 Webvyt Voevz) | 
= xya 
2 
_ b+? | 
Ae 


we have used the Cauchy-Schwarz inequality. Using similar lower-bounds for 
the other two ratios, we obtain 


AD (BE OF (b+) 
> - 
DK‘ EL‘ FM =~ s a = 


cyclic 
1/bt+te cta at+b\? 
2 + + 3 
3 a b Cc 
62 
> —-3H= 
~ 3 


99. Show that in a triangle ABC, 
max {ama, bmp, cme } < sR. 


Solution: Let D, E, F be the mid-points of BC, CA, AB respectively. Let 
P and Q be the reflections of D in AB and AC respectively. Join DP and 
DQ. Let these intersect AB, AC in L, M respectively. We have 


1 
2LM = PQ < PF+FE+EQ=DF+FE+ED=(atb+e)=s. 


But ALDM is a cyclic quadrilateral. Hence, Ptolemy’s theorem gives 
IM-AD=AL-MD+AM.-LD. 


Thus we obtain 


IM = 


AD{ se uD ap} 
AD AD MD AD 
= AD{ cosasin 8 + cos 8 sina} 
= ADsin(a+ 8) = ADsin A. 


This shows that LMJ = m,sin A. Hence 


a ama 


> 2LM = 2m,sin A = 2m_:— = : 
s> Ma Sin m oR R 


Thus am, < sR. Similarly, we may obtain bm, < sR and cm, < sR. These 
three estimates give 
max {ama, bmp, cm} <shR. 


100. Let ABCD be a convex quadrilateral of area 1 unit. Prove that 


AB+BC+CD+DA+AC+BD>4+V38. 


Solution: If 6 denotes one of the angles between the two diagonals, then we 
know that the area of ABCD is AC: BD -sin0/2. Thus 


l= SAC: BD-sind < SAC: BD. 


This shows that AC. BD > 2. Now we know 


[ABC] = SAB -BC-sinB< SAB “BO 


[ADC] = 5eD -DA-sinD< 5eD - DA. 
Adding, we get 


1 = [ABCD] < =(AB- BC+CD.- DA). 


Nl eRe 


Similarly, we get 


1 = [ABCD] < =(AB-DA+CD- BC). 


Nl eRe 


Adding these two, we get 
(AB + CD)(BC + DA) > 4. 
This implies that 
(AB + BC +CD+ DA)’ > 4(AB+CD)(BC + DA) > 16, 
and hence AB+ BC +CD+DA> 4. Again 
(AC + BD)’ > 4AC- BD >8. 
It follows that AC + BD > V8. Hence 
AB+BC+CD+DA+AC+BD>4+V8. 
| 


101. Let ABCD be a square inscribed in circle. If M is a point on the arc AB 
(arc not containing C and D), prove that 


MC -MD> (3+2V2)MA- MB. 


Solution: Join M to A, B, C, D. Draw perpendiculars OL and MK to AB. 
We have 


[MAB] = 5MA -MB-sin ZAMB, 


[MCD] = Mc -MD-sinZDMC. 


But 
ZDMC = 52DOC = 52AOB = 180°-— ZAMB, 
and hence sin ZDMC = sin ZAMB. Thus 


MC-MD_[MCD]_ h+a 
MA-MB [MAB] h ”’ 


where h = MK and a denotes the side length of ABCD. Note that h < 
r —OL=r — (a/2). We hence obtain, 


h+alr—(a/2)t+a_ arta 
h ~ r—-(a/2)  2r-a’ 


However r = a//2. Thus 


hta_2+72 _ 


> 3 + 24/9. 
h ~2-vV2 


102. Let a,b,c be the sides of a triangle ABC with in-radius r. Prove that 


asin A+ bsinB+csinC > 9r. 


Solution: We may write this in the equivalent form 
a? +b? +c? > 18Rr. 
Using two different expressions for the area of a triangle, we have 


abc r(a+b+c) 
= rs = ——___ 


4R 2 


This gives Rr = abc/2(a + b+) and hence the inequality is equivalent to 
Yabe < (a+ b+e)(a? +b? +). 


However, observe that 


py 7 aa 
(abc) 2/3 ae + +c 
3 
b 
(aba ee 
3 
Multiplying these, we get the desired inequality. | 


103. Suppose ABC is an acute-angled triangle with area A and in-radius r. 
Prove that 
A 


2 
(veot A + Veot B+ Vcot Cc) <= 


Solution: We use the expression 


cosA b+c-—a? Rib? +c? —a?) 


tA = = = 
me sin A 2bcsin A abc : 


and similar expressions for cot B and cot C. Thus the inequality to be proved 
is: 


2 — Aab 
(VP +e e2+Ve+a D+ Va? +B? — 2?) < rp = (at b+e)?. 
r 


Using the concavity of f(x) = \/x on (0,00), we observe that 


1 1 
Be am oe a b2 <c, 


and we have similar expressions for other sums. Thus it follows that 


VP +e2-—a+Ve+a2—04+ Var2+P?—-2<atbte, 
and that completes the proof. a 


104. Let ABC be a triangle having the circum-radius R. Let P be an interior 
point of ABC. Prove that 


AP | BP CP 1 
BC2 ' CA? ° AB? > R’ 


Solution: Draw perpendiculars from P on to BC, CA, AB to meet them 
in X, Y, Z respectively. Draw perpendiculars from Y and Z on to the ex- 
tended line XP to meet it in N and M respectively. Since PZAY is a cyclic 
quadrilateral, it is easy to see that ZY = PAsin ZA. 


A 


Fig. 6.18 


But ZY > ZM+YN. We also note that BX PZ is a cyclic quadrilateral. 
Hence 
ZX BZ = 180° —-ZXPZ=ZZPM. 


It follows that ZZPM = B and hence ZM = ZPsinB. Similarly, it may be 
proved that YN =YPsinC. Thus we get 


PAsin A> PZsinB+ PY sinC. 
This implies that a- PA>b-PZ-+c-PY. Similarly, we may prove that 
b-PB>c-PX+a-PZ, c-PC>a-PY +b- PX. 


Thus we obtain 


AP BP CP Cc b a Cc b a 
t t > PX t + PY t PZ\ z+ 
BC? CA? AB — (5 =) (S 5) - (= ce B) 
2PX 22PY 2PZ 
2 + 
be ca ab 
4{ABC] 1 
abe —s RR’ 
where [ABC] denotes the area of triangle ABC. | 


105. With every natural number n, associate a real number a, by 


1 tes 1 


where {pi Pa, ots Pr} is the set of all prime divisors of n. Show that for any 
natural number N > 2, 


N 
) a203°*'Ayn <1. 
n=2 


Solution: We observe that 


On the other hand 


Se 


Pp 


x 
SBlrR 
s~ 
sla 
NY 


PSN PSN 
_ SS a 
PSN pe 
i ee 1 
NR | ee 
(+S ate) 
1 ic 1 
N ails 
. (j i ae) 
_ oN 
= > 
Thus we see that 
act 
k 2° 
k=2 


Using the AM-GM inequality, we obtain 


Hence we get 
N 
y A203°°'An = Ag+ A203 + A2a304 + A20304d5 + °°: 
n=2 


< ane eee ene 
' 12 " 60 25 " 96 


106. Let n be a fixed integer, with n > 2. 
(a) Determine the least constant C such that the inequality 


4 


S- xix; (27 + 2%) <C ye Li 


1<i<j<n 1l<i<n 


holds for all real numbers xj,..., 2p > 0. 


(b) For this constant C’, determine when equality holds. 


Solution: We show that C = 1/8 is the least constant and there is a config- 
uration for which this is attained. We have 


n 
yt 
jot 


4 2 


n 
pee +2 S- LiL 
j=l 


1<j<k<n 


I 


Vv 

ey 
M 
Re 


2 S- LiL 


j=l 1<j<k<n 
n 
= 2 : 
= 8 y x5 y LiL 
j=l 1<j<k<n 


IV 
o) 


S- LiLR (25 + 72) 


1<j<k<n 


The second inequality is an equality only if n — 2 of x,’s are zero. If we 


take 73 = 44 = --:: = Zp = 0, then the first inequality becomes an equality 
only if x; = x2. Thus if we take 7, = r2 = a for some real number a and 
v3 = U4 =-++ = Lp, = O, then we get equality with constant C = 1/8. 


Alternate Solution: 


It is sufficient to prove that 
1 
S- xin; (x? + 2%) < e 
1l<i<j<n 


under the assumption that 57a; = 1. 
We can make use of Newton’s identities; if for k <n 


n 
Sy ay, and ap= Se A oe Oe Pee or 
j=l L<jiSj25-Sjr<n 
and a, = 0 for k > n, then 
Sy — a1, 51 + 2a2 = 0, 
S4 — 0153 + aS — 035) + 4a4 = 0. 
We thus have 
n n n 
y aett+e = (Sat) (oe] - 4 
1<i<j<n j=l j=l j=l 
= $3 —S4 = a2S2— a3 + 404 
= ag(l— ag) +4a4— a3. 


Here we have used a; = S; = 1. However, we know that ag(1 — 2a2) < 1/8. 
On the other hand 


4ag—a3 = ) Lyi X55 053 ) Lk 
Ji<j2e<Jjs k€{j1,J2,J3} 
= S Uj, LjgV jg 
Ji<j2<js 
a eta 5 rR -1 
Ji<j2<Jjs k€{j1,J2,J3} 
= se S Uj, LjgV jg (x5, + Lig + jg) < 0. 
Ji<j2<Jjs 
Thus we get 
1 
2 2 
y x4nj(a; +25) < 3? 
1<i<j<n 
for n > 4. | 


107. Let a,b,c,d be real numbers such that 
(a? +.B? — 1)(2? + — 1) > (ac + bd — 1)’. 
Prove that a? +6? —1>0 and c+d*—1>0. 


Solution: Suppose, if possible, one of a? +67, c? +d? is less than 1. (Observe 
that none can be equal to 1.) Since (ac + bd — 1)’ > 0, the product (a? + 
b? — 1)(c? + d? — 1) is positive. Hence it follows that a? + b? — 1 < 0 and 
ce +d*—1< 0. Let us putz = 1-—a?—}? and y = 1-—c?—-d*. Then 
0<a,y <1 and hence 


Avy = (2— 2a? — 2b?) (2— 2c? — 2d’) 
(2ac + 2bd — 2)” 
= (7 4+P424+040 +y-—2ac— 2d)’ 
= ((a— 0)? + (6-4)? boty) 
> (a+y)’. 


This shows that («—y)? < 0, which is impossible. We conclude that a?+b? > 1 
and c? +d? > 1. 


Vv 


Here is a generalisation used in the US Selection Tests-2004. 
Let a1,42,03,...,4n and b1,b2,b3,...,b,, real numbers such that 


(appa) t= pa? =1) (07 $024 2 HP? 1) SA(aibit dbo Fs Hag), 


Show that aj +a3+---+a2 >1, and b}+b3+---+02 >1. 


The argument of the proof is essentially the same. But we prove an in- 
equality due to Aczel which will help us to resolve the problem quickly. Let 
1,02,03,.-.,0m and y1,Y2,Y3,---;Ym be real numbers such that 


wy > 2g +23 +--+ 2m 
Then 


(191 — xoyo — @3y3 —--* —2mYm)° 


I 


(mitt+y) — >> (ajt+y;)° 


(«1 - Yo)? +2(on - Sow )t+ (vf -Yv). 


j=2 j=2 j=2 


f(t) 


I 


Note that the leading coefficient is positive. Moreover, 


m ; 2 
(-2)-£(- rn)’ 


Hence the discriminant must be non-negative, which implies (x). 
We apply (x) to the sequences 1, a1, d2,...@,, and 1, bi, be,...b,. Since 


(Le -1) (08-1) > (Sent) oe 


it follows that both )7"_, a+ —1 and aan bs 
negative, then Aczel’s inequality shows that 


— 1 have same sign. If both are 


j=l j=l j=l 
n 2 
j=l 
This contradiction proves that )7"_, a> —1 and >” j=l b+ — 1 are both positive. 


108. Let £1,%2,23,...,£199 be 100 positive integers such that 
1 1 1 
+ beep 
Vt1 V t2 V¥ 100 


Prove that at least two of x;’s are equal. 


= 20. 


Solution: Suppose all the x;’s are distinct; say 71 < %2 < 43 < +++ < 0. 
Then x; > j for 1 <7 < 100. Thus 


1 1 1 1 1 1 
20 = f eee < | fee og ot 


JH Vt. ' ffi V1 V2 ~ 100° 


But for any natural number k, it is easy to see that 


1 2 
< =2(Vk—Vk—1). 
Vk Vk+Vk=—1 ( ) 
Thus it follows that 
1 1 1 
20. bees p 
~ Vi V2 100 
100 
< 230 (ve-ve=1) 
k=1 
= 2V100 = 20, 


which is impossible. We conclude that not all x;’s are distinct. a 


109. Let f(x) be a polynomial with integer coefficients and of degree n > 1. 
Suppose f(x) = 0 has n real roots in the interval (0,1), not all equal. If a is 
the leading coefficient of f(x), prove that 


ja] > 2" +1. 
Solution: Observe that f(0) 4 0 and f(1) 4 0. Hence 1 < |f(0)f(1)|. Let 
Q1,02,Q3,...,Qn be the roots of f(a) = 0, which all lie in (0,1). Then 
f(a) = a(a@ — a1)(" — ag)-++ (@ — ap). 
Thus we have 
1 < |f(0)F(1)| = lal? lar + a2-++a@n(1 — a1) - (1-2) ---(1— an). 


But we know that #(1— 2) < 1/4 for x € (0,1) with equality only if « = 1/2. 
Since not all roots are equal, we conclude that 


A” < |al?. 
Since a is an integer, it follows that |a| > 2” +1. a 
110. Show that the equation 
x Zz ow 
=e y eis —=m, 
y 2 w 
has no solutions in positive reals for m = 2, 3. 


Solution: If x,y, z,w are all positive, then the AM-GM inequality shows that 
ee oe eee 
yz w &£ 


Hence the result follows. | | 


111. Solve the system of equations 
42? Aa? Aa? 
eT => — _ LS 
14422? 4" [4 4g? 1+ 422’ 


for real numbers 2, y, z. 


Solution: If any one of z, y, z is 0, then the remaining two are also 0. Suppose 
none of them is 0. Then 2, y, z are all positive. Multiplying all the relations, 


642yz = (1 + 4a”) (1 + 4y) (1 + 427) > 4a - dy - Az, 
where we have used the AM-GM inequality in the last step. This shows that 
equality holds in the inequality, implying « = y = z = 1/2. Thus we have two 


solutions: 
(x,y,z) = (0,0,0), (1/2, 1/2, 1/2). 


112. Suppose a,b are nonzero real numbers and that all the roots of the real 
polynomial 


az” — av”! + an_oe” 7 +--+ + agx? — 7b +b =0 


are real and positive. Prove that all the roots are in fact equal. 


Solution: Let a1,02,03,...,@, be the roots of the given equation. Then 


1 1 1 2 
aytag+agt +A, =1, —t+—t7-+— =". 
QL a2 An 
This shows that 
2 1 1 1 2 
nN” = | ay +agtagt +n }{ —+—++--+— Jan’, 
QA, a2 An 


by the AM-GM inequality. Hence equality holds in the inequality and this is 
precisely the case when aj=a2=a3=: ::-=Qn. | 


113. Find all triples (a,b,c) of positive integers such that the product of any 
two leaves the remainder 1 when divided by the third number. 


Solution: Observe that no two can be equal. Nor any one of them can be 
equal to 1. Thus we may assume that 1 <a<b<c. Write be =1+az,ca= 
1+ by and ab = 1+ cz. From this we obtain 


ryzabe = (be — 1)(ca — 1)(ab — 1) = (abc)? — abc(a +b +c) + ab + be + ca— 1. 


This expression shows that abc divides ab + bc + ca — 1. Since abe and ab + 
bc + ca — 1 are positive integers, we can immediately get 


abc < ab+ be+ ca. (*) 


Using a < b < c, we get abe < ab+bce+ca < 3bc and hence it follows that 
a <3. The condition a > 1 now implies that a = 2. This can be put back in 
the inequality (*) to get bc < 2(b+c). Again using b < c, we get bc < 4c or 
equivalently b < 4. Taking in to account 2 = a < 6, we can only have b = 3. 
Using a = 2 and b = 3, we see that the only possibilities for c are 4 and 5 of 
which 4 can be ruled out (why?). Thus the only solution (a,b,c) witha <b<c 
is (2,3,5). Permutations of this solution give all the other solutions. a 


114. Show that a triangle is equilateral if and only if 


a* + b++c4 


acos(3 — y) + bceos(y — a) + ccos(a — 8) = a 


9 


where a, b,c are the sides and a, (3,7 are the angles opposite to the sides a, b,c 
respectively. 


Solution: If ABC is equilateral, then a = 8 = y anda=b=c. Thus both 
the left hand side and the right hand side reduce to 3a. 
Suppose the above relation holds. Then the AM-GM inequality shows that 


a+h4+ > a2b2 + be? + a? 


> @be+b'a+c%d 


= abc(at+b+c). 
Thus, 
4 bt A 
ae aa > at b+e 
abc 
> acos(8 — 7) + bcos(y — a) + ccos(a — £) 
_ at+bt+et 
i abc , 


Hence equality holds every where. This implies that 
at +6444 =abc(a+b+c), 


which in turn givesa=b=c = 


115. Find all positive solutions of the system 


1 1 1 
t+—=4,%2.+ — =1,... ,X1999 + = 4, 22000 + — = 1. 
r2 v3 £2000 TY 


Solution: Using the AM-GM inequality, we have 


1 ry 1 2000 
21+ — 2 24/—,*++ £2000 + — 2 2 . 
v2 v2 Ly Vy 


Hence it follows that 


1 1 1 
41000 _ (x +4 +) (x BE +) eas (2.0 + +) > 41000 
x2 v3 v1 


We conclude that 


1 1 
L1 = —_,&2 = —_,°°* , £2000 = — 
x2 v3 
It follows that 
1 
L1 =%3 = 2X5 =+++ = Ai 999 = 2, and rg = %4 = Te = + -+ = 2000 5" 


116. Find all positive solutions of the system 


et+tyt+z = 1, 
e+ypt+etaye = at tyt+2741. 


Solution: Using the first relation, we have 


Laaty+z>3(ayz)'? 


o) 


so that xyz < 1/27. Using the second relation, we get 


e(l—2)+y(l—y)+ (1-2) =1-—a2yz> = 


However, for any ¢ € (0,1), we have 


4 
t-+t+t+3—3¢ 1 
381 =t-0-t- 8-31) < ( me ) — 


4 256° 
Thus, 
81 
3 3 3 
1- 1- l-z)<— 
a(L—a)+y(l—y) +2°(1—2z) S oe, 
which contradicts 73(1—2)+y?(1—y) + 23(1—z) > 26/27. We conclude that 
there are no solutions to the given system in positive real numbers. | 


117. Let a,b be positive integers such that each equation 
(a+b-—2)?=a-b, (ab+1—z2z)? =ab-1 
has two distinct real roots. Suppose the bigger of these roots are the same. 


Show that the smaller roots are also the same. 


Solution: Observe the equation (a +b—.«)? = a—b has two distinct roots if 
and only if a > b. Similarly, the second equation has distinct roots if and only 
if ab > 1. Since a > 0, we have a? > ab > 1 so that a > 1. Thus we obtain 


1 
a>b>-, a>l. 
a 


Now, the bigger roots of the two equations are 
a+b4+V/a—b, ob+14+Vab—1. 
Equality of these two gives 


Va—b=(a-—1)(b—1)+Vab—-1. 


Ifa >b>1, then 

Va—b>vab—-1. 
It follows that (a + 1)(b—1) < 0, showing that b < 1. Hence b = 1. On the 
other-hand if (1/a) < 6 < 1, then 


Va—b<vVab—-1, 


and hence (a + 1)(b—1) > 0. It follows that b > 1, and thus b = 1. Thus the 
bigger two roots are equal if and only if b= 1 and a> 1. In this case both the 
equations reduce to (a +1 — 2x)? = (a—1) and hence the smaller roots are also 
equal. | 


118. Suppose the polynomial 
P(a) =a" tne" + age"? +--+ a, 
has real roots @1,@2,Q3,...,Qn. If 
ay® tage t+: +a7° =n. 
Find a1,0@2,03,...,Q@n.- 


Solution: We have 


Q1+ag+A3+++:+An = —N. 


If we use the Cauchy-Schwarz inequality, we get 


n 2 n 
n= (da) <n5- aj. 
j=l 


j=l 


Repeatedly applying this we obtain 


n 
n3 < nen: aj=n?5 a, 


j=l j=l 
n n 
nb < n® n> 08 =n) Ya, 
j=l j=l 
n 
n'6 < nit -n- Saf? Sm 16 
j=l 


Thus equality holds in the Cauchy-Schwarz inequality. This implies that all 
the a;’s are equal. Hence a; = —1 for all 7. a 


119. Find all the solutions of the following system of inequalities: 


(2) (aj — x35) (x5 —a325) < 0, 
(it) (3 _ £421) (3 ~ ©4201) < 0, 
(tit) (3 = @522) (a4 — r522) < 0, 
(iv) (x4 — £103) (zz — r103) < 0, 
(v) (x3 - ©2014) (a? - ©204) < 0. 


Solution: It is easy to check that x, Lr 23 La Ls Aisa 
solution. Suppose not all the x;’s are equal. Thus among 73,25, %2,%4,21, 
two consecutive numbers are distinct; say x3 # x5. We observe that whenever 
(%1, 22, %3, 04,5) is a solution, (1/71, 1/x2, 1/23, 1/24, 1/xs5) is also a solution. 
Hence we may assume that x3 < 25. 


Suppose x; < rg. Then x7 — x325 < 0 and x3 — 7325 > 0. This shows that 
Ly < V/%3%5 < 5 and x > \/%3%5 > x3. Thus 2123 < x? and 2? < 2123 < 
r3%5. But 2% < v2r3 < ©g%5. Hence relation (iii) shows that 27 > rors > 
%3%5, because rg > +3. This is impossible. 

Suppose 71 > x2. Then (i) gives x1 > \/%3%5 > x3 and xq < \/%3%5 < as. 
Using (ii) and (iv), we infer that 


r1@4 < max{zr3,23} <23%5, 224 > min{x7, 22} > r3z5. 


This shows that v2%4 > 71 %4, contradicting x; > x2. Thus all the z;’s must 
be equal. | 


120. Solve the following system of equations, when a is a real number such 
that ja] > 1: 


c= ane +1, 
ce = az3+1, 
2 = 
X99 = 42X1000 + 1, 
rpg. = ary tl, 
Solution: We may assume that a > 1. For, if a < —1, we can take a’ = —a 


and x’, = —x;, 1 < j < 1000, to get a similar system in nich a’ > 1. Since left 
sides are squares, we get xy >-1/a > -1, for 1 < 7 < 1000. We may assume 
ry >2j;,1< 7 < 1000. Thus x > x2, 23. If x1 > 0, then x79) > 1 and hence 
1000 = 1. This implies that xgg9 > 1. Using induction, we get x; > 1 for all 
j. Thus either x; > 1 for all j or x; <0 for all 7. 

Suppose x; > 1 for all j. Then x; > x2 and hence 2} > x3. This implies 
that @2 > x3. Using induction, we have 11>%2>%x3>--->2X1990 > 41. Conse- 
quently all x;’s are equal. Thus we have to solve the equation z? = ax+1. We 
obtain 


1 
nj = 5(a+ Va? +4), for 1 <j < 1000. 


Suppose x; < 0 for all 7. Then x; > x3 implies that x? < x3 and hence 
x2 < x4. This implies that 73 > 25. Again induction shows that x, > 23 > 
Lp > +++ S L999 > X1 and x2 < x4 < +++ < L000 < XQ. Thus we get 
LQ = 4 = +++ = L199 and 21 = 73 = --- = Logg. In this case we have two 
equations: 7 = axa + 1, 73 = ax, +1. Hence 


xi — 92 = a(x2 = @1). 


If x; = x2, then all x;’s are equal and each is (a — va? + 1) /2. Otherwise 


t1+2%2+a= 0. In this case x? + az; + (a? — 1) = 0. The discriminant is 


4 — 3a. If a > 2/\/3, then there is no solution to the system. If a < 2/73, 
then 


1 1 
m= 5(-a- a +4) and #2 = 5(-a+ a +4), 
or the other way round. a 


121. Let a1,a2,03,...,an be n positive integers such that )_, aj = []j_1 a. 
Let V,, denote this common value. Show that V, > +s, where s is the least 
positive integer such that 2° —s > n. 


Solution: (By Rishi Raj) We begin with the observation that for a,b € N, 
2¢~a>2>-b<sa>b. 


This follows easily from the fact that the function f(x) = 2” — x is a non- 
decreasing function on R. Thus we see that 


Va-n > sap 2" V, +n > 2° —s. 
The definition of s shows that it is sufficient to prove 
gare = (Vr _ n) >n. 


We also have 2”~! > m for m > 1, which can be easily established by induc- 
tion. Thus 


QVn—% — 920521(4j-1) — 9(a1—1)9(a2-1) ...9(4n-1) & gy sags ++ Gn = Vo 


nr 


This gives 
Per (Vr - n) >n. 


The desired inequality follows. 


Alternate Solution:(By Aravind Narayanan) 


Let k be the number of a; which are strictly larger than 1. Let us take a; > 1, 
aj >1,...,@, >1, anda; =1 fork+1<j <n. Then 


Vn =a, tag +++: +an+(n—k) = a1 - 02+ 3-+++ Gg. 


Observe that V, > n. Suppose V, = n+r for some r such that 1 <r < 5s. 
Then we have 


Gg +++: +a@p=n+r 
=> ay t+agt+-:-+tan=r+k 
Se PEP SOU DH oA OE 
—_OSS 
k 


But we see that 
L+1l+---+1+a,+ag+---+a,=r—k+r+k=2r. 
e——~, 

r—k 
This gives 
1/r 
Qr =1414---+1 +a, tag +-+-+ a4 > 1r(araz-+- ax) . 
e+~—_ _—_“_’ 
r—k 
We have used the AM-GM inequality. Thus we obtain 
a1a2°'::Qk < 2. 
Hence 
nt+r=Vp=a1G9°--ap <2". 
It follows that 2” -r > n. But this contradicts the minimality of s. We 
conclude that r > s. This gives V7, =n+r>n+s. a 


122. Let 21,22,23,.--;2n be m complex numbers such that 4 |z;| = 1. Prove 
that there exists a subset S' of the set { 21,22,23)- : eat such that 


Solution: Let us express z, = ry + tyx for 1 << k <n. Then we have 


1= Sole <3 (le + a )= = S5 lal+ SS lesl+ SS lysl+ SS lel. 


xj20 xj <0 yj20 yj <0 


By the pigeonhole principle, at least one of the sums is not smaller than 1/4. 
By symmetry, we may assume it to be the first sum. Thus we get 


It follows that 


We, in fact, show that the constant 1/4 may be replaced by 1/z. For a real 
number x, let «t = max ae O}. We write for 1 <<k <n, 


Zh = Tx (cos 0; +isin6;), 


where rp = |Z%|, 0 < 0, < 27. Define 


n 


f(0) = DY re(cos (0-ox)) 


k=1 
We see that 
Lf ya = LY or 6—6.)) do 
on Ip tf (9) = a 2 f (cos ( - ‘)) 
di n m/2 
— =n | cos 6 d@ 
an —1n/2 
1 n 
= =S ore. 
ane 


Hence there is a number 69 such that 


1 n 
f (4) 2 = S- |zx|.- 
k=1 
We set 
T = {j|1 <j < 1,008 (80 — 6x) aie 
With this set 7, we obtain 


D7 


j€T 


e260 : i 


jET 
> Re( Desay] 
jET 


=> S- r5 COs (96 = 0;) 


jeT 


Here 1/7 is the best constant, but the proof needs more work. 
| 


123. Let (a1 ,42,43,. : ide) and (b1,b2,b3,. : Dn) be two sequences of real num- 
bers which are not proportional. Let (x1,02,23,. ; At) be another sequence of 
real numbers such that 


Prove that 


- ae, 
a2 ‘ie 


ft (DR?) 8) - (DR aby) 


When does equality hold? 


Solution: Put 


” Ab; — C 
ag ,B= i Cs Le bj = Goa 


An easy computation shows that 


The definition of y; gives 


a a AX) ajbj —C a5 
yay, = = 0, 


= AB—C? 
2 = AB-@ 


Using these, we may now obtain 


xj — yj) - Lv Le 
2; — yj) - Lule ope) 


Hence we get 
n n A 
2 Qe. 
3 z % ~ AB — C2’ 
j=l j=l 


which is the required inequality. 
Corollary: 


If (a1 ,a2,a3,. : ati) and (bi ,b2,b3,. F ‘Di n > 2, are two sequences of real num- 
bers such that ajby A axb; for 7 A k, then 


(Sa)(SH)-(Sen) () © (Lancan) 


Define sh 
n Qk 
-() Easton 
2 y and; = aj br 
for 1 < j <n. Then we get 
n a -ln asa 
eS be 
wan=() o> 
i 2 Res apd; = ajby 
For any | 4 m, we may regroup the terms of the form 


Am Ql , aiadm 


i 5) 
Ami _ albm abm Ss Ambt 


to get the sum equal to 0. Thus we see that 


Similarly, we obtain 


Now we can apply the inequality in the above problem. a 
124. Let (a1 ,42,a3,. : Stig) and (b1,b2,b3,. : Un) be two sequences of real num- 
bers such that 
b? — b2 —--.—b? > 0 or af — af —--»— a2 > 0. 
Prove that 
2 
(aj — a3 —---— a2) (bj — 63 —--- — B2) < (a,b, — agbg — +++ — abn) , 


and show that equality holds if and only if a; = Abj;, 1 < 7 < n, for some real 
constant 2. 


Solution: We may suppose that b7 — 63 —---—b? > 0. Consider the function 
f(x) defined on R by 


f(x) = (bi ee br) a? 2(a1by — agbg — +++ — Anbn) x 
} (aj as Perey a) 
= (bya a1)” (box ay)” tee (b,x dn) 
Now b? — b3 —---— 62 > 0 implies that b; 4 0. Taking x = a;/b,, we obtain 


2 2 
ay ay ay 
= 7 bn a) <0: 
(2) (» by 2) ( bh ) : 


However since the leading coefficient of the quadratic expression f(a) is pos- 
itive, f(~) + co as + +00. Since f(a;/b1) < 0, the equation f(r) = 0 
has one root each in the intervals (—00, a; /b,] and [a1 /bi, +oo). Hence the 
discriminant of the quadratic function f(x) must be non-negative. This gives 


(ep Sak eS a ee) < Gi ait a 


Equality holds if and only if a;/b; is a double root of f(x) = 0. This forces 
a; = Ab; for 1 < j <n, where A = a/b}. | 


125. Let x1,%2,%3,...,£7 be n positive real numbers. Prove that 


: <n, 
fay 205 + Ujt1 $0 + j4n-2 
where @n+k = Lk. 
Solution: The inequality is equivalent to 
“0541+ 2j42 $001 + Bj 4n—-2 
j j j HO, 


Say 285 + Uj41 t+ + Bj4n—2 


Using the Cauchy-Schwarz inequality, 


Be | | 
N SN Uj41 + Lj4Q +++ + Lj4n-2 > 
= 22; + Uj41 t+: + 2j4n-2 


2 


cyclic 


Se (xj + 2j4Q2 F005 + tj4n-2) (20, Eph eee j4n-2) 


cyclic 


Let us put S = )°;_,2;. Then 
Vj+1 + Lj+2 feee Ht Litn-2 = S = Lj-1 1 Xj, 


for 1 < j <n. (Here the indices are taken modulo n.) Thus we have to prove 
that 


(Ss-s1-5) 2 =) 3 (sein) (Sao +2;). 


fa 


This is equivalent to 


(n—2)S? > (s - n-1) — 25 


-_ S- (s? — 2Sx;-1 + vy - 23). 
However using )7_) 77_1 = )0j_, 27, the right side is 
SS? — 282;-1 =nS? — 29S ° a1 = (n—2)8?. 
Thus the inequality follows. a 


126. Let 21,%2,%3,...,2%, be n > 2 positive real numbers and k be a fixed 
integer such that 1 << k <n. Show that 


S- ac 229 eee | 2Lp-1 t+ Xk S 2n(k — 1) 
Let Legit: tly —~n—-k4+1- 


cyclic 


Solution: Put \7! = )0_, 2; and yj = Ax;, for 1 < j <n. Then y;’s are in 


(0,1) and }°"'_, yj = 1. The inequality takes the form 


> Y1 + 2yo +--+ 2yr-1 + Ye = 2n(k — 1) 
(y+ y24+-+:+yp-1)  n-k+1 


cyclic 


Using the new symbols 


= 
I 


1— (yi t+ y2+-+>+Yye-1); 
og = 1-(yatyst-::+yx), 


Qn = 1-(Yntyrt-:: + yn-2), 


we may now write y; + 2y2 +--+ 2yr-1 + ye = 2— a1 — ag. The inequality to 
be proved is 


S- 2—a,— a2 = 2n(k — 1) 
Qy ~n-—k+1? 


cyclic 


where a; € (0,1) for 1 <j <n. We observe that )0'_, aj = (n—k +1). Let 
us put 


Then 


= In-2(n—-—k+1)=2(k—-1). 


Taking A; = p;/2(k — 1), we have }°"_, \j = 1 This entails us to use Jensen’s 
inequality for the convex function f(z) = 1/z in the interval (0,00). Thus 


ys eo S 


Using the definitions of z; and \,;, this reduces to 


2(k—-1 1 
2 (2 E M a © 3b=1) x Beare 
This further simplifies to 
3 (2 — aj — aj41) ‘s 4(k — 1)? 
ae Oj Bar a5 — far 5 (@y + 541) 
7 8(k — 1)? 
= 4(n —k +1) a (a; ore) 


we have used h 
2 
25° a; (a; + 41) = S- (a; + 41) ' 
j=l j=l 
Thus we need to prove that 
8(k — 1)? a 2n(k — 1) 
n 20 = ; 
4(n —k +1) — O54 (ag + aj 41) n-k+1 


This in turn is equivalent to 


yl aj +0541) * > =(n—k +1). 
j=l 


However this is a consequence of the Cauchy-Schwarz inequality: 


3 (aj +o)" > +(3 (a; + ass), 


j=l j=l 
: 2 k+1 ; 
= 7 (2-#+) 
4 
= -(n—k+1)?. 
=(n—k +1) 
This completes the proof. a 


127. Let z and € be two complex numbers such that |z| <r, |€| <r and z 4 €. 
Show that for any natural number n, the inequality 


1 n—-2 
< snr 1)r |z-¢| 


eee le 


z—€ 


holds. 


Solution: We have 


n—-1 
aes = ner} = S- geen ik 2 ner} 


as k=0 
n—1 
=a ye imped Cs é*) 
k=0 
n-1 k-1 
= S- (z = jee ye peas), 
k=0 1=0 
This gives 
ni ¢n n— k-1 
=e = z— Alert *( Saleh) 
k=0 1=0 
n— k-1 
< |z-€ pn-ick ( aad) 


= |z-€ se kr? 
k=0 


1 
gn —VDiz- E|r?-?, 


I 


128. For any three vectors, x = (21,02,23,. : sats y= (y1,Y2,Y3,- , wiles and 
ZS (21,22,23). : ee) in R”, prove that 


[lel] + ell + [lll — lle + yl] — ly + 2] — lle + el] + |lat+y + 2|| 2 0. 


Solution: It is easy to prove the following identity: 


{ell + Ilall + lel] = [le + yll — lly + zl — [lz +l] + lle +9 + all} 
{llal| + Ilgll + llzll + lla + y + 2iI$ 


= TJ {Iles + etl = lhe + zit} {lett = ly + all + lle + y + ail}, 


where the product is taken cyclically. But triangle inequality for vectors shows 
that the right side is non-negative. Hence the result follows. | 


129. Let A; A2A3---An41 be a polygon with centre O, in which A, = Ay41 is 
fixed and the remaining Aj;’s vary on the circle. Show that the area and the 
perimeter of the polygon are the largest when the polygon is regular. 


Solution: Let ZA;OAj41 =a;. Then 0 <a; <a forl <j <n. Using the 
concavity of sinz on (0,7), we have 


n 


Da a; /2) < sin (0 ( a; /2n) ) = sin (/n). 


j=l 


We observe that A;Aj41 = 2Rsin (a; J2)s where R is the radius of the circle. 
This gives 


pe AjAj41 < 2nRsin (7/n). 


cyclic 
Equality holds if and only if ay = ag = --- = Gy; ie., when the polygon is 
regular. 
Similarly, the total area is 
1 3 sin (a ;) = 1 oR? ss . sin (a ) 
2 r= : 2 ral n t 


IA 
| 
3 
ay 

bo 

a. 

5 

ie) 
a. 
Sa 

3 

SS 


Equality holds if and only if ay = ag =--- =n. | 


130. A sequence (a,,) is said to be convex if ap, — 2an41 + Qn42 > 0 for all 
n> 1. Let a1,a2,43,...,@an41 be a convex sequence. Show that 


a +3 +45 +77 + Gant . Gat a4 + 6 + +++ + Gan 
n+l _ n i 


and equality holds if and only if a1,a2,a3,...,@2n41 is an arithmetic progression. 
Solution: We have 


0, forl<j<n, 
0, forl<j<n-1. 


j(n =i 1) (a2j—1 — 2a; + 2541) 2 
j(n— j) (aaj — 2a2;41 + a2j42) > 


Adding these and summing over j, the resulting sum is non-negative. If a; 
denotes the coefficient of a; in this sum, then 


Qorg1 = k(n—k+1)—-2k(n—k)+(k+1)(n—k) 
= k(n—k+1)+(n—k)(1—k&) 
= (n—k)+k=n, 
ag, = —2k(n-—k+1)+k(n—k)+(k-1)(n-—k-+1) 
= k(n—k)—k(n—k+1)—-(n-—k+1) 
po k SS eed, 
Thus it follows that 
n(ay +43 +++++@an41) — (n +1) (a2 +a4 +--+ +427) > 0. 


This simplifies to 


a1 + 43 + 45 + +++ + A2n41 S az + G4 + a6 +++ + Aan 
n+1 os n ; 


Equality holds if and only if each a; is the average of a;_; and aj41. Equiva- 
lently, the given sequence is an arithmetic progression. = 


131. Suppose a1,a2,43,...,dn are n positive real numbers. For each k, define 
Lk = Anti + Arete ++++ + Akin-1 — (n— 2)ag, 


where a; = 4; for 7 > n. Suppose zz > 0 for 1 < k <n. Prove that 
n n 
II apn = II Lh. 
k=1 k=1 


Show that for n = 3 the inequality is still true without the non-negativity of 
x,’s, but for n > 3 these conditions are essential. 


Solution: For each k = 1,2,3,...,n, 
n—1 
(n—1)a, = SS TRLFs 
j=l 


where the indices are read modulo n. This gives 


n n 1 n—-1 
II « = I (4 Ds) 
k=1 k= j=l 


IV 
- 
a7 ™~ 
- 
= 

Ss. 


k= 


Equality holds if and only if x; = x2 = --- = %p. Equivalently a,’s are all 
equal. 

Suppose n = 3. Then LZ, = Ag+ A3—-41, Lg = A3 +41 —AQ, 13 = AY +A2Q— 43. 
Suppose only two of the z,;’s are negative, say, 7; < 0 and x2 < 0. Then 
%1+ 22 < 0, forcing a3 < 0 which is a contradiction. Thus either only one of 
the x,;’s is negative or all three negative. But then x, 7273 is negative and hence 
a a203 > 12223. This proves the result for n = 3 without any restrictions on 

For n > 4, we take aj = ag = 1 and a3 = a4 =-+:- = Gyn = A> O. If the 
inequality holds for this sequence, then 


Pe Oa tl ase on). 


As \ + 0, we see that 
2"? (n — 3)? < 0. 


But this is impossible since n > 3. | 
132. Let a,c be positive reals and b be a complex number such that 
f(z) =alz|? + 2 Re(bz) +c > 0, 
for all complex numbers z, where Re(z) denotes the real part of z. Prove that 
|b? < ac, 


and 
f(z) < (ate)(1+ |zI*). 


Show that |b|? = ac only if f(z) = 0 for some z € C. 


Solution: Write z = re’’ and b = pe”. Then 
f(z) = ar? + 2prcos(9 +t) +c> 0. 


In particular ar? — 2pr +c > 0. Since this holds for all r, the discriminant 
of the quadratic must be non-negative. We thus get |b|? = p? < ac. Equality 
holds if and only if (ar — p)? = 0. Equivalently r = p/a. Taking zo = (p/a)e™, 
where cos(09 + t) = —1, we get f (zo) = 0. 

Since p? < ac, we have 


1 
pr <rv/ac = Va.cr? < 5 (a+ er’). 


Thus 


ar? + 2pr cos(@ + t) +¢ 
(ar? + c) + (a + cr?) 
(a + c) (1 + ane 


Ss 

ee, 
XR 

~ 
II 


IA 


I 


133. Suppose 71 <2%9<73<...<a2,, be n real numbers. Show that 


6» Ie; =) < a y 3 (a; — x) - 


j=l k=1 


Prove also that equality holds if and only if the sequence (x;) is in arithmetic 
progression. 


Solution: We start with the observation that it is sufficient to consider the 
case where an x; = 0. Otherwise we may replace each x; by x; — a, where 
a= ere ay /n, without affecting the inequality. Hence we assume that 


ye x; =0. Consider the right hand side. We have 


n n n n 2 
"So (aj)- 2%)? = an Ya} —2/ v;) 


j=l k=1 j=l j=l 


as evident from expanding the square, rearranging it and the assumption 


>> x2; = 0. We also see that 


(SoS bs-zl) 


j=l k=1 


l| 


2 
(bs) - al) 
j<k 


= (ei 1—me)), 


j=l 


(Dei 1-n)') (x4). 


j= 


IA 


Here we have used the Cauchy-Schwarz inequality. Hence it is sufficient to 
show that 


Sej-1-nyp< MEAD 
j=l 
However, we see that 
S (27 - 1-1)? 
j=l 


II 
i 
M 
So 
| 
~ 
= 
+ 
aoe 
ro 
& 
she 
=) 
= 
+4 
Zz 

bo 


7 nv A) Orca) - n(n + 1) 4 ae 
_ n(n? —-1) 
5 : 


This proves the inequality. Moreover, equality holds if and only if equality 
holds in the Cauchy-Schwarz inequality. This is equivalent to the fact that «x; 
is proportional to 27 — 1—n for each J, ie., 2; = k(27 --1—n), for 1 <j <n. 
This is same as 7; = k(1— 1) + 2kj or (;) is an arithmetic progression. 


134. Suppose (a,,) is an infinite sequence of real numbers with the properties: 


(i) there is some real constant c such that 0 < a, <c, for all n > 1; 


1 
(ii) la; - ar| > ; for all j,k with 7 Ak. 


g+ 
Prove that c> 1. 


Solution: Fix any integer n > 2 and consider the first n elements in the 
sequence: @1,Q2,...,@n. Let o be that permutation of 1,2,3,...,n which 
orders these n elements as an increasing sequence: 


0< Gg(1) S Ao(2) S++ S Go(n) Le. 


Then 


IV 

Q 
S 
+ 
Q}]rR 
eS 

| 
re 


is (n — 1)? 
~ Lje2 (o(7) + oF - 1)’ 


where the Cauchy-Schwarz inequality has been used in the last step. On the 
other hand 


n 


> (6G) 4e6=0) 2(> a(i)) ie) 


j=2 j=l 
= n(n+1)-—o(1)-o(n) 
= one 1s 3, 


I 


since o(1) + o(n) > 3. Using n?+—3 <n? +2n+3 = (n—1)(n+3), we 
obtain 
(n— 1)? n=. 4 


> = = . 
“= (a—-Din+3) nt+3 n+3 


This holds for all values of n. It follows that c > 1. (If c < 1, then choose 
a large n such that 4/(n + 3) < 1—c. This is possible since 1—c > 0 and 
4/(n +3) can be made arbitrarily small by choosing a sufficiently large n.) 


135. Let ABC be a right-angle triangle with medians m,, mp, M-. Let A’ B/C’ 
denote the triangle whose sides are mg, Mp, Mc. If R and R’ denote respectively 


the circum-radii of ABC and A’B’C’, prove that R’ > PR. 


Solution: Let AD denote the median from A on to BC, and G the centroid. 
Extend AD to M such that GD = DM. If ma, denotes the length of AD, 
then GD = m,/3 and hence GM = 2m,/3. Note that BG = 2m)/3 and 
CG = 2m,/3. We also observe that BMCG is a parallelogram and hence 
BM =CG = 2m,/3. Thus GBM is a triangle whose sides are 2m,q/3, 2m/3 
and 2m,/3. Moreover [GBM] = 2|GBD] = [ABC]/3. Hence the area of a 
triangle whose sides are ma, Mp, Me is A’ = (9/4) x [ABC]/3 = 3[ABC]/4. 


A 
E 
F 
B D C 
M 
Fig. 6.19 


We also have 
mp = 0/2, 4m? =a? 4+4c?, 4m? = 4a? +c’. 


Hence, 


5abc 
3° 


We have used the Cauchy-Schwarz inequality here. This shows that 


MaMpMe = oe + 4c2\/c2 + 4a? > ® (a: 6+ 2¢- 2a) = 


,  MaMyme — 5abe 4 5 
a AN 88 «12[ABC] gt 


136. Let ABC be an equilateral triangle and D, E,F be arbitrary points on 
the segments BC, CA, AB respectively. Prove that 


1 1 1 
Per { [BDF] [CED] ~ ara} 2 3. 


(Here [XY Z] denotes the area of the triangle XY Z.) 


Solution: Let us take AB = BC = CA = 1 unit and AF = 2, BD=y, 
CE =z. Then using [ABC] = (sin A)/2, we get 


[AEF] = 5AF -AE-sin A= 2(1—- z)[ABC]. 


Similarly, we obtain 


[BFD] =y(1—2)[ABC], [CDE] = 2(1—y)[ABC]. 


Thus, we have to prove 


Fig. 6.20 


Putting u = z(1—y), v=2(1- z), w= y(1 — 2), we have to show that 


Te. ol 1 
(1 U—vV w)( + — + ) 2 
uv Ww 


Expanding, this may be written in an equivalent form: 


l-v-w 1 u l—-u-v 
+ + >6 
v 
However, 
t-woum -- 1 a(1—z)-—y(1-2) 
u = 2(1—y) 
_ l—-x+az-—yt+yt 
z(1—y) 
=, (lg) =a) een 
z(1—y) 
_ l-2 x 
: z 1l-y 


Similarly, we obtain 


Lapa 3 he ge oY l-u-v 1-z z 


v x 1-2’ w Yy l-a 


Thus, we need to prove that 


1-2 x 1- l-2z z 
+ + ined 


z l-y x 1l—z y a La2 
This follows from the AM-GM inequality: a/b + b/a > 2 for positive a,b. 


137. Let the diagonals of a convex quadrilateral ABC'D meet in P. Prove that 


V[APB] + VICPD] < V[ABCD], 


where as usual square-bracket denotes the area. 


Solution: Let BP =z and PD =y. The inequality to be proved is: 


[APB] + [CPD] + 2\/[APB]\/[CPD] < [ABCD]. 


This may be reduced to 


2\/(APB]\/[CPD] < [BPC] + [DPA]. 


Fig. 6.21 


But observe that 
[APD] y [CPB] 


[APB] 2x’ [CPD] 
Thus it is sufficient to prove that 


2\/[APB]/|[CPD] < {(CPbl+ “|APBI. 


This follows from the AM-GM este Here equality holds if and only if 


{CPP = “APB. 


If AE and CF are altitudes respectively from A, C on BD, we have 
1 1 
[CPD] = Ln CF, [APB] = 52° AE. 


Thus, equality holds if and only if 
y CF CP 


zt AE PA’ 
This is possible only if CPD and APB are similar. Equivalently AB is parallel 
to CD. Z 


138. Let AD be the median from A on to BC of a triangle ABC; let r, 11, re 
denote the in-radii of triangles ABC, ABD, ADC respectively. Prove that 


Pg. ce De 2 
T) #2 r BC) 


Solution: 


B D Cc 
Fig. 6.22 


Let p, pi, p2 be the perimeters of ABC, ABD, ADC respectively. Then 
pi + po =pt+2AD. Hence 


2[ABD] | 2[ADC] _ 2|ABC] , , 4, 
r 


rT T2 
Since AD is a median, [ABD] = [ADC] = [ABC]/2. Thus we get 


[ABC] | [ABC] _ 2ABC] ayy 


Ty r2 


Using AD > ha = 2[ABC]/BC, we obtain 


139. Let a,b,c be positive reals such that a+b+c=1. Prove that 


a(1+b o)? b(1 tC 7 e(1 + a eee 


Solution: We observe that 1+b—c=a+b+c+b—c=a+42b> 0. Hence 
the AM-GM inequality gives 


173 .1+1+1+b-c b—c 
1+b- < =14 : 
pater = 3 3 
Thus, 
b= 
HA eae a) 
Similarly, we obtain 
b(lt+c—a)? < b+ we) 
—b 
c(1 t+a- 6)? < e+ a ) 
Adding, we get the desired result. | 


140. Show that in a triangle ABC, 
(om; + b?me + cm?) G +b 4 2) > 16m2m;m2, 


where Mg, Mp, M- denote the medians on to the sides BC, CA, AB from A, B,C 
respectively. 


Solution: Using 
2 20? + 2c? — a? 


Mg = 4 ? 
and similar expressions for m?, m2, we get 


S- am = ; S- a? (2b? +2¢7 — a) 


cyclic cyclic 


- (de) -3re 


cyclic cyclic 


Similarly, 


16m2m3m2 : II (2(¢ +0? +c?) — 30”) 


cyclic 


= { _ 4(a? +07 +4 2)" — 27a7b?C? 


| 18(a? b? c’) (a?b? + b%e? + eu)\ 
Thus, the inequality to be proved is 
(2(¢ +07 4+ <2)" - 3(a4 +44 cy) ( ae bP °) 


> —4(a? +.B? + 07)? — 2707b?7c? + 18(a? +.B? + c?) (028? + Be? + a2). 


Simplification reduces this to 
So a(a? — 8) (a2 - 2) 50. 
cyclic 


This follows from Schur’s inequality. = 


141. Let 21,2%2,73,...,0%, be n positive reals which add up to 1. Find the 


minimum value of 
nm 


— 
1+ Vasey Uk 


j=1 


Solution: Let S denote the sum. Then 
ze LX; = 2 
S= ——— . 
De 2-24; a s 2-4; 
j=l J jJ=1 wy 


Using the Cauchy-Schwarz inequality, we get 


Hence, 
“. 2 2n? 
Sere 
~~ 2 — 4; 2n-—1 
g=l 
Thus, 
2n? n 
>—n4 _ 
De Sit ea yea 
Equality holds if and only if v4] = v2 =--- = a, =1/n. Thus the least value 


of S is n/(2n — 1). | 


142. Find all possible values of 


a b 


Cc 
GE bad Gee Bee 


when a, b,c,d vary over positive reals. 


Solution: Let us write 


a c a b is d 
atbo+d b+ct+d’ ©? atbt+te' atet+d 


S= 


We may assume a+b+c+d=1. Let us introducea+c=2,b+d=y. Then 


a Cc a+c—(a@+c¢ 
ees a £ (a? +c?) 
l-c l-a 1—(a+c)+ac 


Qac+a— 2x? 


actl—-2z 


We observe that S; > a and S; = x whenever a = 0 or c= 0. Similarly, it is 
easy to see that 
2x 


Si <5 


(In fact this is equivalent to (a + c)? > 4ac.) Thus the set of values of $1 is 
(x, 2x/(2—«)]. Similarly, the set of values of $2 is (y,2y/(2—y)]. Combining, 
we get that the set of values of $; + S2 is 


(a + y, 2x/(2 — x) + 2y/(2—y)]. 


But «+ y= 1 and 
2x 2y 4— dey 


2-—y aay = 


Equality holds only if zy = 0. Since x 4 0 and y ¥ 0, it follows that $;+S) < 2. 
Thus, the set of values of the given sum is the interval (1, 2). a 


143. Let (F,) be the Fibonacci sequence defined by 
F, = Fy = 1, Fng2 = Fagit Fa, for n > 1. 
Prove that 


“FE; 
23 <? 


for alln > 1. 


Solution: Let 5, denote the sum above. Then 


ee ae Bite Bos Pia ho: he eae. oo Mae ed 
n 9 i 92 T 93 T 94 T T gn 
n—2 n—-1 
ft rb ey Da 
gt ata PPE 
j=l j=2 
oo4 0 1 Lf Fn-1 | Fn 1F, 1 
gr ge on (33 | | 
_ 1,38, Fri 3Fn 
254°" Qntl  gn+2° 
It follows that S, < 2. | 


144, Let P(x) = 2" +an_12"~!+---+a9 be a polynomial with real coefficients 
such that |P(0)| = P(1). Suppose all the roots of P(a) = 0 are real and lie in 
the interval (0,1). Prove that the product of the roots does not exceed 1/2”. 


Solution: Let a1,Q2,Q3,...,% be the roots of P(a) = 0. Then we have 
Q1 + A2°++An = (1—ay1)(1 — ag)---(1— ay). 


Introduce 


Then a; = 1/(1+ 8;) for 1 <j <n. Thus 


1 


(1+ B1)(1 + B2) +--+ Bn) 
1 


< , 
27/81 + Ba-+* Bn 
Note that (6) - G2--- Bn = 1. Hence it follows that 


QA, AQ°'*An 


1 
Oe OB re Soa 


145. If x,y are real numbers such that 


Qe + y + 8a? + day + 32y? = 34 3V2, 


prove that «?y < 1. 


Solution: Using the AM-GM inequality, we have 


Qe ty=artaty > 3(xy)'”. 
Similarly, 
8a? + day +32y? = 4(2x7) + dary + 32y? 
> 9((2x)*(2y)"32y?) ; 
= 18(xy)?? 
Thus, 
34372 = 2e+yt 8x2 4+ day + 32y2 
> 3(2y)'/? + 3V2(a2y)'”? 
= (3+3V2)(2y)””. 
It follows that x?y < 1. a 


146. If a, 8, y are the angles of a triangle whose circum-radius is R and 
in-radius r, prove that 


Solution: We have 


a 
ie os ap eg a 


2 2 2 


= asin $ (eo (3) cos (4) 


es aaa appa = 
= 2Rsin 5 cos ((B 7)/2) 2Rsin 5" 


This shows that sin(a/2) is a solution of the quadratic equation 
2Rx* — 2Rcos ((B - /2)a +r=0. 
Hence the discriminant of the quadratic expression is non-negative. We thus 


get, 


This reduces to 


147. Let I be the in-centre of a triangle ABC. Suppose the internal bisectors 
of angles A, B,C’ meet the opposite sides at A’, B’ and C’. Prove that 
1 AI-BI-CI 8 
< < : 
4 ~ AA’. BB’.CC' ~ 27 


Solution: Observe that 
A'B 7 A'l _ A'C 
AB AI AC’ 


Hence 

AT AB+AC_ a 

AI AB+AC  c+b 

A 
Cc <a 
B A’ C 
Fig. 6.23 

Thus, we get 

AI _ Al —  et+b 

AA AI+TA atb4tec 
Similarly, 


BI cta CI a+b 


BR a+b+c’ CC’ a+tb+c 
The inequality to be proved is, therefore, 


1 (a+b)(b+c)(e+a) _— 8 
4< (a+b+c)8 SF 


Using the AM-GM inequality, we have 


(a+ b)(b+e)(e+a) — 1 a+b b+e cta \*° 8 
(a+b+c) ~ 27\atb+ce atb+c a+b+c 


For getting the other inequality, take r = s—a, y= s—b,z=s-—c. Then 
x,y,z are positive real numbers and «+ y=c,y+z=a,z+a2=b). The left 
side in equality reduces to 


(ytz+2a)(z+a+2y)\(e+yt 2z) > Wetytzy. 


This can easily be verified after expanding the left side of the inequality. | 


148. Determine the maximum value of 


x LjLk (x; + Lk), 


j<k 
over all n-tuples (x1,22,03,...,0,) of reals such that 7; > 0 forl <j <n. 


Solution: Observe that 
1 
do rite(ej ten) = 3 do 25k (25 + ae) 
j<k j#k 


. 2 
= T5Uk- 


j#k 
We may assume that 7; > x2 >--: > @,. Introducing 


Y1 = £1, Y2 = ©2,°** ,Yn—2 = Ln—-2,Yn-1 =Tn-1 + In, 


we see that y; > 0 and ee, yj = 1. Moreover 


YYk — d Ure 
J i) 


i#k i#k = 


II 
— 
KI 
3 
| 
ma 
| 
8 
3N 
c 
| 
8 
aN 
wa” 
8 
S 


Thus, it follows that 

S- Ur < oe V5 Uk 

xk i#k 
This shows that the number of variables can be reduced by 1. Continuing by 
induction on the number of variables, we see that the required maximum is the 
maximum of a3(a + () under the condition a+ 8 = 1. This maximum is 1/4. 
Thus the required maximum is 1/4. a 


149. If a, 6, 7 are the angles of a triangle, prove that 


3 i cosa > 2 S- sinasin (~. 


cyclic cyclic 


Solution: (Amit Diwadkar) We know that S- (cosa — cos B)* > 0. Ex- 
cyclic 


panding this we get 


This may be written in the form 


2 
3 S- cosacos 3 < ( Se cosa) < : De cos @, 


cyclic cyclic 


because S- cosa < 3/2. Thus we obtain 


cyclic 


2 S- cosacos 3 < ey Cos Q. 


cyclic cyclic 
Using 2. cos acos 8 = cos(a + 3) + cos(a — 8), this reduces to 


> cos(a — 8) <2 ys COs @. 


cyclic cyclic 


Adding ys cos @ both sides, this further reduces to 


cyclic 


ba cos(a — 3) — Pa cos(a+ 6) <3 oa cos a. 


cyclic cyclic cyclic 


After expanding, we get 


2 S- sinasinB <3 SS cos @. 


cyclic cyclic 


150. Let x1,%2,%3,...,£~ be positive real numbers. Prove that 


Ce ee (Soa). 


j=1 


N 
jet 


Solution: Let c1,c2,c3,...,c~ be N positive real numbers. Then for 1 <7 < 
N, we have 


Wi eG + cota +--+ +052; 
(Gre +3) < IMJ 


(crea) 


This follows from the AM-GM inequality. We choose c; to meet our require- 

ment. Taking 

G+ 1)! 
gest 


Cj = 5 


we see that 


2 32 2 (j+1)\"4 
(cice---¢3) = 1 5} “aa jal 


pn 


I 


This leads to 


Wi cya, + ota + +++ + 652; 
(oa) meta 


Summing over j, we obtain 


N ae 
Ye (nz2---25)! 


IA 
[2 
Ye 
Me. 
x 
iS 
Se” 
Rs 
ee 
oe — 
ee 


j=l j=l \k=1 

N N 1 

~ dan( > aga) 
N N 1 1 

= and (5-73) 
N 

- Lasley) 
as Cel 

< d. 5 


But we observe that 


We conclude that 
N 
fons <a( $5} 
j=l 


Here the best constant is e, not 3. This is known as Carleman’s inequality. 


151. Let a; <a2g<ag<---<a, be n real numbers with the property ye a; = 0. 
Prove that 


n 


2 
NA1An, S- ass 0. 


j=1 


Solution: Consider (ay — a;) (a; - dig) for 1 < 7 <n. This product is 
non-negative since a; <a; <a,. Hence we get 


A, 4; — Aan — as + ajay = 0. 


Summing this over 7, we obtain 


This reduces to 


Alternate Solution: 
Put aj =a, +7; forl <j <n. We get 0 =r, <re<r3<---<r, and 


Thus 


n 


Yad = Vat) 


j=l j=l 
n 
2 2 
= y (aj + 2ayr; + r*) 
j=l 
n n 
= : 2 
= naz + 2a;(> ri) +) ts 
j=l j=l 
n 
fe 2 
= nay + y "5. 
j=l 
Hence we obtain 
n n 
2 2 2 
nay + an + ) a, = nay (a1 +rn) — naj + ) vj 
j=l j=l 


20; 


since rj —T, <0, forl <j <n. | 


152. Suppose a, b,c are positive real numbers. Prove that 
1 1 1 3 


| 


= ; 
a+b)’ +o) c(l+a) ~ 1+ abc 


Solution: This is a tricky problem. We add 3/(1+ abc) to both sides to get 
an equivalent inequality 


1 ; 1 2 1 + 1 i 1 a 1 x 6 
a(1+b) | 1+ abe b(1+c) 1+abc c(l+a) 1+abceJ~ 1+ abe 


Observe that 


1 Is ak Da: - ORL) 
a(1+b) | 1+abe” 1+abela(1+b)' 14d f° 


Thus we get 


ie. a Sin, eee My ee Oe A 
a(l+6) ' 1+abcf ° lb +e) * 1+abc c(ita) ' 1l+abcf 
1 {an b(1 +c) 1+b OU a) a Soe ee 
a 


1+ abc zeal 1+b | bl +0) Ite (c(l+a)' l+a 
= 1 l+a  a(1+d)\ | DOE) 1+b 
~ 1l+abce)\a(l+6)' 1l+a 1+b b(1 +c) 


(32+ ats) 


6 
1+abe 


Alternate Solution: 


We may write the inequality in the form 


1 be 
a a 


cyclic cyclic 


This may be rearranged to 


Equivalently, the inequality to be proved is 


S (+: a ae 2 3. 


cyclic 


If 1/a > b, then (1+ a)/a > 1+ 6 and hence 


a 1 
1+b~ 1+(1/a) 


Similarly, 1/a < b implies that 


dk é 1 
1+b7~ 1+(1/a)’ 


(G4) (erro) 


are oppositely ordered. The rearrangement inequality gives 


Thus, the pairs 


1 1 1 1 Hf 1 
a@i+b  1+(1/a) ~ a 14+(1/a)"” 1+6 
- 1 4s b 
— lta 1407 
Thus, 
1 1 1 il b 
‘ b- } 
» (; ee ta) Sea ts 
cyclic cyclic ycli 
- Yim 
~ ‘\l+a Il1-+a 
cyclic 
= 3, 
which is what we need to prove. a 


153. Let x,y,z be positive real numbers such that x? + y? + z? = 2. Prove 
that 
etytz<24+ xyz. 


Find conditions under which equality holds. 


Solution: Let us put a = cy, b= yz, c= 24, s =ax2+yt+zandt = zyz. 
Since x? + y? + 2* = 2, we have 


go +(y—z) = 2-28, 
yt+(z-2Y = 2-2c¢, 
2+ (2£—y) 2—2a 


This shows that 1 — a, 1 — b, 1 — c are non-negative reals. Thus we obtain 
(l—a)(1—bd)(1—c)>0. 
We also observe that 
s=(e¢tytzP? = +7 2? + 2(ay + yz + 22) 
2+2(a+b+c). 


Hence we obtaina+b+c= (s? - 2) /2. Moreover, we also have 
ab+be+ca=axyz(a+y+z)=ts, abe=t?. 
We have to show that s —t < 2. We observe that 


(l—a)(l—6)(-—c) = 1-(a+b6+c)+ab+bce+ca— abe 


IA 


2 

2- ; (s - t) : 

Since (1 — a)(1 — b)(1 — c) > 0, we conclude that (s — t)? < 4 or |s —t] < 2. 
Equality holds if and only ifa = 1 orb=1o0rc=1andt=0. But t =0 holds 
only if one of the x,y,z is zero. If, for example, x = 0, then yz = 1 giving 
y = z=1. Thus equality holds if and only if one of the x, y, z is zero and the 
other two are equal to 1 each. | 


154. Let 0 < 21 <a9<a3<---<a2, be such that St xz; = 1, where n > 2 is 
an integer. If x, < 2/3, prove that there exists a k such that 1 < k <n and 


k 
il 2 
s eee 
eer 
j=1 
Solution: We consider two cases. 
Case 1. Suppose x, > 1/3. Here we have 
1 2 
=~ <1l-a@, < =. 
Brae, eee 


But, we know that 1 — a, = S07) 


jai Tj. Hence it follows that 


sya 


ye 
re 


Thus, the given inequality holds with k =n — 1. 
Case 2. Suppose x, < 1/3. We take s, = eee x;. If we have 


1 ee 
os s on 
GSR 3° 


for some k, then we are through. Otherwise, choose the smallest k such that 


8, > 2/3. Note that this is possible since s9 = 0 and s,, = 1. The choice of 


1 2 
this least k shows that s,-1 < 1/3; for otherwise we would have 5 < Spi < 5 


and we would have our result. But then 


a contradiction. 
Thus we conclude that the result holds for some k. | 


155. Let x, y, z be non-negative real numbers such that cy+yz+ze+ayz = 4. 
Prove that 
T+YAZS Ty + y+ 22. 


Solution: We solve for z to get 


4— xy 
z= —_—_.. 
ytu+xry 


This shows that xy < 4. We write the given inequality in the form 


(4—2y)(2@+y—-1) 
yru+ ry ; 


at+y—sy > 2(x ty 1) = 
We may reduce this to 


(a +y—- 2)? > «y(a —1)(y—1). 


If (a—1)(y—1) < 0, then the inequality is obvious. Suppose (x—1)(y—1) > 0. 
Then we have, 


(x +y—2)° = (cx -1+y—-1)’ 
2 A(x—1)(y- 1) 
2 ay(r«—Iy-1), 


since 0 < wy < 4. 


A Generalisation: 
Here is a generalisation due to M. S. Klamkin(CRUX-2000). If 0 <a < 1 and 


ifeyt+yzt+zet+ayz = 3at+a%, then r+y+z>xry+yzt+ zx. The symmetry 
consideration shows that it is sufficient to assume x > y > z. This implies that 


3a +23 > 38a+a? > 3242. 


It follows that x > a> z. Put \ = 3a+a°. Then the condition ry + yz + ze + 
ryz = 3a +a? gives 


Substituting this in the required inequality, it is sufficient to prove that 
a*(1+2- 27) + x(27+2-— 2) +27—dz+rA>0. 


Considering the left side as a quadratic expression in x, the inequality is equiv- 
alent to the non-positivity of its discriminant. Observe that the discriminant 
is given by 


D= (2? bz AV 4(2? Az +A)(L+ 2-27). 
Now D < 0 is equivalent to 
M4—A) + 2(1— 2) (2x0 ~2z) + 2(5z+ 3)) > 0. 
Since A < 4 and z < 1, the inequality is true if z < 1/2. If z > 1/2, then 


2A\(1 — 2z) + 2(5z + 3) > 8(1 — 2z) + 2(5z 4+ 3) = (1— z)(8— 5z) > 0. 


More generally it can be proved that if positive reals x,y,z satisfy xy + 
yz+za+ayz =a, thene+y+2> cy+yz4 zu if and only if0<a<4. 
(CRUX-2000.) Note that xy < a and 


a- zy 
xtytay 


Thus we have to determine positive a such that 


a-2Z r+ a-x 
pega ee > ax ge Oey) wl vy) 


e+ytry cr+yt ry 
This simplifies to determine all positive a such that 
f(x,y) = (x+y)? — (xy)? + (a-ay)(L-x—-y) 20, 


whenever x,y > 0 and zy < a. 
Taking x = a/2 and making y approach zero, we see that 


2 
+ +a(1-$) >0. 


4 


This implies that a < 4. 
Conversely, suppose a < 4 and let x,y be positive reals such that ry < a. 
If (« — 1)(y—1) > 0, then 


f(x,y) = (@ — y)? + (4- a)ay + (a — ay)(x — 1)(y-1) > 0. 


If (« — 1)(y — 1) < 0, we may write 


f(x,y) = (@+y— 2)? + (4—a)ay + (a—4—-ay)(a -1)(y-1) 2 0. 


This proves the result. 


156. Let x,y,z be non-negative real numbers such that x + y+ z= 1. Prove 
that 


4 
2 2 2 
< ; 


Solution: We may assume that z is the least number. Suppose0 < z<y <a. 
Then 
ay + y?z + 226 < oy + eyez + cyz + 2?y = (2 + z)7y. 


Here equality holds if and only if zy = 0 and y?z = xyz = 272. If y = 0, 
we have z = 0 and hence the given inequality is trivially true. Hence we may 
assume that y 4 0. Thus equality holds if and only if z = 0. It may be observed 
now that 


3 

+ 2 L+z u+e+y 4 

2 =4 ae < = z 

(a+ 2)"y 5 5 y<4 3 57 


We have used the AM-GM inequality in the last step. Here equality holds if 
and only if 7+ z= 2y. Since z = 0, we must have x = 2y. Using x+y+z=1, 
we see that equality holds if and only if y = 1/3 and 2 = 2/3, and of course 
z= 0. The case 0 < z < x < y can be dealt in the same way. Thus equality 
holds if and only if 


(x,y,z) = (2/3, 1/3, 0), (0, 2/3, 1/3), (1/3, 0, 2/3). 


157. Let x,y,z be real numbers and let p,q,r be real numbers in the interval 
(0, 1/2) such that p+ q+r=1. Prove that 


par(a+y+z2)° > ayr(1 2r) yzp(1 2p) zaq(1 2q). 


When does equality hold? 


Solution: Putting « = pu, y = qu, z =rw, we get an equivalent inequality: 


par (pu + qu + rw)” > par{we(1 2r) + vw(1 2p) wu(1 24). 


This further reduces to 


(putqu+rw)*? > uv(1 2r) vu(1 2p) wu(1 2q). 


Taking 1 — 2p = 


a, 1 — 2q = b and 1 — 2r = c, we see that a,b,c are positive 


real numbers such that a+ 6+ c= 1. The above inequality is equivalent to 


(atv +w) + b(w + u)+c(u+ »)) > 4(avw + bwu+ cuv). 


Suppose u <u <w. Then 


VU 


Hence 


(ut w—v) = vutow —v? 


= uwwt(w—v)(v—u) > uw. 


(aw +w)+b(wt+u)+ciut »)) 


We observe that 


> 4v(aw + db(w +u—v) +cu) 


4(avw + bu(w + u— v) + cuv) 


l 


IV 


4(avw + bwu + cuv). 


equality holds if and only if v = w or v = u and v = aw + 


b(w+u—v)+cu. Ifv =w, then we get v = av+ bu+cu=av+(1—a)u and 
hence v = u since a £ 1. Similarly, v = u implies that v = w. We conclude that 
equality holds if and only if u = v = w. This is equivalent to «/p = y/q = z/r. 


158. Let 21,02,03,...,0n be n real numbers in the interval [0,1]. Prove that 


(9)- (Eom) sf 


j=1 


where %p41 = 2}. 


Solution: Observe that 


n n 
) Li ) UiZXj41L = ; cae = 561) 
j=1 j=l 


j=l 
2 
= Cha + D9 (1s) 
~ 2 
_ 2) 4 te MeL 
- 2 
n nm n 
= 2 
= Tedd 
j=l j=l 
n 
Ss 9? 
a tw 


since ae < a; for all 7, in view of the given condition that x;’s are from the 
interval [0,1], for 1 < 7 < n. The quantity = (aj—2j 0541) is maximum only 
when ))5_, 27 — )0j_, &j = 0. Writing this in the form }7_, 2;(1—2;) =0, 
it follows that 2; = 0 or 1 for each j. Moreover, the condition for equality in 
the AM-GM inequality shows that equality holds in the above inequality only 
if 
1 =1-—%9,%2 =1-—%3,... ,fn-1 =1—Fn, tn = 1-7}. 

Thus, it follows that the quantity )7 2; — 0 a;2;41 is maximum if and only if 
each x; is either 0 or 1 and alternate x,;’s are equal. 


Case 1: Suppose n = 2k. This implies that 7; = 73 = --- = Xox_1 and 
Lg = 2X4 =+++ = Lop. Since each 2; is either 0 or 1, it follows that 

Ly x3 Poe LIAk—1 0 and v2 v4 ae L2k T, 
or 

= 03 +++ = Xo~-1 = 1 and vg = 4X4 =-:: =X, = O. 


Thus, we obtain 
Me _ S 0 aj 2541 =—kh=— [n/2]. 
j=l j=l 


Case 2: Suppose n = 2k + 1. In this case, we have 


Ly x3 as TI2k+1 1-2 and LQ = %4 = +++ = Wk. 


Thus, it follows that 


But then wg = v4 =--+ = fox = 1/2 and 


um Dasa OP 


159. Suppose x, y, z are positive real numbers such that xyz > 1. Prove that 
the inequality 


gid cage y>—y2 pasar 


+ + > 
x? + y?2 + 2? y+ 2242? 240? + y? — 


holds. 


Solution: (by a Moldovian student) 
We first show that 
5 2 5 2 


i le bi hi 5 
» x+y? + 2? Bas D o3 (x? + y? + 27)’ 


cyclic cyclic 


where the sum is taken cyclically over x,y, z. In fact 


3 go pe ss po ag? 7 x(a — 1)"(y? + 2?) 
we +yr +22 a3 (a2 + y2 +22) a3 (a2 + y? + 2?) (a8 + y? + 22)’ 


cyclic cyclic 


which is non-negative. Thus it is sufficient to prove that 


SS ed 2 
> 0. 
cyclic x (x? WF y? + 2) 
However, we have 
xe — 2 1 ( ; ~) 
= a x —_ — 
py 73 (a? + y? 4 2) (a? “I y? 4 2?) 2 x 
1 
= x — yz 
Gaga” 


160. Consider two sequences of positive real numbers, a1<a2<a3<:--<ay, and 
by <bo<b3<- *<bn, such that 


Suppose there exists a k, 1 < k < n, such that b; < a; for 1 < j < k and 
b; > a; for 7 > k. Prove that 


j=l j=l 
Solution: We define 
b;a ; 
a; = ag, = Ll<j<n. 
aj 


Then, for 1 < 7 <n, we have 


This gives 

a; — b; — (aj — bs) = (a; — b;) (ax — a3) /a; = 0, 
for 1 < j < n; this follows from a; — 6; > 0, ay > aj, for 1 < j < k, and 
a; — b; <0, ax < aj, for k <j <n. Summing over all 7, we obtain 


Using the AM-GM inequality, we obtain 
1/n b’. 
Ce eee 


This implies that 
(3 243 “at ) < ‘e 


Q14243°° An 


Simplification gives 
by bab3- : Dn S 41 0283°°*An. 


161. Let a,b,c be positive real numbers such that abc = 1. Prove that 


1 < 1 1 eee 1 
l+a+b 1+b+c 


T T 


thea Da “Ih FAS 


Solution: We introduce elementary symmetric functions 01, 02, 03 in a, 0b, 
c: 0, =a+b4+c; 09 = ab+bc+ ca; 03 = abc. Note that 0, > 3, 02 > 3 and 
o3 = 1. The left side of the inequality is: 
Sail a b aE: e)(1 +e+ a) 
Levee (1 +a+ b) 


Now 
So (1+b+e)\(1+e+a) 
cyclic 
= os (l+a+b+c+c+ab+be+ca+c’) 
cyclic 
=3+40;, + 3809 + S- (oa 
cyclic 
=3+40; +02 +03, 
and 


[] (+44) = 201 +02 +07 + 0201. 


cyclic 


Thus, the left side may be written in the form 


3+40, + 02+ 07 
201 +02 +07? +0201 


Similarly, the right side of the inequality reduces to 


12 +40, +09 
9+ 40, + 209° 


The required inequality is, thus, 


3+40, +02+07 e i2t4o1 +92 
20, +02 +02 +0201 ~ 94401 + 209° 


Equivalently, one needs to prove 


30702 o103 + 60109 bot oe 240, — 309 — 27> 0. 


Consider the quadratic expression: 


Q(x) = (802 —5)2? + (03 + 602 — 24) a — (03 + 302 + 27). 
For x = 0, this is negative. For x = 3, the expression reduces to 


20% + 42a — 144, 


which is non-negative because of gg > 3. Note that Q(x) = 0 has a positive 
and a negative root. Since the leading coefficient is 302 -5 >9-5=4>0, 
it follows that Q(x) > 0, for all x > 3. Since a, > 3, it follows that Q(o,) > 0. 
This proves the required inequality. 


Alternate Solution: 


We have to prove that 


Soauiiet eae e)(1 +e+ a) Depaiel2 als b)(2 a c) 
[Heyetic(l rat b) 7 Legace? + a) 


As in the earlier solution, we introduce oj = a+b+c, og = ab+bc+ca, 
o3 = abc = 1. Then we have 


So (1 +b+e)(1+e+a) = 3440, +0240, 
cyclic 
[Ia a+b) = 20, +02 +07 +0201, 
cyclic 
$7 (2+ d)(2+ce) = 12440, +02, 
cyclic 
[[ @+4 = 9440, + 200. 
cyclic 


The equivalent inequality is 


27 + 240, + 3024 5o7 60102 4 Ga 30702 010%, <0. 
We observe that 
> 3(abc) Me 3, 
09 =ab+be+ca > 3(a7b*c?) aes 3, 
302 = 3(abt+be+ca) < (a+b+c)? =o7. 


oj, =at+b+ec 


We may write the inequality in the form 


27 + 240 + Sof + 92(3 — 60) + 02 — 307 — o102) <0. 
Observe that 


3 — 60, + 09 307 0109 < 3-60; +02- 307 — 30) 


= 3-90; +o, — 307 
< 0, 
since 01 > 3 and a2 < 07/3. Thus, using o2 > 3, we have 
27 + 240, + 5oe +02 (3 — 60; +02 — 307 _ 7102) 
< 36 + 601 — 407 — 30102 + 302 
= 36 + 601 — 407 — 302(1 — 01). 


Since 1 — a, < 0, we get 


36 + 601 — 4a} — 302(1— 01) 
< 36 + 601 — 407 — 9(1 — 01) (since o2 > 3) 
= 45 = 30, — 40? 
= —(0) — 3) (401 + 15) <0, 


since a; > 3. | 


162. Let n > 4 and let aj,a2,a3,...,a, be real numbers such that 
ay +agt++:++a,27N, a? + ae ++--+a2 > n’. 
Prove that 


max {a1,02,03,. : ‘tite > 2. 


Solution: We assume a,<ag<a3<:--<a,. Put 


n 


a=(Soaj)/n 


j=1 


and b; =a; — a, for 1 <7 <n. Then we observe that 


bi<bo<b3<---<bn, S > nbj =0. 


j=1 


Consider (b; - b;) (0; _ brs) This product is non-negative since b; — b; < 0 and 
b; — by < 0. Summing these products over j, we observe that 


nbibn + $" F< 0. 


a 


Substituting back b; = a; — a and simplifying, we obtain 


n 
NA An na(ay t Gn) t ) az < 0; 
j=l 


we have used )0'_, aj > n. Using )05_, aj > n?, this further simplifies to 
nes a(ay + An) — A1An- 


Suppose a, < 2. If |a;| < 2 for all 7 <n —1, then 


n 
w< Ss, as < An, 
j=l 


and hence n < 4. Thus we may assume that |a,;| > 2 for some 7 # n (and of 
course Qn < 2). 
Suppose & is such that ay<ag<ag3<---<azp < —2 and —2 < aga < Arye < 
~<a, < 2. Since ay +a, <0 and a> 1, we have 


n<ay, tan — aan < ay +2 — 2a, = —a, 4+ 2. 


Thus, we obtain a, < —n +2. We further have 


mM LS ay +ag+agt+-+++ Gp + Geq1 +++ + an 
< a, tagt+azg+-+-+ap+2(n—k), 


and hence a; + ag +a3+-::+az > 2k—n. This estimate leads to 


2k-n < ay +ag+azt+---+az 
< n+2+ag+ag+---+apz 
< —-n+2-—2k42. 


It follows that k < 1. But this contradicts |a;| > 2 for at least one j 4 n. 
Thus, a, < 2 forces n < 4. We conclude that for n > 4, the largest number 
among a;’s must exceed 2. a 


163. Let 1) <a%2<a3<---<an41 be n+ 1 positive integers. Prove that 


Solution: Since x; are positive integers, 7;4,; — 2; > 1 forl1 <j <n. This 
forces \/%j41 — @j < @j41—4j,1 <j <n. Thus 


n+1 - - n+1 
SS VAT RD” S- Ujtl Vj 
fel Tit. Fei Uj41 
tT — Ly v3 — &2 
= t Ree 
Bip) X3 In 


Pano rere 
2 2 ' 29 
ats) 
aL. f+ .+-4+ — 
t2+1 x3 


We prove the inequality by induction on n. For n = 1, we have 


Vt%2— Ly < 4/X2 


1 
= <1 
x2 x2 Vr2 
Suppose 
n (n—1)? 
es 
j=l ie j=l j 


If ¢n41 <n’, then the above estimate proves the inequality: 


ee de sie tty het 
2 3 Ent+1 
1 1 1 
<P es Se a 
~ 2 3 n? 
Suppose %n41 > n?. Then we have 
/fn+1— In 1 1 
< <-. 
Tn+1 Vtnt+1 n 
On the other hand, 
1 re 1 ae 1 es 2n-—1 = 1 
(n—1)?+1 (n—-1)?+2 n? nz na 
Thus, we get 
Vint — In e iL 1 é ; 1 
Inti (n—1)?+1' (n—1)?+2 Sn 


Using the induction hypothesis, we now obtain 


n+1 n 
5 Va _ (5 EH) | Vee 
Yo fe = T 


pa EL i. aah Pn+1 

ra Hs 

< yt yt 
go) J j=(n—1)2417 
2 

- 3 
jad 

This completes the proof by induction. a 


164. Let a,b,c be three positive real numbers which satisfy abc = 1 and 
a® > 36. Prove that 


Solution: Consider the quadratic expression 
2 2 1 3 
a(b+c) —a'lb +c) + 3a — 3, 


in b+. Its discriminant is 


pe es 3) = $ (36 a) <0, 


and hence 


1 
a(b +c)? —a?(b+c) 4 30 3>0, 
for all values for b+ c. Using abc = 1, this may be written in the form 
2 1 
af{(b +0) —a(b+c)+ 3¢ — 3bc} > 0. 
Since a > 0, this reduces to 
2 2 1 
b° +c —alb+c) + 3a —bc> 0. 


It follows that ‘ 
30 20 PP ee ab = be ca: 
| 
165. Let 21,22,23,...,2n be nm complex numbers and consider n positive real 
numbers \1,A2,A3,.--,An Which have the property that 57 1/A; = 1. Prove that 


nm 


D4 


j=l 


n 


2 
<> Ala”. 
F] 


—] 


Solution: Suppose (}, 62,...,8n be any n real numbers. Then the Cauchy- 
Schwarz inequality gives 


n n 1 n 
yet = (Sx) (87) 
j=l Le NG AY 


j=l 
n 2 
> ¢y 3,) 
j=l 
We may assume )7%_, |zj| #0. Taking 


|z5| 
B; = 
ae Sar 


we obtain 


However, triangle inequality gives 


< S- |z;|. Thus we obtain 


j=1 j=1 


2 n 
< So Aglzsl?. 
j=l 


n 


D4 


j=l 


Remark: For n = 2, this is known as Bohr’s inequality. | 


166. Let a,b,c be three distinct real numbers. Prove that 


3min {a, b,c} <Soa- (Soa - ab) 
< Slat (Soe? Yoav)” < 3max {a,b,c}, 


where the sum is cyclically over a, b,c. 


Solution: Consider the monic polynomial whose roots are a, b,c: 


p(t) = («—a)(a—b)(a—c) 
= ie ee) 


We know that the roots of p’(x) = 0 lie between min{a, b,c} and max{a, b,c}. 
But p(x) = 327 — 2( De a)a + bs ab) whose zeros are 


So at S° a — So ab So a- So @— So ab 


cyclic cyclic cyclic cyclic cyclic cyclic 


3 , 3 


Since a, b,c are distinct, > _ aie ab > 0, and hence 


2 
cyclic a 


3min {a,b,c} < S- an ( Ss a. S- ab) 


cyclic cyclic cyclic 


< se a+(> Gens > ab) < 3max {a,b,c}. 


cyclic cyclic cyclic 


167. Suppose a, b,c are real numbers such that a? + b? + c? = 0. Prove that 


(Xe) <(Ne-94)(Le'), 
where the sum is cyclically over a, b,c. 


Solution: We have 


(a — b)(b— e)(c— a) 


ab? — a2b + bc? — b?c + ca? — Cea 


tp ot, ff 
= ja bd ee}. 
a  @¢ 
Hence it follows that 
dt “at - be 
(a—b)*(b—c)*(e—al?=|a b eC 
a b 


But for any two matrices A and B, we have det(AB) = det(A) det(B) and 
det(A) = det(A‘). This implies 


2 
1 1 1 
(a—b)?(b—c)*(c-—a)? = |a 5b eC 
ax bt @¢ 
1 1 d1/|1 a @ 
= la 6b eclll b PB 
a & lll cc 
laa 
= Tbe B? 
lc e 


Introducing s; = a* + b* + c® for k > 1, the above relation simplifies to 
& 


(a — b)?(b—¢)*(e— a)? 


52 83 S4 
= 84 (382 - st) — 83 (383 - 8152) + 82 (8351 - 85). 
Since s3 = 0, we get 
(a—b)*(b—)?(e— a)? = 84 (382 — st) — 83. 


This shows that 


3 <s4 (382 _ st). 


However, 
32 — sf = 3(a*7 +0? +c?) —(at+b4+c) = ny (b—c)?. 
cyclic 


Thus, we obtain 


(x J<(Ee-(E9) 


cyclic cyclic cyclic 


168. Show that for all complex numbers z with real part of z > 1, the following 
inequality holds: 


j2mt? —1| > |2z"||z—1), for alln > 1. 


Solution: We may easily verify this for n = 1 and 2. We assume n > 3. 
Put Re(z) =rcos0, where Re(z) denotes the real part of z. Then r > 1 and 
0<6< 7/2. We have 


2 
ynti _ yh 2: pent2 4 pen -_ 9p2ntl cos 0, 


2 
arth i = ft? 1 — 2r"t! cos(n + 16. 


Thus, we have to show that 
ponte pe pen 9p ntl cos < p7ht? +1 — Or" cos(n + 18. 
This is equivalent to the relation 
re" _ 1 < 2r?"*1 cos — 2r™t! cos(n + 1)8. 
Here we consider two cases. 


Case 1. Suppose r = 1 +d, where 


| cae n > 3. 
n(n — 2) 


Then 
rP—1=2Md+d <(n—1)d? = (L+nd—r)? <(r-r). 
Thus we get in this case r2” — 2r”+! +1 > 0 and hence 


2r2"+1 cos — 2r"*1 cos(n+.1)0 > 272"! cos — ar?t! 


Opeth ert 


an 4. 


VoIV 


Case 2. Suppose 


2 
d< ———.. 
. n(n — 2) 
Since rcos@ > 1, we have 
2 1 OG 
1-d d<1-~+—. 
atmo a Sigg ees < a1 94 
This implies that 
4 
64 — 126° + Oa) 
n(n — 2) 
Since 6? < 6, we get 
6? <6 —6VD, 
4 
where D = 1 —- ——_—_—_.. If n > 4, it is easy to check that 
3n(n — 2) 


8n* + 10n? — 87n? — 50n — 16 > 0, 


and hence 6 

1 — —_{ D. 

CED VD 
This gives 
36 s An? 

(n+ 2)? ~ (n+ 2)?" 
Thus we obtain (n + 2)0 < 2m. Hence 37/2 < (n+ 1)0 < 27 and this implies 
that cos(n + 1) < cos(2m — 6) = cos@. Obviously, this holds for n = 3 also, 
since 0 < 6 < 7/2. Thus we get 


6? <6-6VD < 


2r2"+1 cos @ — 2r™t? cos(n + 1)6 > 2?" — 2r™ > 7?" - 1. 


169. Suppose a, b,c are positive real numbers and let 
et=atb—-c y=b+c-a, z=ct+a-—b. 


Prove that 
abc(ay + yz + zx) > xyz(ab + bc + ca). 


Solution: 

Since the expressions are symmetric in a,b,c, we may assume that a > b> 
c>0. Note that « > 0 and z > 0. If y > 0, then the inequality is equivalent 
to 


1 
Pipl Si fi +e, (169.1) 


But using the AM-HM inequality, we see that 


hss 1 fa 1 = 2 
y ge besa - ea be 
Similarly, we can prove that 
1.2 1 2 
i re 
cu sYy zZ ga 


Adding these we get (169.1). 
If y = 0, then the inequality reduces to abczx > 0 which is true. If y < 0, 
then the inequality is equivalent to 


1 1 1 Tee. cL} wd. 
pa Seo a (169.2) 
Ge y z£ a bi ¢ 
Since z >c and x > a, we have 
1 1 1 1 
re < ee ah < ed 
Ze. EG 
and 
—-—<0<-— 
y 
Adding these we get (169.2). a 


170. Let a,b,c be positive real numbers. Prove that 


iS a? S 3 esis ab 
Pope pe ee a 


cyclic 


Solution: The left hand side is equal to 


and this may be written as 


Deals a® (a? v b°) (a? a5 &) (b a c) 
Tee (08 the e) 


However, we have 


a®(b + c) (a° + b*) (a° + c’) 


= a®(b +c) f( Ss a*) wel 


cyclic 
= (b +c) a (SO a?) +0780? 
cyclic 
= ( S- a) ( > a®)a° + ( by a)a®bic’ - a"( S- a*) - a(a?s%’). 
cyclic cyclic cyclic cyclic 


Thus, we obtain 


Y (a3 +88) (a +€)(b+0) = (> a)( Yo @)( Ya) 


cyclic cyclic cyclic cyclic 
- ( y a*) ( y a") + 2( ) a) arc’. 
cyclic cyclic cyclic 


On the other hand, we also have 


II (b° +c?) = 2a7b*c? + ( > a®) ( by a°) = S- a’. 


cyclic cyclic cyclic cyclic 


Thus, the inequality to be proved is 


(Y){(L9(T«*)(Le) 


cyclic cyclic cyclic cyclic 
- ( Dy a®) ( x a") +2( ye a)acrs} 
cyclic cyclic cyclic 
> 3( >> ab) 2a? + (> a?)( 7 a) - He? ; 
cyclic cyclic cyclic cyclic 


This may be written in the form 


{( ya) ooh 2088S + (se)()- > al 


cyclic cyclic cyclic cyclic cyclic 


H(EY9M{(OH(Le)-(Le)\(La)} eo 


cyclic cyclic cyclic cyclic cyclic 


We observe the following: 


(Xa) -3 y w=5 S~ (a—b) > 0, 


cyclic cyclic cyclic 
20° bc? + ( ) a®) ( y a°) — ) a? > 0; 
cyclic cyclic cyclic 


and 


(eee) (xe) 


cyclic cyclic cyclic cyclic 

a > ab! (0? - a?) + S- ba? (? - 0?) 
cyclic cyclic 

= Se ab(o° - a°) (0? a?) 
cyclic 

2 

= ye ab(o? - a”) (0! + Ba? + a‘) 
cyclic 

> 0. 


This proves the given inequality. Equality holds if and only ifa=b=c. | 


171. Let a1, a2,...,an < 1 be non-negative real numbers satisfying 
2 Deis 2 
goatee +az . v3 
n a: 
Prove that 
=i A pee Gece aren an eek. 
l—aj 1-a3 1—a2 ~ 1-a@ 


Solution: We first prove that it is sufficient to consider the case where all 
the a,;’s are positive. Suppose, for example, a, = 0. Then 


jitdeete 
a= . 


n 
If we set 
,_ [erge ta 
n—-1 : 
then the inequality for (n — 1) numbers aj, a2,... ,@n—1 is 


n-1 
Ss a; > (n— 1d 
1—a? 1— 6b? 


j=l J 


Note that 


> : => b : 
a roms =a: —— 
Aare V3 


Thus, we need to prove 


Using b=a- at this reduces to 
Vin 


n(n — 1) n 
i naz ~ 1-a?" 
(n—1) 
Simplification leads to 
: Pe iia n(n — 1)3 


~ ni —(n—1)8 
Since a? > 1/3 implies 1 — a? < 2/3, it is sufficient to prove 


2 n?+/n(n—1)3 
< s 
37- n—(n-1)3 


A further simplification reduces this to 


< Vn(n—1)3. 


n? —2n+ 


wl rw 


Finally we observe 


2 


2 
n?—In+ = <(n—1)? < Yn(n— 1, 


proving our claim. 

The above argument shows that we can discard all those a;’s which are 
equal to zero without affecting the inequality. We henceforth assume a; 4 0 
forl<j<n. 

We may write the inequality in the form 


a 1 1 


j 
ye na? a;(1 — a?) 2 a(1 = Gy 


Setting wy = a5/na? for 1 < j <n, we see that w; > 0, for 1 < j < n and 
Vya1 Wj = 1. Consider the function 


1 
Ss = for 0 Se et. 


fla) = ay 


It is easy to check that f”(x) > 0, for 0 < x < 1. Thus f(z) is a convex 
function on the interval (0,1). Now Jensen’s inequality gives 


Yo wife) > (Some) 


This takes the form 


Thus it is sufficient to prove that 


sda (Sees) < a( l-a ay 
j=l 


a3 
jai Op this reduces to 


Taking \ = 7” 
AD a A na" (1 _ a) > 0. 
But using the factorisation 
and as nea" (1 - a’) — ( _ na® ) ( +na?r + nar(1 - a’), 


and the observation that for a2 <1 and \ > 0, the expression A? + na?\ + 
2a4(1— a?) remains positive, it suffices to prove that \ — na? > 0. Thus we 


need to prove that 
n nm 92 3/2 
S- 3 S ; j 


j=l j=l 
This reduces to the form 


However, this follows from Holder’s inequality with exponents p = 3/2 and 


q=3: 
n n 2/ 
Soa; <(D = nls, 
4q=1 


Equality holds if and only if a, = ag =--- = Gyn. | 


172. Suppose a, b, c are non-negative real numbers such that a? +b?+c?+abe = 
4. Prove that 
0<ab+bc+ca— abc < 2. 


Solution: The given condition on a,b,c shows that at least one of a,b,c 
cannot exceed 1; say a < 1. Then 


ab + be + ca — abc = a(b +c) + bc(1 — a) > 0. 


Here equality holds if and only if a(b+c) = bc(1—a) = 0. If a = 1, then 
b+ c = 0 forcing b = c = O which is impossible in view of the condition 
a? +b? +c? + abe = 4. Thus 1 — a ¥ 0, and only one of b,c can be equal to 
zero. Suppose, for example, b = 0. Then c cannot be zero and ca = 0. This 
implies that a = 0 and hence c? = 4. But then c = 2. Thus the equality holds 
on the left side if and only if (a, b,c) = (0,0, 2), (0,2,0), (2, 0,0). 

To prove the right side inequality, we show that the given condition forces 
the existence of a triangle with angles a, 8,7 such that a = 2sin(a/2), b = 
2sin(3/2), c= 2sin(7/2). In fact, if a, 8,7 are the angles of a triangle, then 


S © sin?(a/2) ; S © 2sin?(a/2) 


cyclic cyclic 


= ; S> (1 - cosa) 


cyclic 
3.01 
ne S- Cos @ 
2 2 cyclic 
3. 0«d 
= 5(1 +4]] sin(a/2)) 


cyclic 


= 1-2] sin(a/2). 


cyclic 


l 


I 


Thus we obtain 


S- sin?(a/2) +2 II sin(a/2) = 1. 


cyclic cyclic 


Conversely, suppose there are non-negative real numbers 2, y, z such that 2? + 
y? + 22 + 2xyz = 1. We show that there is a triangle with angles a, 6, such 
that « = sin(a/2), y = sin(6/2), z = sin(y/2). In fact solving for x, we obtain 


2=—yetf(1—y) (1-22). 


Putting y = sinv, z = sinw, 0 < v,w < 90°, we get 


x = —sinvsinw + cosvcos w = cos(v + w). 


Let 6 = 2v, y = 2w and a = t— B—+. We observe that 1 > y? + 2? = 
sin?(/2) + sin?(7y/2) and hence cos?(3/2) > sin?(7/2). Since 0 < 6/2,7/2 < 
90°, we must have cos(6/2) > sin(y/2) = cos(7/2 — 7/2). Thus it follows that 
B/2 <1/2—~7/2. Hence 8+-7 < a. The definition of a shows that a, 6, 7 are 


the angles of a triangle and x = cos(v + w) = sin(a/2), y = sinv = sin(6/2), 


z =sinw = sin(7/2). 


Coming back to the problem, since a? + b? +c? + abc = 4, there is a triangle 


with angles a, 8, y such that 


a = 2sin(a/2), 


Then 
ab = 
< sinatan(3/2) + 
= sinacot ec 
Similarly 
be < sin#cot (Ae 
ca < sinycot (74 


Adding these we obtain 


ab + bc+ ca 


cyclic 


cyclic 


cyclic 


2+ abc. 


173. Suppose a, b,c are complex numbers such that |a| = |b] 


ab be 


b = 2sin(B/2), 


6 — a( S— sin?(a/2) 


cyclic 


= 2 


sin 3 tan(a/2) 


) + sin oot ( 


) + sin y cot ( 


*) + sin a cot ( 


S- (sin a + sin 8) cot 


2 S- cos @ 


) 


6 — (a7 +b? +c’) 


— 


a2 — b2 b2 — °2 


Ze 


( 


2S eos (“5*) cos ( 


sin(y/2). 


2( sina sin 6 tan(a/2) tan(8/2)) a 


Bey 
2 


) 


74 


at 


) 
\ 


a+ 6B 
2 


) 


= |c|. Prove that 


v3 


Solution: We may assume that a?,b?,c? are all distinct and abe 4 0. Put 
a=re’*,b=re'®, and c= re’. Then the inequality reduces to 


|cosec (a — 8)| + |cosec (8 — y)| + |cosec (y — a)| > 2V3. 
Now the AM-GM inequality gives 
1/3 
S- |cosec (a — B)| > 3| II cosec (a — 8)| 
cyclic cyclic 
Putting A=a—6, B= 6B-—y7,C =7-(a-—y) =7-(A+B), This takes the 
form 
1/3 
ss |cosec (a — 8)| > 3| II cosec A cosec B cosec c| : 


cyclic cyclic 


and it is sufficient to prove that 


cosec A cosec B cosec c| Se 
I = 


cyclic 


The function f(t) = log|sin¢| is a concave function and Jensen’s inequality 
gives 


f(A) + F(B) + F(C) < j(*5**) = 3log (sin(x/3)). 


This implies that 


3 
log | sin Asin B sin c| < 3log (2) 7 
Hence 
cosec A cosec B cosec C |= ; 
Bal a 
cyclic 
is true. | 


174. Suppose x,y, z are non-negative real numbers such that x? + y? +2? = 1. 
Prove that 


as 


= 


er 


~ seyele 


Solution: (a): 
Observe that «/(1 — yz) > x, y/(1— zx) > y, and z/(1— xy) > z. Thus, we 
get 


do typeset teal 

cyclic 

Equality holds if and only if (2, y, z) = (1,0,0), (0,1,0) or (0,0, 1). 
On the other hand, 


2 2 2 2 
yr +z (l-a2*) l+a 
Hee ( 2 ) 2 ae 


which gives 


However, the inequality 


1 4 2 
Mw 5 (92 + 182 +9- 16v3 2) 


= 5 (v3 x—1)*(80? +2v8.2 +9) >0, 


— 
_ 
+ 
8 

N 
wa 
| 
I 


Equality holds if and only if x = 1/3. It follows that 


Ye fone Ol 


cyclic ye cyclic 


Equality holds if and only if « = y = z = 1/V3. 
(b): 


Using x? — 32 + 2 = (x — 1)?(x + 2) > 0, the inequality 


1 
T+ryz << e+ ae a(y? + 27) 
= nt 5e (1 — 22) 
= (8a — 2°) <1 


is obtained. This implies 


oe a ey 2 
S Try xtayz — de i. 


cyclic 


which proves the first inequality in (b). 


To prove the right side inequality in (b), we may assume that x < z and 


y < z. Thus 
y x Pe nie at 
l+yz” I14+2y’ 


cyclic 


and it is sufficient to prove that 
etytz< V2(1+2y), 


under the condition that x < z, y < z and 2? + y? +2? =1. This is equivalent 
to the inequality 


J1— 22? —y< V2(1+ay) —x-y. 
Since both sides are non-negative, this is further equivalent to 
2 
1—2? —y* < (v2(1 + 2y) -x-y) : 
Setting «+ y =a, ry = P, the inequality to be proved is 
2 
1—a’? +26 < (v2(1 + 8) - a) ; 


This simplifies to 
2 
(v2a- 6-1) +B? >0. 


Since the left side is the sum of squares of two real numbers, the result follows. 
We also observe that the case of equality occurs only when 8 = 0 and /2a — 
8 —1=0. This corresponds to ry = 0 and x + y = 1/2. We conclude that 


(x,y,z) = (0,1/v2,1/v2) or (1/v2,0,1/v2). 
By symmetry, we get one more case of equality: 
(2, y,2) = (1/v2, 1/V2, 0). 
a 


175. Let x,y,z be non-negative real numbers satisfying x + y+ z= 1. Prove 
that 


2 2 2 2 
ry + ye + 2x PY UCN eet 


Solution: Introduce new variables a,b,c by 
+ : b+ : + : 
— = = = a =_—, 
x a 3 ’ y 3 ’ c 3 
Then a+b+c=0, 3a+1> 0, 3)+1 > 0 and 3c+1> 0. The inequality 
reduces to 
Tvs T a+ Te 
cyclic cyclic cyclic 


We may assume a to be the largest among a,b,c. Then a > 0. (If a = 0, we 
see that b = c = 0 and the inequality is, in fact, an equality.) Substituting 
b = —a—c, and after some simplification, an equivalent inequality is obtained: 


a® + (3+ 1)a? +ca+ (c? —c?) > 0. 


If c > 0, this is true in view of the condition c < 1 since z < 1. Hence we may 
assume that c < 0. For a fixed c, consider the function 


f(a) =a? + (8c + 1)a? + ca + (c? —c’). 


Its derivative is f’(a) = 3a? + 2(3c +1) +c. Setting the derivative equal to 
zero, two values of a are easily computed: 
—(38¢+ 1) + V9c? + 3c4+1 
a= : ‘ 


Since a > 0, the positive square root has to be chosen. Using 3c+ 1 > 0, it 
may be deduced that f(a) has an extremum at 


(3e+ 1) + V9c? +3c+1 
5 ; 


ace = 


The second derivative f”(a) = 2(3a + 3c +1) > 0, since 83c+1>0 anda > 0. 
Thus the function f(a) has minimum at a = a,. We show that f (ac) >0. An 
involved computation gives 


{27c3 + Bde? + 9¢ + 2 — 2(9c? + 8c + 1) 9c? + 3c +1}. 


a! 


f(ae) = 35 


Thus it is sufficient to prove that 
27c? + 54c” + 9c + 2 — 2(9c? + Be + 1) 9c? + 3c +1> 0, 


for —(1/3) <¢ <0. Using 27c? + 54c? + 9c + 2 = 27c? + (9c? + 3c + 1) (3c + 2) 
and rationalisation process, the inequality reduces to 


2 = 2 
(9c + 3c + 1)( are) 2722 > 0. 
38c+2+2V/9c2 + 3ce4+1 


This may be seen to be equivalent to 
2V/9c? + 8c+1> 9c? - 1. 
But observe that 
9c? —1= (3c + 1) (3¢ — 1) <0, 


whereas the left side is non-negative. | 


176. Let a,b,c,d be four positive real numbers such that a+ b+c+d= 2. 
Prove that 
a? 16 


——, < =. 
(a2 +1)” == 25 


cyclic 


IA 
Q 


Solution: From the symmetry, it may be assumed that a < b <c 
Suppose a > 1/8. Then 


(48a — 4) (a? +1)” — 125a? = (2a — 1)*(120 + 11a? + 32a — 4) > 0. 


Thus it follows that 
a? 48a — 4 
(a2 + ie me. SHLD." 


Summing over a,b,c, d, we get 


a? 48 16 =16 
pay Sst tb bet a) — 35 = 
cyclic a 


25 25° 
Suppose a < 1/8. In this case, we observe that for x > 0, 


(5402 + 108) (x? + 1)” — 21972? 
(3a — 2)* (6023 + 92x? + 2162 +27) > 0, 


which gives 
x ee 540x + 108 


(a2 + 1)? — 2197 
Thus it follows that 
b? ie d? zs 540(b + c+ d) + 324 
(2 +1)? (e241) « (241)? ~ 2197 
_ 108 _ 540 
169 2197’ 
and 
a? 2 _a _ 540a 


(@ +1)? 8 ~ 2197" 


We thus obtain 


177. Prove that 


a b Cc 
+ + ase 
Vaz +8be Vb? +8ca Vc? + 8ab 


for all positive real numbers a, b and c. 


Solution: We show that 


(177.1) 


This is equivalent to the inequality 


(a3 + b3 +3)? > a3 (a? + Bbc). (177.2) 


IV 
is) 


However we observe that 


4 4 4\2 4\2 4 4 4 4 4 4 
(a3 + O3 +c) — (a3) = G +c3) a’ +a3 +63 +c3) 
a 


using the AM-GM inequality. This in turn gives the inequality (177.2) and 
hence (177.1). Thus we obtain 


a b Cc 


+ + 
Va2+8be Vb? +8ca Vc? + 8ab 
4 4 4 
as b3 C3 
<a a a ot a zy in mer a ee 
a3 +63 +c3 az +b3 +c3 az +63 +c3 
Alternate Solution. 
Introducing 
be ca ab 
a2 uae) b2 ’ ce ae 
the inequality to be proved is 
1 1 1 
1, (177.3) 


# + 
V1+8r VJ1l+8y V1+8z 7 


under the restriction xyz = 1. Let us put 
1 1 1 
= ; = 5 — r, 
Vite VIt8y VT +8z 
so that (177.3) reduces to 


ptqtr2], (177.4) 


and xyz = 1 transforms to 


(1 —p?)(1 — q?)(1 — 1?) = 512p?9?r?. (177.5) 


Suppose (177.4) is not true under the condition (177.5). Then we have g+r < 
l1—pandq+r+2p<1+p. Thus we obtain 


L—p? > (q+r)(2p+4+7) > 2Gr)? - A(p?ar)* = 8p2 (ar)? 
by an application of the AM-GM inequality. Similarly, we obtain 
ig > 8q? (rp)*, ages 8r?(pq)*. 


It follows that, 


(1—p*)(1—¢*)(L—r*) > 8°p*q?r?, 
contradicting (177.5). We conclude that (177.4) holds and hence the required 
inequality is true. 
A generalisation. 


We prove a more general inequality(due to Oleg Mushkarov, Bulgarian leader 
for IMO-2001). We show that 


a b Cc 3 
t t = ; 
Vaz+rbe Vb? +Aca V2 AGH” ~VI+A 


for all positive real numbers a,b,c and for all A > 8. As in the first solution, 
introduce the new variables x,y, z, and the inequality to be proved is 


il 1 1 3 


(177.6) 


+ > ; 177.7 
VitrAv VltXAy VIitaAz” VI+A ( ) 
where cyz = 1 and A> 8. Put 
1+d\v=u?, 1+Ay=v0?, 1+Az=v’, 
so that (177.7) reduces to 
suvw 
uv + vw + wu > ——, 177.8 
2 aay (177.8) 


under the restriction A > 8 and 


(u? — 1)(v? — 1)(w? — 1) = d?. (177.9) 


We consider two possibilities: 


Case 1. Suppose uww < (1+ A)3/?. Then, an application of the AM-GM 
inequality yields 


suvw 
LA 


uv + vw + wu > 3(uvw) 3 > 


Case 2. Suppose uvw > (1 + A)3/?. We write (177.9) in the form 
B= woetw? — (uv? + vw? + wu?) + (u? +o? +. w?) - 1 


= (wwtutvtw)? — (u+ow+ wut). 


Thus the inequality (177.8) reduces to 


2 
(uvwt+utvt+w) (<< 1) Ne 


Since u+v+w > 3(uvw)/3, we sce that by setting www = X°, it is sufficient 
to prove that 


3x3 ; 
(X? + 3X)? ( ———— + 1) oe (177.10) 
f/l+Xr 
under the restriction X > /1+.. We write (177.10) in the form 
[x*(24 z ) +3x4a] [x8(1 z ) +3x 1] 28 
VI+A VI+A = 


> 0. Using X > V1+4+ 4, we obtain 


Since ’ > 8, we observe that 1 — 


3 
VI+A 


3 
Xe(1 3X —1 
( a=} 


S (1eae (1-55) +3V14+X-1 


= VIFA(A+4) — (3A+4). 


Similarly, we show that 


x (1+ aa) +8X +12 Vi + MA +4) + (3A + 4). 
Combining these, we get 
2 
(X? 43x)? — (~~ + 1) > (1+A)(A +4)? — (8444)? = 43 
VI+X ~ a 


This proves (177.10) and hence the required inequality (177.6). a 


178. Prove that in a triangle ABC, the inequality 


ee A icine noes One OR 
acy ae ea Beh 8215 | 


holds. 


Solution: We know that 


A B 
r=(s a) tan > = (s — b) tan 5 = (s c) tan 5. 


Hence we get 


Using 
(s — a)(s — b) + (s — b)(s —c) + (s—c)(s—a) =r(4R+r), 
the inequality to be proved is 
4r(4R +r) < 9R?. 
This may be written as 
(9R + 2r)(R— 2r) > 0, 


which follows from R > 2r. 


179. Prove that in a triangle with angles a, 6,y, the inequality 


S- sina < [e+ Doeos(a — 8) 


cyclic 


holds. 


; : . 15 re 
Solution: Since both S- sina and \2 + y cos(a — B) are positive, the 


cyclic cyclic 


inequality is equivalent to 
2 
: 15 
( Ds sina) < ra + pe cos(a — 8). 
cyclic cyclic 
Expansion and some cancellation leads to 
15 
2 eee : 
3+ ye cos? a < a Dy (cos a cos 3 — sinasin f). 
cyclic cyclic 


This further reduces to 


SS (cosa — 1/2)" > 0. 


cyclic 


Equality holds if and only if cos @ = cos 8 = cosy = 1/2, which corresponds to 
the case of an equilateral triangle. | 


180. If x,y are real numbers such that x?+y* < 2?+y°, prove that 2°+y? < 2. 


Solution: It may be seen that 


3a? — 2a? — 1 = —(e — 1)?(2e+ 1), 


and 
dy? — 3y* — 1 = —(y — 1)" (3y? + 2y +1). 


Thus, we obtain 
3(2? +43 — 23 —y*) +a? +y?-2 
= —(x — 1)?(2a +1) — (y — 1)? (3y? + 2y +1). 
Tt follows that 


2-2°9-y = (a — 1)?(2% +1) + (y— 1)" (3y? + 2y +1) 
+3(x? +y—23- y*) 
=> 0 


181. Let a,b,c be three positive real numbers. Prove that 


ab a 
eee Dre, 


where the sum is taken cyclically over a, b,c. 


Solution: We introduce the variables x, y, z by 
c 
—=%, -=Y, = = 2 
a 


Then xyz = 1 and the inequality takes the form 


z-l y-1l 2z loo. 
yt1l z2¢+1 e417 


Expanding, this may be written in the form 


e+y+ eer —y—ztay? tyz? +227 -32>0. 


However, we have 


e+y+2 > s(etyta) 
> (e@tyt2z\(eyz) 8% =ar+ytz, 
and 
ay? + yz? + 2a? > 3(a3y323)V/3 = 3, 
Hence the result follows. = 


182. Prove that for any real x, and real numbers a, }, 


2 
(sin x + acos 2) (sina + bcos x) <1+ (S) } 


Solution: If cosa = 0, then the inequality is clear. Suppose cosx 4 0. We 
may write the inequality in the form 


2 
(tana + a)(tanz+b) < sec? 2+ (S) sec” x. 


Taking ¢ = tan z, this may be written as 


#2 +t(a+b) +ab< (+e) (1+ (44). 


This reduces to 5 
t(a +b) i) tee b > 0, 
2 2 


Hence the inequality follows. | 


183. Let x,y be two real numbers, where y is non-negative and y(y +1) < 
(2+ 1)?. Prove that y(y — 1) < 2?. 


Solution: If 0 < y < 1, then y(y—1) < 0 < 2?. Suppose y > 1. If 
x <y- (1/2), then 


y(y—1)=y(y+1)-2y < (#41)? -2y 
= og? 42%+1-2y 


me 


IA 


If « > y — (1/2), we have 
1 
x >y—yt+5>yy-)). 
Thus, y(y — 1) < x? holds in all cases. : 


184. Let x,y,z be positive real numbers. Prove that 


ae: < (f + y)(y + 2)(2+ Ni 


3 8 


Solution: Putwt+y=c,y+z=a,z+2=b5. Then a,b,c are the sides of 
a triangle, and x =s—a,y=s-—b,z=s8s-—c, where s = (a+b+c)/2. The 
inequality may be written in the form 


(5 (c a)(s — b) + (s — b)(s —c) + (s—c\(s ay 22) 


But, we also know 


(s—a)(s —b) + (s—b)(s—c) + (s—c)(s—a)=r(4R+r), abce=4Rrs, 


where R,r are the circum-radius and in-radius of the triangle whose sides are 
a,b,c. The inequality reduces to 


4r(4R +7)? < 27R?s?. 


Using 3(ab + be + ca) < (a+b+c)?, we obtain 


(ab + be + ca) — 8? < <s8?. 
Hence, we get 


r(4R +r) 


I 


(s —a)(s — b) + (s — b)(s —c) + (s —c)(s — a) 
(ab + be + ca) — 8” 
1 
< 3o 
Thus, it suffices to prove that 


4(4R+1r)? < 81R?. 


This equivalent to 
(17R + 2r)(R — 2r) > 0, 


which follows from R > 2r. | 


185. Let a,b,c be positive real numbers such that abc = 1. Show that 


a? + 09 
Derma we ee 
a® + a3b3 + 6° 


where the sum is cyclical. 


Solution: We observe that 


a? + b? = 
a® + a3b3 + 8 ~ 3 


(a® +b). 


This follows easily by cross-multiplication and rearrangement of terms. Hence 


a® + 6° a re 
De ear re ee ee 


cyclic 


IV 


2(abc) = 2. 
i 


186. Let a,b,c be the sides of a triangle and set x = 2(s — a), y = 2(s — D), 
z = 2(s —c), where s denotes the semi-perimeter. Prove that 


abc(ab + be + ca) > xyz(ay + yz 4+ za). 


Solution: Note that 


oe b Z+2 pee 
ey an ies <, 1. , 
Thus, 
ytz z+a xu+y 
abe = 
2 2 2 
> VSyz/zx,/ry = ryz. 
Moreover, 


so that 


a= (X43 dv) 


cyclic cyclic cyclic 
1 
= if y ry +3 SS vy) 
4 cyclic cyclic 
a ys ry. 
cyclic 


Thus, it follows that 


abc S- ab > xyz S- ry. 


cyclic cyclic 


187. Let a1,a2,03,...,dn, (n > 2) be positive real numbers and let s denote 


their sum. Let 0 < 8 <1 bea real number. Prove that 


k=1 


When does equality hold? 


Solution: Define 


ae Gra 


II 
= 
| 
— 
~~ 
Bey 
al = 
ee 
3 
| je 
bm 
=) 
S 
NY 
DR 


a) eG) 


with equality if and only if aj = ag =--- = ag_-1 = Ge41 


have 


a 
V 
a 
az 
DR 
Q 
> | 
oxy 
3 

| Je 
— 

—N 
Q 
SD 
SN 


Gn. Thus, we 


The function g(x) = 2~8 is convex for x > 0. Hence we get 


=1 
n —B 
= (n- 1) a( Sas) 
j=l N kj 
= (n—1)?? Seal (s —a;)* 
j=l 
28 “ aj 
= 1 
‘ ) x (; a =) 
j=l 
with equality if and only if a, = ag =--:-=4dy. | 


188. A point D on the segment BC of a triangle ABC is such that the in-radii 
of ABD and ACD are equal, say r;. Similarly define r2 and r3. Prove that 


(ii) 2(ri t+ro+r73) +8 > ha + hy + he. 


Solution: Let O; and Oz be the in-centres of ABD and ACD respectively; 
and let s; and s2 be their semi-perimeters. Then we have 


[ABC] = [ABD] + [ACD] =718, +1182 = ri(si + 82). 


But 


Ss; +s8. = 5(AB PAD BD+AD DC +AC) 


= s(a+b+e)+AD=s+ AD. 


Thus [ABC] = ri(s+ AD). 


Let P and Q denote the respective points of contact of the in-circles of ABD 
and ACD with BC. Then O, PQOz is a rectangle. Hence 


O,O2 = PQ = PD+ DQ =s8; —-AB+5s2— AC 
= (s; + 2) —(b+c) =s+AD—bd-c. 
Let I be the in-centre of ABC. Then, [O,QOz is similar to IBC so that 
O1O2 _ r—Try 


BC r 


This gives (s + AD—b-—c)r=a(r—1,). But rs = [ABC] =1r1(s + AD). We 
get a quadratic equation: 


ar? — 2rsr; +r?s =0. 


‘ (2 ic) 


Since s + \/s(s — a) > a, we must take the negative sign. Thus, we obtain 


os (= to) 


Solving, we get 


a a 

1 ry/s(s—a) 
os he 

2 a 


This reduces to 


which proves the first part. 


From the first part we have 


ha tho + he = 2(r1 tre bra) + 2rf ves 
a 


Thus, we need to prove that 


T 


a b 


je AD, 


But, note that a= s—b+s-—c. Hence 


Cc r 


eae 


v(s— a) 


s—b+s8s-e 


Je-a) __@-a) 


Thus, we obtain 


g) VED sD GeO) 


a b Cc 


IA 


= 2,/(s — b),\/(s — ce) 


@) slate) al) 


189. For n > 4, let aj,a2,a3,...,a, be n positive real numbers such that 


S "a; =1. Show that 


ay a2 an 


sf S (avai taJaat- + Onan) - 


az+1  agtl PEL 8 


Solution: Using the Cauchy-Schwarz inequality, we get 


n n 


5) = 
Vag ice 44, tae 


j=l 


(a; /G) 


» 2 
(Yio +e) 


eee ayvG) 


> 
> 


jar (090541 +43)’ 


where Gn41 = a1. But 


Thus, it is sufficient to prove that 
n 
1 
2,2 
41S i 
j=l 
ds nm 2 
under the restriction )7;_, aj = 1. . 
Let 21,%2,03,...,2, be n positive real numbers such that yk 2; = 1, 
where n > 4. If n is even, then 


L1%Q + LoeZ +++ + EyX1 < (a1 +43 +--+)(a2+24---) = y(1—y), 


where y = a, X2j;-1. But, y(l1—y) < 1/4 since 0 < y < 1. This takes care of 
even values of n. If n is odd, then n > 5, and we may assume 21 > 2 (since 
“Lj; > £;+41 for some j). Thus 


U1 LQ + Loe3 +--+ + Ayx1 < 21 (eo +43) + (to 4+ 43)t4 +--+ + 821 < 7 


using the previous argument to n — 1 numbers 21,22 + %3,%4,...%y. This 
completes the proof. | 


190. Does there exist an infinite sequence (x,,) of positive real numbers such 


that 
In4+2 = Vtn+1 — JVfn; 


for all n > 2. 


Solution: The answer is NO. Suppose such a sequence (z,,) exists. Then 
Ent > VW&n and hence (a,) is strictly increasing. Moreover, 


VEn41 — Vln = En42 > Ln41 = Vln — VEn-1, 


so that 


Vint — fin > Vin — fEn—1 > +++ > 2-21. 


Thus, it follows that 


Vine — Ve = (vei V5) 


j=l 
> n( fz — 21). 
This gives 


Vint > (feo — Sti) + V1, 


for all n > 2. Choose & large such that 


1 
k(/x2 — /t1) + 21 > > 
Then ,\/Zn41 > 1/2 for alln > k. Thus if n > k, then 


In+3 > In+3 — Ln+2 
= (Case = Vint) Care sc Vint) 
> (Vena — Vin) 


= U+4- 


This contradicts the earlier observation that (x,,) is strictly increasing. | 


191. Let a1,a2,a3,...,a, be n positive real numbers and consider a permutation 
b,,b2,63,...,bn of it. Prove that 


Solution: Using the Cauchy-Schwarz inequality, we get 


(Se) <(E5)(E): 


j=1 


But 051 0; = U4_1 aj. Hence we get 


192. Let a1,a2,a3,...,@, and 6b1,b2,b3,...,b, be two sequences of positive real 
numbers such that }7_) aj = )7_1 bj = 1. Prove that 


n a? i 
2 ose 2 


j=l 


Solution: The Cauchy-Schwarz inequality gives 


635) or lbs 
4) =( hare) (ere). 
j=1 ari ee) j=l 


Using ek a; = ee b; = 1, we get the desired inequality. | 


193. Let x, y, z be positive real numbers. Prove that 


Ds 5D ee: ee | 
Yy 2 y x z 


zt+n xct+y YZ 


>0 


Solution: Introducing a= y+2,b=z+2,c=2+y, we see that a,b,c 
are the sides of a triangle, and x = s—a, y=s—b, z= s8s-—c, where sg is the 
semi-perimeter of the triangle. We get 


y°—-z?  (a—d)e 


este ee gg z+2 b 
We hence obtain 
2 2 2 2 2 2 
CE EE ee (a+b+c). 
z+2 x+y yt2Z b c a 


Thus, we have to prove 
ab? + Be? + ca” > abc(at+b+c). 
This follows from Muirhead’s inequality, since (2,1, 1) ~ (2, 2,0). | 


194. Find the greatest real value of k such that for every triple (a,b,c) of 
positive real numbers, the inequality 


(a? — be)” > (Bb? — ca) (c? — ab) 

holds. 

Solution: We show that the largest value of k is 4. In fact, we show that 
(a? — bc)” > 4(b? — ca) (? — ab), 


for every positive triple (a,b,c), and for any | > 4, it is possible to choose 
positive a,b,c such that 


(a? _ be)” < L(b? _ ca) (ce a ab). 
Let us take \ = a — Vbc. Then 
(a? — be)” _ 4(b? _ ca) (2 _ ab) 
= a*—6bca? + 4(b° + cya — 3b2c? 
= (+ Voe)* — 6be(A + Voc)” + 4(b3 +c?) (A + Voc) — 30? 
= d1 4 4VbcA3 + 4(bVb — eV/e)"d + AV bc(bVE — eve)” 


On the other hand, suppose | > 4. Choose € > 0 such that 5 < 1—4. Take 
a=1+6e,b=c=1. Then 


a’ —be=(1+e)? -lL=2e+e >0. 


Hence 
(a? _ be)” = (2 +)” — e(e + 4e + 4) 
< @ (5¢ + 4) 
< le? =1(—€)(-€) 


a 1(b? — ca) (7 _ ab). 


Thus, & = 4 is the largest constant for which the given inequality holds for all 
choices of the positive reals a, b,c. | 


195. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that 


1l+ab 1+bce l+cd l+da., 
l+a1+b °° I+e i er, ea 


Solution: Using cd = 1/ab and da = 1/bc, the inequality is equivalent to 


1+ab_ 1+ab da BC 1+ bc ke 
lta abt+tabe' 146° be+bed ~~ 
The AM-GM inequality gives 
1+ab i 1+ab S A(1 + ab) ; 
l+a ab+abe ~ 1+a+ab+abce 
1+ be é 1+ be es A(1 + bc) _ 4a(1 + be) 
14+b  be+bed ~ 14+6+bc+bced a+ab+abce+1' 


It follows that 


1+ab 1+ab 1+ bc 1+ bc 
1l+a  ab+abc 1+6  be+bed 
A(1 + ab) 4da(l+be) 
—1+atabtabe atabtabce+1 © 


| 
196. Let a,b,c be the sides of a triangle such that a+b+c= 1, and let n > 2 
be a natural number. Prove that 
gl/n 
2 


1/n 1/n 1/n 
(a" +6") + (6" +0") + (c" +a") <1+ 


Solution: Taking c = s—a,y=s-—b, z= s-—c, we see that x,y,z are 


positive reals such that «+ y+z2=1/2anda=y+2,b=z2+a4,c=a+4+y. 
Using Minkowski’s inequality, we get 


(anor) = (wtart (ete) 


1/n 1/n 
(vr te") +2") 
< ytat2z 
ELON 


IA 


| 


Similarly, we obtain 


1/n 1/n 
(o" +c") Se oe a (ct +0") <b4+2/" y, 


Adding, we get 


(re) (ree) (een) 


1/n 
<atb+e+2¥/"(2+y+z)=14+ 


2 


197. Let a,b,c,d be positive real numbers. Prove that 


a 
a 
b+2c+d 


cyclic 


Solution: For any positive real numbers u,v,x,y, we have 


uv _ wy ters A(uy + vx) 


zy ay ~ (@+ypP 
Thus, we get 
a Cc = 2a? + 2c? +ab+ be+cd+da 
b+2c+d' d+2a+b ~ (a+b+c+d)? 
b d 6 2b? + 2d? + ab + be + cd+da 
e+2d+a° a+2b+e — (a+b+e4+d) 


Adding, we get 


aes «’) 2(ab + bc + cd 4 da) 


Doe 2 
gue eee (a+b+c+d)? 
2 
(ae a) + (ies ) — 2ac — 2bd 
7 (a+b+e+d)? 
— )2 — AY? 
(a= += 4? , | 
(a+b+e+d)? 
Hence the result follows. = 


198. Let a,b,c be positive real numbers such that (a+ b)(b+ c)(c+a) = 1. 
Prove that 
3 
ab+be+ca< Zr 


Solution: We have 
1 = (a+b)(b+o(e+a) 
= a’b+ab?4+b?c+ be? + a+ ca? + 2abe 
= (a+b+4+c)(ab+ be + ca) — abc. 


Thus, we obtain 


1+ abc 
ab + be + ca = ——_—_.. 
a+tb+c 
Using the AM-GM inequality, we have 
1 
a+b+e = 5((a+d) + (b+0) +(c+a)) 
3 1/3 3 
oS Sh Gk et 
> S((a+)G+o(e+a)) =5 


Similarly, 


1 =(a+b)(b+c)(c+a) > 8Vab Vbe Vea = 8abe. 
This shows abc < 1/8. Finally, 


1+ abc 14+1/8 3 
ORD a Gapecg = I= Fed 


199. Let ABC be a right-angled triangle with A = 90°. Let AD be the bisector 
of angle A, and I,be the ex-centre opposite to A. Prove that 


AD 
<v2-1. 
pi, sv? 


Solution: Let h, be the altitude from A on BC and r, be the ex-radius 
corresponding to the vertex A. Then it is easy to see that 


AD _ ha 


DIq Ta. 


But, we observe that 
_ AB- AC 


BC 
Since ABC is right-angled at A, we know that rg = (a+b+c)/2. Thus, we 
get 


Na 


he 2bc 
Ta a(a+b+c) 
However (+0)? 
a(b+c) =(b+e)V0R4+ce2 > 5 > 2V2be, 
and 
a? = 0? +c? > be. 


Hence, we get 


ADY 2 bes ae Shee. 
DI, ~ a +a(b+c) ~ 2V2be+2be 


| 
200. Let x,y,z be non-negative real numbers such that «+ y+ z= 1. Prove 
that 
ety? +274 182yz <1. 


Solution: Note that 


e+ yr +2? = (e@tytz) — Wey t+ yz+ zr) =1-—2(ey+ yz + 22). 
Hence it is sufficient to prove that 
9ryz < wy + yet za. 


Introducing 
a=ytz, b=z4+u4, c=2+y, 


we see that a,b,c are the sides of a triangle, and 
t=s-a, y=s-b, s=l1-e, 
where s = (a+b+c)/2=1. The inequality is 


9(s — a)(s — b)(s —c) < (s—a)(s — 6) + (s — b)(s —c) + (s —c)(s — a). 


We use 


S- (s —a)(s —b) =r(4R +1), (s — a)(s — b)(s —c) = r’s, 


cyclic 
to get 


9r2s <r(4R+r). 


But s = 1 and this reduces to 2r < R, which is Euler’s inequality. The result 
follows. 


Alternate Solution: We use the homogenisation technique. We may write 
the inequality in the form 


(c+yt+z)(cy + yz+ 2x) + 182yz < (e@+y+z2)°. 


Simplification gives 


2( S- xy + S- xy? - oxy) > 0. 
cyclic cyclic 
This follows from the AM-GM inequality. 
| 


201. Let ABC be a triangle with circum-circle I’, and G be its centroid. Extend 
AG, BG, CG to meet [ in D, E, F respectively. Prove that 


AG+BG+CG<GD+GE+GF. 


Solution: Let K,L,M be respectively the mid-points of BC, CA, AB. We 
have 


a2 


AK KD=BK-KC= —. 


We thus obtain 


A 


# 


B C 
Fig. 6.25 
This implies that 
2 
GD=GK+KD = “*+— 
3 Ama 
4m? + 3a? 
12m, 
2 aet+e+e 
a 6Ma 
Similarly, we obtain 
Gz sae 
GE=- atk GF = eae ; 
6mp 6M. 


Adding these, we get 


2 2 2 
GD+GE+GF= (: see ( Bo hit 


6 Ma Me 
But, we know that 
4(mz, +me+ m2) = 3(a? +04 ey 


Thus, it follows that 


2 1 1 
GD+GE+GF =2(mi+mj+m2)(L+ 2 + 


9 


Mea Me 
Hence, it is sufficient to prove that 
1 2 1 _ 
1(Sm)(S ted. 
cyclic cyclic 


which is a consequence of Chebyshev’s inequality. 


+—+ 


202. Prove with usual notation that in a triangle ABC, the inequality 
(a+b+c)(ha thy the) > 18A. 


Solution: If a< b <c, we see that hg > hy > h-. Hence Chebyshev’s 
inequality gives 


— 
Q 
on 
ie) 

nN 

— 
= 

is} 
= 

a 
= 

icy 

Na” 
Vv 


3(aha + bh, + che) 
3(6A) = 18A. 


203. Let a,b,c be three positive real numbers such that ab+bc+ca = 1. Prove 


ue 1/3 1/3 1/3 
1 1 1 1 
(= +60) + (446) + (4460) < —. 
a b Cc abc 


Solution: We use the concavity of f(x) = «'/° to get 
1 1/3 1 1/3 1 1/3 
(+ +00) + (= +6) + (= +62) 
a b c 


But, ab + bc + ca = 1 gives 


3abce(a +b +c) < (ab+be+ ca)” = 1, 
so that (a+b+c) < 1/3abc. Moreover 
11,1 _ab+be+ca_ 1 


ab - aT abc abe 
Hence, we obtain 
1 3 
t t t t < 
ea +6(a+b+ce)< aie 


Thus we get 


l 1/3 l 1/3 l 1/3 3 
= b = = See, 
(+ +0) + (; +6) + (4460) © Gabo 


Again, note that 
1 = ab+be+ca > 3(abc)?/?, 


so that 
3 1 1 1 


nae 
(abc)!/3 ~ (abc)?/3 (abe)'/3 abe 
This completes the proof. a 


204. Let ABC be a triangle. Show that there exists a point D on AB such 
that CD? = AD- BD if and only if Vsin Asin B < sin(C/2). 


Solution: For a point D on AB, let ZACD = %, ZBCD = 742. We have 


CD? snA sinB 


AD-BD siny, sin." 


But, we have 


I 


1 
sin y1 sin 72 5{ cos(71 — 72) — cos c} 
1—cosC 


2 


IA 


= sin?(C/2). 


Thus, it follows that 
CD? sin Asin B 
AD- BD ~ sin?(C/2)’ 


for any point D on AB. Hence, the range of values of CD?/AD- BD is the 
interval [sin Asin B/sin?(C/2), 00). It follows that CD? = AD- BD if and 
only if 1 is in the range of values of CD?/AD- BD. This is equivalent to 


Vsin Asin B < sin(C/2). a 


205. Let a1,@2,43,...,dn, be n > 1 positive real numbers. For each k, 1 
k <n, let Ay = (a) tag +--+ + ax)/k. Let gn = (ayaq°++a,)/" and G, 
(A, Ag:--An)'/”. Prove that 


I IA 


Find the cases of equality. 


Solution: Put Ag = 0 and define cy = Ap_1/Ax for 1 < k <n. We observe 
that 
Qk kAg _ (k = 1)Ap-1 


=k—(k—1)cy. 
Ax Ax ( )er 


We may write 


—_ 
P|P 
a 
a 
hoe 
3 
lI 
a 
io) 
iw) 
a 
w 
iv) 
3 
| 
a 
Ne 
a 
te: 
3 
iw] 


Using the AM-GM inequality, we have 


1/n? n 
n(n cn i n(n + 1) 
n(i ( +)/2 6902 -. cn eit) < - ( ; S Re: 1)er) 


Similarly, the AM-GM inequality also gives 


(Ile = (k-Ya)) s 1 Leg. 


Adding these two, the required inequality is obtained. a 


206. Let x,y, z be real numbers in the interval [0,1]. Prove that 


3(a7y? by?z? 4 0) Qryz(a + y + 2) <3. 


Solution: We observe that 


3(27y? + yz? 4 Za) 2ryz (x t+yt+z) 


_ (xy + yz— 20)” an (—2y+yz+ 20)" + (xy — yz + 22)”. 


Note that 
rytyz—-—22 >-z4>-1, 
and 
aytyz—-22 = yl(z+au)— 2a 
<< @+2- 224 
= (#-1)\(1-z)41<1 


Thus, we obtain 
(xy + yz - za)” au 


Similarly, we may bound the remaining two terms also by 1 each. The inequal- 
ity follows. a 


207. Let x,y,z be non-negative real numbers such that «+y+ z= 1. Prove 
that 


T(ay t+ yz4+ 24) < 24 9xryz. 


Solution: We use the technique of homogenisation to put it in the form 


Tay +yz+ 2x)(29 ty +z) <Aetytz)? + 9ayz. 


This reduces to 


7( S zy + S- ry” + 30ys) 


cyclic cyclic 
< 2( S- xr? +3 S- xy +3 S- vy? + Bey) + 9xyz. 
cyclic cyclic cyclic 
Equivalently, we have to prove 
o(Oa)e Devt Dat 
cyclic cyclic cyclic 


But, this is a direct consequence Muirhead’s theorem. a 


208. Let x,y, z be real numbers in the interval [0,1]. Prove that 
x y z 


<2. 
i ee ryt+17— 


Solution: First, observe that xyz cannot exceed each of xy, yz, zx. Thus, 
we see that 


x y z x y Zz 
+ S + 
yetl ze+ lo a«yt+1l ~— awyzt+1 yzrt+l zry4l 
— &ryre 
cyz+ 1 


Hence, it is sufficient to prove that (cx + y+ z) < 2(xyz+ 1). Since z,y are 
in [0,1], we have (1 — 2)(1— y) > 0. This reduces to 1+ ay > a+ y. Since 
z> 0, we get z+ xyz > za + yz. Similarly, we get e+ xyz > xy + zx and 
ytaxyz > axy+yz. Adding these, we get 

(c+ yt+2z)+ 8xryz > 2(ay + yz4+ 22). 


Hence, it follows that 


Qeryz +2 > Qeyz+24 Bay + yz+ 2x) — 3xyz -—-(a#+y+2) 
2(1—a2)(1—y)(l—z) + ayz4+ (a +y4+2) 
> a+ytz. 


I 


This proves the inequality. | 


209. Let a,b,c,d be positive reals such that a® + 6°? + 3ab =c+d=1. Prove 


that 4 : F % 
1 1 1 1 
(+2) + (0+ ) (4 ) (a+ ) > 40. 
a b c d 


Solution: We may write the relation in a,b in the form 
a® + b® + (—1)8 — 3(a)(6)(—1) = 0. 
This is equivalent to 
(a+b—1)((a—6)? + (a+1)?+ (0+1)’) =0. 


Thus, either a+ b=1 ora=b=-1. Since a,b are positive, we conclude that 
a+b=1l=c4d. 
If x,y are positive real numbers, then 


a +y? > ay(rt+y). 
(In fact, this is equivalent to (x — y)? > 0.) We therefore get 


(+t) + (042) es («. x) (04 5) («3 . t b+ 7) 
= 240145) 
> 4(1+4) = 20; 


2 
we have used a+ 1/a > 2 and ab > ((a + b)/2) = 1/4. Similarly, using 


c+d=1, we obtain 
Le Ty? 
(c+2) +(a+5) > 20. 
Cc d 


Combining these two, we get the required inequality. | 


210. Let x,y, z be positive real numbers such that x+y+z= xyz. Prove that 
1 1 1 3 
+ Ae 
Vita? VJ1l+y2 V1l+227 2 


Solution: As in the example 2.23 on page 75, we use trigonometric substitu- 
tions: « = tan A, y = tan B and z = tanC. Then A, B,C are the angles of a 
triangle and the inequality reduces to 


No| Cw 


cos A+ cos B+ cosC < 


This follows from 3.4.9 on page 119. = 
211. Let P be an interior point of a triangle ABC’ whose sides are a,b,c. Let 
R, = PA, Rp = PB, and R3 = PC. Prove that 

(Ri Ro + RoR3 + R3R1) (Ri + Ro + Rs) >a? R, +0? Ro + CR. 
When does equality hold? 


Solution: The inequality may be written in the form 


By tg =e 
> 0. 
3+ 0 hi 


cyclic 


Let ZBPC =a, ZCPA= 6 and ZAPB =7. Then the cosine rule applied to 
triangles BPC, CPA and APB reduce the inequality to the form 


3 
cos a + cos 8 + cosy > — 5 


Fig. 6.26 


We may assume a < 8 < y. Since y < 7, it follows that 6 > 7/2. Now the 
function f(x) = cos is convex in [7/2,7]. Hence Jensen’s inequality gives 


cos 8 + cosy > 2.cos (AS) = —2cos (5). 


Taking A = cos(a/2), we see that it is sufficient to prove that 


= 1S ASF. 


This is equivalent to (2\ — 1)? > 0, which is obviously true. Equality holds if 
and only if 6 = y and \ = 1/2. This gives a = 120° and a being the least 
angle, we get a = 8 = y = 120°. Thus P is the Fermat’s point of ABC. a 


212. Let t,t2,t3,...,tn be positive real numbers such that 


2 1 1 1 
n° +1> [ti +tet---+tr feito , 
ti to tn 


where n > 3 is an integer. Show that for each triple (j,k,l) withl<j<k< 
i <n, there is a triangle with sides t,, ty, ty. 


Solution: We may assume that t) < tg <--- < t,. Thus, it is enough to 
prove that t, < t; +t2. The given condition may be written as 


i. ay 
2 J 
+1 > n+ 5 ae 


1<j<k<n 


= Wace += (t +t) 
eae eh a ON MC a 
t; tr 

+ > (2 ++). 


1l<j<k<n 
(7,k)ACLn),(2,n) 


t; ¢ 
Using 2 + — > 2, it follows that 
tr t; 


i, 0 1 - 
2 a tn{ — 4 (t + t2) 2 oh. 
nm+1>nt+ ra rs i, 1 2) + 9 


This reduces to 
t + + (t + t ) 5 <0 
n i t ‘, 17 42 7 


ty ‘ee ) 
< ty 
itis ae 


We observe that 


Thus, we get 
4 
~+A-5<0, 
Xr 
where ae 
tn, 


This shows that (A — 1)(A — 4) < 0. We conclude that 1 < \ < 4. Thus, we 
obtain 
th <ty + tg < 4ty, 


and this completes the proof. a 


213. Let x,y,z be non-negative real numbers. Prove that 
e+yt 2 >a /yzty Vert 27/zy. 


Solution: Put 2 =a’, y =b?, z =c?. The inequality takes the form 
a® + b° + c& > atbe + abtc + abc*. 
This follows from Muirhead’s theorem, since (4, 1,1) ~ (6,0, 0). = 


214. Find all positive real numbers such that 


4(ab + be + ca) -1>074+b? +c? > 3(a2 +b? +0’). 


Solution: Chebyshev’s inequality gives 
(a+b+c)(a? +b? +c’) < 3(a® + b° +c). 

Hence, a+b+c< 1. On the other hand, we also have 

4(ab+ be + ca) -1>0°+0? +c > ab+be+ ca. 
This shows that 3(ab +bce+ ca) > 1. Thus, 

1 < 3(ab+be+ca) < (at+b+c)’ <1. 

We conclude that 

a+b+c=1, and 3(ab + be + ca) = (a+b+c)’. 
It follows that a =b=c=1/3. a 


215. Let a,b,c be positive real numbers such that abc = 1. Prove that 


a b Cc 3 


Geer CLG Croern-£ 


Solution: Clearing the denominators, this is equivalent to 


4(ab + be + ca+atb+c) > 3(abe+ab+be+ca+at+b+cH]). 


This further reduces to 
ab+be+ca+at+b+c>6. 


Dividing by abc, this may be written in the form 


1 1 1 
+i +i +a+b+e>6. 
a be 


Using « + 1/x > 2, for positive x, the result follows. | 


216. Suppose a, b,c are positive real numbers such that a? +b? +c? = 1. Prove 
that 

ies ae | _ 2(a? +08 +c?) 
b2 0 ec? abc 


Solution: Clearing the denominators, we get an equivalent inequality: 
ab? +b? +c? + 2a? > 30702? + 2abe(a® +034 one 
This may be homogenised: 


(a? +07 4 e) (ab? ae ee gee ea?) > 3a7b2c? + 2abe(a® +034 c’). 


Simplification gives 
y ab + S- ab 2 S- a‘be. 
cyclic cyclic cyclic 


Since (4,1, 1) ~ (4, 2,0), the result follows by Muirhead’s theorem. = 


217. Let ABC be a triangle with circum-centre O and circum-radius R. Sup- 
pose the line AO, when extended, meets the circum-circle of OBC in D; simi- 
larly define F and F’. Prove that 


OD-OE- OF > 8R’. 
Solution: Let D’, E’ and F” be the points of intersection of AD, BE, and 
CF respectively with BC, CA and AB. Invert the whole configuration with 
the circum-circle of ABC. Then BC is mapped on to the circum-circle of BOC; 


CA on to that of OC'A; and AB on to that of OAB. Moreover, D’ moves to 
D; E' to E; and F’ to F. The property of inversion shows that 


OD-OD' = OE. OE' =OF- OF’ = R? 
Let [OAB] = x, [OBC] = y and [OCA] = z. Observe that 
AQ ae BO g+y CO: y+ 2 


OD y ’OF z ’OF «2 
Thus 
AO-BO-CO _— («+ y)\(y+z)(z+ 2) 


OD'-OE'-OF' LYyz 
2,/LY - 2,/Yz + 2/ 2x 
YZ 
x 


This shows that 
AO-BO-CO _ R 


OD'-OE’-OF' < 


8 8 
Hence, we get 
R® 
OD: OOP = amon > 8R°. 


218. Let x,y,z be positive real numbers such that xyz = 1. Prove that 


foal y? 23 


Gos). Cera) Ceaay) 


3 
me 
— 4 
Solution: Suppose z < y < z. Then 


(t+y1+z2)>(04+2z)(l+2)>(14+2)(1+y). 


Hence, Chebyshev’s inequality is applicable and 


» eee = (> *)(D aa) 


cyclic cyclic cyclic 
1(2? +y3 + 23)\(3+2+y4+2z) 
3 (l+2)(1+y)(1 +z) 


Thus, it is sufficient to prove that 


Af ty t2)(B+e+y4+z2) >91+a)(1+y)(14+2). 
Since 


cea) 


(l+a)1+y)1+z)< ( - 


all we need to prove is 
12(a° + y> +23) > (3+a+y+2)’. 
By Holder’s inequality, we have 
9(a? + y? + 23) > (w@+y+2). 
Thus, it is enough to prove that 


A(et+y+z)°>3(8+a+y+z). 


Putting /=x+y+4 2, this reduces to 
4t® — 3t? — 18t — 27> 0. 


Equivalently (t — 3)(4t? + 9t +9) > 0. We need to check that t > 3. This 
follows from 


atytz > 3(ayz)¥3 =3. 


219. Let D, E, F be respectively the points of contact of the in-circle of a 
triangle ABC with its sides BC, CA, AB. Prove that 


BE GAO sg AE a 
FD DE EF” 


Solution: Note that FD = 2(s — 6)sin(B/2). Thus 


BC | a _ a 
FD 2(s—b)sin(B/2) — 2rcos(B/2)’ 


But cos(B/2) = hy/a. We thus get 


BC a’b 
FD 4rA’ 


The inequality reduces to 
a7b + b?c+ ca > 24rA. 


This may be written in the form 


a Boi OF 
c a b7~ R 
But 
a be 6r 
Rito ceeices Uae ees Bp CaS 
Ca bo Oe 
because 2r < R. a 


220. Let a,b,c, d be non-negative real numbers such that ab+bc+cd+da = 1. 
Show that 


a? b? ro a 


t t t a, 
b+cec+d c+td+a d+a+b a+b+c™ 3 


Solution: Observe that 
a+b? +e4+d? >ab+be+cd+da=1. 


Note that the inequality is symmetric in a,b,c,d. Suppose a > 6 >c> d. 


Then 
1 1 1 1 


> > > , 
b+e+d~ c+d+a™~ dt+a+b~7 a+b+e 


Taking « = b+c+d, y=c+d+a, z=d+a+band w =a+b-+c, Chebyshev’s 
inequality gives 


PASO er) ieee. i. he a 
4-454" 5 (++ S40) (242 +242). 
u y Ab A yw ow 


One more application of Chebyshev’s inequality leads to 


i 
P+ +e+d > F(@+h+e+a)(at+b+ct+d) 
1 
> Glat+b+e+d). 
Thus, it follows that 
a b? ro & 
b+etd ct+d+a d+at+b atb+e 
1 
Sa eae ee Eek ae 
16 cy w 


1 A les Le 5 ad, 
SS ar | RY Sew | Weare ok ae 
A8 Gy zz w 


Ea 


9 


Cle 


where we have used the AM-HM inequality in the last leg. a 
221. Find all real \ for which the inequality 

oo + oe + ae > A(a1 x2 + x23), 
holds for all real numbers 271, %2, 73. 


Solution: We show that the range of values of X is [-V 2 V2). Taking 
X1 = 73 = 1 and x2 = p, we have 


2+p? > 2p, 


which shows that p? < 2. Thus p € [-V2, V2]. 


Conversely, suppose p € [-V2, V2], so that p? < 2. Consider x7, p?x3, 73, 
where £1, 22,23 are arbitrary real numbers. Now the AM-GM inequality gives 


2 
Pp 
go + 77 > |px1x2| > px, x2, 
p 
72 + x3 > |prox3| > pxrox3. 


Adding these, we obtain 


2 
x + 5 + ae > p(a122 + £243). 


Since p? < 2, it follows that 


2 
i+ as tae > at + 5% + 23 > p(aix2 + r223). 


Thus for all values of p € [-V2, V2], the inequality 
xy +25 + £3 > p(air2 + 2923), 


holds for all choices of real x1, x2, x3. | 


222. Let a,b,c be positive real numbers such that abc = 1. Prove that 
@ 0) C01. 1 
ah Re ee Ee 
bo c aa ob ee 


Solution: Suppose ab+bc+ca>a+b+c. Using 1/a, 1/b, 1,c as weights, 
the weighted AM-HM inequality gives 


1 1 1\2 
a,0,¢ . (ptets) 
bo ca” t+h 4 
fj ped 
= (ab + be + ca) (¢ +444) 
a+b+c 
ee oe 
Be ete eae 
bo co oa 


If ab+ be +ca<a+b+c, then we use a,b,c as weights to get 


es = (a+b+c)? 
b' ca ~~ abtbe+ca 
> ab+bc+ca 

ee ore ee 

= Fae a 


223. Let a,b,c be non-negative reals such that 


a+6b<l+c, b+e<l1l+a, ct+ta<1+6. 


Prove that 
a? +07 4+ < 2abe+ 1. 


Solution: Addinga+b<1+candb+c<1+4a, we get 2b < 2 and hence 
b <1. Similarly, we getc < 1 anda<1. Takea =1-a, 8 =1-— band 
y=1-c. Then 0<a,6,y < 1. Moreover a = b < 1+ c implies that a > 7. 
Similarly, +7 >aandy+a> 8. The inequality to be proved is: 


(1— a)? + (1-8)? + (1-7)? < Al —a)(1—)(1—-) +1. 


This reduces to 


a? + B? +7? < 2(aB + By +a) — 2a87. 


We may assume that 7 is the largest among the three; i.e., a < y and 6 < 7. 
Then y < a+ 8 and hence 7? < ya + By. Moreover, a? < ay and f? < fy. 
These two imply that 

a” + B? +? < 2(By + ya). 
Thus it is sufficient to prove that 2a8y7 < 2a8. But this follows from y < 1, 


and a, @ are non-negative. 


Alternate Solution: (Arpit Amar Goel and Utkarsh Tripathi) As in the 
earlier solution, we geta<1,b<1andc<1. By symmetry, we may assume 
c is the least and a the largest, so that 0 << c< b<a<1. We may write the 
inequality in the form 


(a — b)* +c? < 2abe +1 — 2be, 
or equivalently 
(a —b)? < (1—c)(1+c¢— 2a). 
Using a+c<1+5, we get 1—c>a—b>0. Also 
1+c—2ab-—a+b = 1+c-—a(1+b)-b(a-1) 
> 1+c-—a(1+6), (since a < 1) 


= 1+c—a-—ab 


1+c—a-—Bb, (since a < 1) 


because a+b<1+c. Thus, we get 1+c-—2ab>a—b6> 0. It follows that 
(a —b)? < (1—c)(1+¢— 2ab). 


Equality holds if and only if a =1 and b=c, orb=1 and c=a orc=1 and 
a=b. | 


224. If a,b,c are non-negative real numbers such that a+6+c= 1 then show 
that 
a + b 4 = 9 
l+be l+ca 1+ab7~ 10° 


Solution: Using the weighted AM-GM inequality, we have 


a “se b 4. c 
1+be 1+ca_1+ab . a+b+c 
a+b+c — a(1 + be) + 6(1 + ca) + c(1 + ca)” 


This reduces to 
a b Cc 1 


t t > ¢ 
1+be l+ca 1+ab7 1+ 3abc 

Using the AM-GM inequality, we also have 
b 1 
abe (+) meee 


Thus, we get 
10 
14+ 3abe < re 


This implies that 


a "7 b a Oe 9 
1+be 1+ca 1+ab~ 10 
More generally, if 71, 29,...,2%p are non-negative real numbers such that x2, + 


to+...+ 2p = 1, then 


n 


Xj 1 
arr I m+n? 


1<k<n 


kA 


225. Let ABC be a triangle with sides a,b,c, circum-radius R and in-radius 
r. Prove that 


2 
R 64a7b2c? 
= : 
2r ~ \ (4a? — (b—c)?) (4b? — (c — a)?) (4c? — (a — B)?) 
Solution: (Riddhipratim Basu) We define x,y,z by s—a = 2,s—b = 


y,8 —c = 2, where s = (a+b+c)/2. Then z,y, z are positive, and a= y+ z, 
b=z+2,c=a2+y. We may express 


R _ abes © (c+ yytz)etz) 


2r = 4A? 8xyz 


Similarly 


Aa? — (b—c)? = (8y + z)(3z + y), 40? — (c— a)? = (82 + z)(3z +2), 
Ac? — (a — b)? = (3a + y)(3y +2). 


Thus, we need to prove 


(e+ yy + 2)(z +2) 
8xryz 


647(a + y)*(y + z)4(z+2)4 
3a + y)2(3y + x)2(8y + z)2(32z + y)2(8a + z)2(38z2 4+ x)?" 


> 

ar | 
This may be written in the form 

(3a + y)?(8y + x)? (3y + z)?(3z + y)? (Ba + z)?(82+ 2)? 
> 88 ayz(e ty) (yt z)'2+2)*. 
Using the AM-GM inequality, we have 
(3a+y)(3y+xr) = 327+ 3y? + 10ry 

(a+y)?+ (ety)? + (ety)? + 4ay 

1/4 
4{(e +y)°- sary} 


It follows that (32 + y)?(3y + 2)? > 32\/ry(x + y)? and similar expressions for 
the other products. Thus 


IV 


(3a + y)?(3y + x)?(3y + z)?(3z + y)?(3a + z)2(3z 4 x)? 
> 32 xyz(@ + y) (y+ 2)'z +2), 
which gives the desired inequality. a 
226. Let R denote the circum-radius of a triangle ABC; a, b, c its sides BC, 
CA, AB; and rg, rp, - its ex-radii opposite A, B, C. If 2R < rg, prove that 
(i) a>banda>c; 


(ii) 2R > rp and 2R>r_. 


Solution: We know that 2R = ave and rg = ay, where a,b,c are the 
s—a 
; : at+b+e . 
sides of the triangle ABC, s = aa Tae and A is the area of ABC. Thus the 


given condition 2R < rq translates to the condition 


2 
abe < 


sS—a 


Putting s-a=p,s—b=q,s—c=r, we geta=qtrb=r+p,c=pt+q 
and the condition now is 


P(p+a)(qt+r)(r +p) < 2A? 


But Heron’s formula gives, A? = s(s — a)(s — b)(s —c) = pgr(p+q+r). We 
obtain (p+ q)(q+r)(r +p) < 2qr(p+q+r). Expanding and effecting some 
cancellations, we get 


p(q+r)t+p(q +r?) < ar(q+r). (226.1) 


Suppose a < b. This implies that q+r<r-+p and hence gq < p. This implies 
that q?r < p*r and gr? < pr? giving gr(qtr) < p?rt+ pr? < p*r+ pr? +pqt 
pq? = p?(¢+r)+ p(q +r?) which contradicts (226.1). Similarly, a < c is also 
not possible. This proves (i). 


Suppose 2R < r,. As above, this takes the form 
g(r +p) +4(r? +p?) < pr(p+r). (226.2) 


Since a > b and a > c, we have q > p,r > p. Thus q?r > pr and qr? > pr?. 
Hence 


C(r+p)+q(r*? +p?) > @rt+aqr? > per +pr? = pr(p+r) 


which contradicts (226.2). Hence 2R > ry. Similarly, we can prove that 2R > 
Tc. This proves (ii) | 


227. Given a square grid S' containing 49 points in 7 rows and 7 columns, a 
subset T consisting of k points is selected. What is the maximum value of k 
such that no four points of T determine a rectangle R having sides parallel to 
the sides of S'? 


Solution: We show that k = 21 is the maximum possible value. The following 
diagram shows that there is no rectangle for k = 21. 


We follow the argument in the example 4.3 on page 174. Let mj, 1 <j < 7, 
denote the number of elements of T in j-th row. In order to avoid a rectangle 
whose sides are parallel to the grids of 7’, we must have 


i 
Se eG) 
; 2 2 
g=l 
Taking k =m, +m2+---+mz7, this may be written in the form 


7 
So mj <42+k. 


j=l 


However, the Cauchy-Schwarz inequality gives 


Thus, we obtain 


which reduces to (k + 14)(k— 21) < 0. This shows that k < 21. If k = 21, then 
we see that equality holds in the Cauchy-Schwarz inequality, forcing m; = 3 
for 1 <j <7. Since for k = 21, there is already an example, it follows that 21 
is the maximum value of & which avoids a rectangle. | 


228. Let a,b,c,d be real numbers such that 0 << a<b<c<d. Prove that 


a’betd® > eda? 


Solution: We use the following property of convex functions: 


If f : [s,t] > R is a convex function and if x,y,z are three points in [s, t] 
such that x <y < z, then 


(y— 2) F(a) + (2-2) f(y) + @— yf) <0. 
Using the convexity of f(a) = Inz on [0,0o), we have for0 <a <y< 4g, 
(y—z)Ina+(z-2)Iny+(#-y)Inz>0. 


This simplifies to 
wy? 2” > ay? 2). 
Thus, we have 
Gees hoa, Coarse a. 
Multiplying these two and effecting some cancellations, we get the required 
inequality. | 


229. In a triangle ABC, let AA,, CC, be the bisectors of the angles A, C 
respectively. Let M be point on the segment AC, and I be the in-centre of 
ABC. Draw a line through M, parallel to AA, and let it meet CC; in N and 
BC in Q. Similarly, let the line through M parallel to CC, meet AA, in H 
and AB in P. Let dj, d,, d3 respectively denote the distances of H, I, N from 
the line PQ. Prove that 


di dg ds 2ab 2bc 2ca 
t= > +5 +>. 
dg dz d, a*+bce b?+ca’ c*#+ab 


Solution: Join PQ. Let it intersect AA, in T and CC, in S respectively. 


Since MP is parallel to CC), we have 


PH QI AG, 
HM IC AC’ 


But CC, is the bisector of angle C, so that AC, = bc/(b+ a). This gives 


HM Ob+a PM a+b+e 
a , and — ; 
PH Cc PH Cc 


But PHT is similar to PMQ, so that 


PT PH ¢ 
PQ PM” a+b+c 


Similarly, we obtain 

QS _ a 

PQ atbt+tec 
Thus, we have 

TS | b 

PQ at+tbt+ec 


Now, using the similarity of triangles PHT, SIT and SNQ, we get 
dy Cc dg b dg a 
dob ds a dc 
Thus, the inequality to be proved is:: 
Oe ea 2ab 4, 2bc " 2ca 
b a ca?+be b+ca_ c?+ab 
However, we observe that 


2ab 2 1/b oa 
= < | Ps 
GA bee 2 a 2 ae 76 
boa 
and similar expressions may be obtained. Therefore, we obtain 
2ab 2bc 2ca c boa 


| { < | f 
a2+be b?+ca pn ee 


230. Let ABC be a triangle and h, be the altitude through A. Prove that 
(b+)? > a? + 4h?. 

(As usual a,b,c denote the sides BC, CA, AB respectively.) 

Solution: Draw a line / parallel to BC through A and reflect AC in this line 


to get AD. Let CD intersect | in P. Join BD. Observe that CP = PD = 
AQ = ha, where AQ is the altitude through A. We have, 


b+c=AC+AB=AD+ AB > BD = VCD? + CB? = V/4h2 +02, 


which give the desired result. Equality occurs if and only if B,A,D are 
collinear, i.e., if and only if AD = AB (as AP is parallel to BC and bisects 
DC) and this is equivalent to AC = BC. 
Alternate Solution: 
The given inequality is equivalent to 
16A? 

a 
where A is the area of the triangle ABC’. Using the identity 

16A? = [ (6+)? — a? ][ a? — (b-c)?] 


we see that the inequality to be proved is a? — (b—c)? < a® (here we have used 
a <b+c) which is true. Observe that equality holds if and only ifb=c. 


(b+ ¢)? —a? > 4h? = 


231. Let a, b, c be three positive real numbers such that a+ 6+c=1. Prove 
that among the three numbers a — ab, b — bc, c — ca there is one which is at 
most 1/4 and there is one which is at least 2/9. 


Solution: By the AM-GM inequality, we have 


ee Veg\o Ad 
l-a)< =-. 
anys ( 2 ) 4 
Similarly, we also have 
hive. Bia ea ee 
- — an — -. 
—4 Oe arid 
Multiplying these, we obtain 
1 
abc(1 — a)(1— b)(1—c¢) < BE 
We may rewrite this in the form 
1 
a(1—b)-b(1—c)-c(l-a) < EB 
Hence, at least one of the factors from among a(1 — 6), b(1 — c), c(1 — a) has to 


1 1 
be less than or equal to —; otherwise Ihs would exceed —. 


Again, consider the sum a(1 — b) + b(1 — c) + c(1— a). This is equal to 
a+b+c-—ab—be— ca. We observe that 


3(ab + be + ca) < (atb+c)*, 


which, in fact, is equivalent to (a — b)? + (b—c)? + (e—a)? > 0. This leads to 
the inequality 


1 
a+b+e—ab—be—ca> (atb+c)— Z(a+b+e)?=1- 


Hence, at least one of the summands from among a(1-— ), b(1—c), c(1—a) has 


to be greater than or equal to a (otherwise lhs would be less than ao a 
232. Let x and y be positive real numbers such that y? + y < 2 — x. Prove 
that 

(a) y<a<1; and 

(b) et+yr<1. 
Solution: 


(a) Since x and y are positive, we have y < x — 2° — y3 < x. We also have 
x—2z? >y+y? > 0, so that x(1— 2”) > 0. This gives x < 1 and thus 
y <« <1, proving part (a). 


(b) Again, we have x? + y? < x —y, so that 


Ty 
xe? — ay + Ze 
3 y c+y 
This implies that 
pepe. iy Pee) 
c+y c+y 


But zy(a@+y) <1-y-(1+1) = 2y and hence 


ae Pe gee Ba ee 
c+y c+y 


This proves (b). 


233. Let a,b,c be three positive real numbers such that a+ b+c= 1. Let 
A = min {a® + abe, b? +ab?c, O+ abc" }. 


Prove that the roots of the equation x? + x +4 = 0 are real. 


Solution: Suppose the equation 7? + 2 +4 = 0 has no real roots. Then 
1-16. < 0. This implies that 


1—16(a° +.a7bc) <0, 1-16(b%+.ab?c) <0, 1-—16(c* + abc”) <0 
Observe that 


1—16(a° +a7bc) <0 => 1-16a7(a+ bc) < 
= 1- ane <0 
=> 1-16a7(1—5)(1—c) <0 
1 
met Gas a*(1—5)(1—c). 
Similarly, we may obtain 
1 2 1 2 
— —a)(1— 0). 
ig «OO c)(1—a), 16 <¢ ( a)(1—b) 
Multiplying these three inequalities, we get 
1 
272 2 2 2 2 
a’b’c"(1 —a)"(1 — db)" (1 —c) > T¢3° 


However, 0 < a < 1 implies that a(1 — a) < 1/4. Hence 


a?b?c?(1 — a)?(1 — b)°(1 — ¢)? = (a(1 — a))"(B(1 = b))*(e(1— 0)” < a, 


a contradiction. We conclude that the given equation has real roots. | 


234. If a,b,c are three positive real numbers, prove that 


241 $41 244 
ar + + ae + see 
b+e cta a+b 


Solution: We use the trivial inequalities a? + 1 > 2a, b? +1 > 2b and 
c? +1> 2c. Hence we obtain 


2741 $41 24 2 2b 2 
ay + + Co eS a 5: 4 Cc 
b+e cta a+b b+e cta a+b 


Thus, it is sufficient to prove that 


2a 2b 2c 


> 3. 
b+e cta a+b 


Adding 6 both sides, this is equivalent to 


1 1 1 
2a + 2b+4 2 > 9. 
(2a (potato) 2 


Taking cx =b+c,y=c+a,z=a+tb, this is equivalent to 


(ety+e) (24242) 20 


Dee Yo 2% 


which is a consequence of the AM-GM inequality. 


Alternate Solution: 
The substitutions b+ c=2,c+a=y,a+b= =z lead to 


ee ! # 3>6-3=3; 


cyclic cyclic cyclic y 


we have used the AM-GM inequality in the last leg. | 


235. If d is the largest among the positive numbers a, b,c, d, prove that 
a(d—b)+b(d—c)+c(d—a) < @. 


Solution: Consider the polynomial P(x) = 2? —(a+b+c)x+(ab+be+ca). 
Then we see that 

P(d) = d@—(a+b+c)d + (ab+ be + ca) 
d — a(d—b) — b(d—c) — c(d—a). 


l| 


Thus, we have to prove that P(d) > 0. On the other hand, 


xP(x) — abc = (%& — a)(x — b)(x — c). 


Thus 


236. If x,y, z are positive real numbers, prove that 
(a +y+2)?(yz + za +ary)” < 3(y? +yz+ eee + 2x + 27) (x? + ay+y’). 
Solution: One solution using normalisation was given on page 91. We give 
here three more solutions. 
Solution 1: We begin with the observation that 
3 1 3 
aw +ayty = Fa@+yy+7@-y)y 25 


and similar bounds hold for y? + yz + 27, 27 + za +27. Hence, 


3(2? +ay+y)(y? tyzt 27) (2 + 20427) 
> Seta) vt2)"(e+2)’. 
Thus, it is sufficient to prove that 
(a+y+2z)(cy+yz+ 20) < S(o+y)(yt2)(2+2), 
Equivalently, we need to prove that 
8(a+y+2z)(cy+yz+ 2x) <9(aty)(y+2z)(z4+2). 


However, we note that 


(c+y)(yt+z2)(z+2) =(e@+yt+2)(yzt 2+ zy) — xyz. 
Thus, the required inequality takes the form 
(x+y) (y+2z)(z+2) > 8ayz. 
This follows from the AM-GM inequalities; 
rt+y>22/ry, ytr>2yz, z+2> 2/22. 


Solution 2: Let us introduce r+ y=c, y+z=aand z+a=b). Then a,b,c 
are the sides of a triangle. If s = (a+6b+c)/2, then it is easy to calculate 
t=s-—a,y=s—b,z=s—candx+y+z=s. We also observe that 


a + ay ty? = (ety)? — ay 
1 3 1 
=e — F(cta—b)(e+b a)=7e+7(@ by? >a". 


Moreover, ry + yz + zx = (8s — a)(s — b) + (s — b)(s —c) + (s—c)(s—a). Thus 
it is sufficient to prove that 


sS\(s —a)(s—b)< sabe 


But, )>(s — a)(s — b) = r(4R +1), where r, R are respectively the in-radius, 
the circum-radius of the triangle whose sides are a, b,c, and abc = 4Rrs. Thus 
the inequality reduces to 


9 
r(4R+r)< ahr. 
This simply reduces to 2r < R, which is Euler’s inequality. 


Solution 3: Dividing throughout by x?y?z?, the inequality may be written in 
the form 


2 
(s+f4%+t424242) <3(24441)(4+241)(24241) 
y @ 2 y gf 2B y «2 Zz Yy Dr 


Mey AO eee pee PAE Se 
x ZY 


x z 


then a,b,c are non-negative and the inequality to be proved is 
(9+a+b+c) < 3(a+3)(b+3)(c+3). 
This reduces to 
a? +b? +c? < 3abe+ 7(ab+ be +ca)+9(a+b+c). 


However, it is easy to see that 


This takes the form 
a? +b? +c? = abe + 2(ab + be + ca). 


Thus the inequality reduces to 


2abe + 5(ab + bc + ca) + O(a +b+c) > 0. 
This follows from the non-negativity of a, b,c. a 


237. Suppose a,b,c are positive real numbers. Prove that 


ator cé Ss (abc) (a+b+e)/3 


Solution: Suppose x and y are positive real numbers. Then rearrangement 
inequality implies that 


tinea+ylny>elmyt+ylne. 
Exponentiation gives x*y¥ > x¥y*. Thus, we have 
opseh, Vestite, ca®>aat: 
Multiplying these out, we get 
(a2b?c?)? > gbtepetagath 


It follows that 
(a2bPc’)? > gr renaporert carers 


which reduces to 
ab’ co > (abc) (o+o+e)/3 | 


Alternately, we can use the weighted AM-HM inequality: 


arb .c\1/(atb+e) atb+e . @46¢ 
ne) Gb 6 
-+-+-4+- 
a b o¢ 
> (abe)”?, 


where we have used the AM-GM inequality in the last stage. This gives the 
required inequality. | 


238. Find all real p and q for which the equation 


8 2 
xt E x? + 4qr° — 3pr + p? =0 
qd 


has four positive roots. 
Solution: Let the positive roots of 
8 2 
P(a2) =a* - oP x? + 4gx? — 3px + p? = 0, 
qd 


be a,b, c,d. Then we have 


8 2 

a+b+e+d = a 
qd 

ab+ac+ad+be+bd+cd = 4g, 
abc + abd+acd+ bed = 3p, 


abcd = pr. 


Since a,b,c,d are positive, p,q are also positive. Now using the AM-GM in- 
equality, we have 


8p? = 

“FP =a+bte+d> 4(abed)'/+ = 4,/p. 
qd 

Thus, 2p? > q,/p. Similarly, 


4q = ab+ac+ad+ bc + bd + cd 
3p = abc + abd + acd + bcd 


6(abed)'/? = 6p, 
4(abed)>/4 = Ap,/p. 


Equality holds in each of these, if and only ifa = 6 =c=d. Multiplying out 
all the three inequalities, we obtain 


(2p) (4q)(3p) > (ax) (6p) (4pV/P). 


We see that this is an equality, so that a = b= c=d. Let us denote the 
common value by a. Thus we obtain 


IV IV 


8 2 
es 
q 
6a? = 4g, 
4a? = 3p, 
Qe =o pe 
Using the first two relations, we get 
Ap? 
3 ———— 
Orta. 
Using the third relation, we have 
16p? 
Bee 9 
3 DP, 
which gives p = 9/16. Thus, a = 3/4 and hence g = 27/32. a 


239. Let a,,a2,a3 be real numbers, each greater than 1. Let S = a; + a2+ a3 
and suppose S$ < a5/(a; — 1) for j = 1,2,3. Prove that 


1 a 1 
t + > 1. 
a, + a2 a2 + a3 az3+ ay 


Solution: Observe that a?/(a, — 1) > S$ is equivalent to a? > (a1 + a2 + 
a3)(a1 — 1), which in turn is equivalent to 


1 ay 


> F 
a2 + a3 a, +a2+ a3 


Using similar inequalities from the other two, we get 


1 aijy+ao+a 
> _ 


‘ ay + ag a, +a2+ 43 
cyclic 


240. Let a,b,c be positive real numbers such that ab + be + ca = 1/3. Prove 


that 
a b c il 


> ' 
Pape “PEs. 2h eee 


Solution: We write the lhs as 


a re b Cc 
a2—be+1  b—catl § c—ab+l1 
a? b? C 


= | | 
a®—abe+a bB—abe+b G—abet+ec 


Using Cauchy-Schwarz inequality, we have 


2 


a 
(a+b+c)? = gaa abe + a 
< 2 S— (a? — abe + a) 
cyclic (a? — abe + a) cyclic 
Therefore 


3 a? (a+b+c)? 


= : 
a—abe+a] ~ 2+8+8+a+b4+c-— 3abe 


cyclic 
But 
a+b? +c —3abct+atb+e 


= (a+b+c)(a? +6? +c —ab—be-—ca+1) 
(a+b+o)%, 


because of ab + be + ca = 1/3. Thus we get 


a? a+b+c)? 1 
3 ( ) 


> . 
a3 —abe+a] ~ (a+b+c)3 atbt+e 


cyclic 


241. Suppose a,b,c are positive real numbers. Prove that 


a*b(b—c) bc(c—a)  c?a(a—b) 
a+b b+e c+a 


>0 


Solution: We can write the inequality in an equivalent form if we divide 
through out by abc: 


a(b—c) _ b(c—a) | ca—b) 


>0 

Geb) abs) ere 

Adding 3 both sides, this transforms to 
a(b —c) b(c — a) (a — b) 
14 1 F1>3. 
Ara a see. © ¥ he oa) ~ 

Equivalently, this can be written as 

b(c +a) | c(a + b) if a(b +c) $3 

cla+b) a(b+c) b(c+a) 
This follows by AM-GM inequality. 

a 
242. Let a1, d2,a3,...,@n be n > 2 positive real numbers such that a; + ag + 
a3 +-:-+a, = 1. Prove that 
ss Q142°°*Qj_-14j41°° "An “a 1 
a aj+n—2 ~ (n— 1)? 
Solution: Suppose n > 4. Then we have 
G42 °**Aj;—14j;41°°* An (a, | ag } eee aj—1 } Qj41 } oa { aor 
a7 hat = 2 = (aj +n —2)(n —1)-D 
e 1 
(n —1)-D(n— 2) 
Therefore we obtain 
S Tes OH = < = 
aj+n—2 ~ (n—1)@-D(n—2) ~ (n— 2)(n — 1)8’ 


j=l 
since n > 4. Thus it is enough to prove that 


n 1 


C=C =a 


Equivalently, we have to show that b? — 4n + 2 > 0. This follows from n > 4. 


Suppose n = 3. We have to show that 


be ca ab 1 


<-, 
Lisa eee l+e™ 4 


whenever a,b,c are positive and a+b+c= 1. Equivalently, we have to prove 


that 
1 1 1 1 
b tab <— + ab , 
c+ca+a S54 abe (5 145 =) 


whenever a+b+c=1. Using AM-HM inequality, we have 


1 1 1 9 9 


cree ae ee ae l+e7~3+(a+b+c) 4 


Hence we need to prove that 


9abc 
1” 


ab+be+ca< 


By symmetry, we may assume c < 1/3. Eliminating a using a+ b+c= 1, we 
have to prove that 


9 
bc+c(1—b-—c)+b(1-—b-c)< qoetd b—c), 
for all positive b,c and b+c< 1. Treating this as a quadratic in b, we obtain 
(4 — 9c)b? — (9c? — 13¢ + 4)b + (4c? — 4c +1) > 0. 


This must hold for all b > 0 and b < 1. It is sufficient to show that its 
discriminant is negative. Computing the discriminant, we get 


nene(e-8) (2) 


Since c < 1/3, we see that D < 0. 


243. Determine the largest value of k such that the inequality 


(+5) (+2) rade (Ft e+8) (t5+ 9) 


holds for all positive real numbers a, b,c. 


Solution: If we take a = b = c, we see that k < 3/9 —1. We show that 
V9 —1is the largest value of k for which the given inequality holds for every 
positive reals a,b,c. Let us write 
b b 
+--+ = p= t+ : 
a a b 
Now we know by AM-GM inequality that a > 3 and 8 > 3. Thus for any 
k > 0, we see that the following inequalities hold: 


a 
+-. 
Cc 


9(k2 +1) <(k?+1)a8, 9ka < 3k?aB, 9kB < 3kaf. 
Adding these three inequalities, we get 
Ok? +1+ kat kB) < (k+1)% af. 


This is the same as 


9 (b+) («+2) (k =) < (k+1)% af. 


Taking k = V/9 — 1, this reduces to 


9(k+ >) («+2) (e+ <) < 9a. 


This shows that 9 —1 is the largest value of k satisfying the given inequality. 
a 


244. Let 71, %2,%3,...,2%n be n > 3 positive real numbers. Prove that 


1123 t204 5 Ln—-14%1 fe Tn&2 Zep 
T Pee S . 
134+ Lory Taq + W3X5 In—-1%1 + IpnX2 Ing +2123 


Solution: Each term is of the form 
Lj-1[L G41 


jk j 1 + @jkj 42° 
where 1 <j <n, %p = @p and Ypn41 = £1. Let us introduce 
bo EU . 
yj = See, l<j<n. 
LiLIAQ 
The inequality is transformed to 


ee 2) 25.2 Yn 
Yt l yetl yt) Yn +1 


<n-1, 


where 41, Y2,Y3;--- > Yn are positive real numbers whose product is 1. This can 
be re written in the form 
1 1 1 1 


! ! bee Seat 
yit1l yetl yg4+l Yn +1 — 


We use induction on n to prove this. For n = 3, we have to show that 


1 1 1 


T T > 
ytl yeotl yt+l7 


d 


when yiyoy3 = 1. Substituting yz = 1/y ye, the inequality is 


1 a 1 Y1Y2 
Y+tlo yetl 1l+myo ~ 


for all positive real numbers yj, yz. This follows from the inequality 


1 1 1 
+ > ; 
l+ty ltye7 1+yye 


which can be easily verified on cross multiplication. This proves the result for 
n = 3. Suppose the result holds for n numbers. If we take n + 1 numbers 
Y1,Y2,Y3,--- 5 Yn, Yn4+1, We obtain 


1 1 1 1 1 1 
+ bee + 
Yitl get. ystl Yn-1+1 Yntl Yngitl 
1 1 1 1 1 
2 foe ; 
ytl ytl yt Yn—1 +1 YnYntit1 
because we know that 
1 1 1 
2 . 
Yn + 1 Yn+1 + 1 YnUn+1 + 1 
Now consider n numbers 41, y2, Y3,--- ;Yn—1; YnYn+1- Their product is 1. Hence 
we can apply induction hypothesis to get 
1 1 1 1 1 
+ fee + Sd: 
raed, go yack Yr t 1 YnYnti tl 
This completes induction and proves the result. 
| 
245. Let a1,a2,43,... ,@2017 be positive real numbers. Prove that 


3 a, 5, 2017 
fal Aj41 + Aj42 +++ + 4541008 1008’ 


where the indices are taken modulo 2017. 


Solution: Let us consider the sum 


2017 
s=)5 “ 
j= 


1 Ajt+1 + Aj+2 + +++ + Aj+1008 


We begin with the following observation as a consequence of Cauchy-Schwarz 


inequality: for positive real numbers x1, %2,%3,...,%n and 1, y2,Y3,--- Yn; 
ia : UE sae rn = (a1 +a2+++++2n)? 
Yr Yy2 YB Yn Yar Y2 Ys + Yn 


Here equality holds if and only if 


Thus 
(a, +42 +43 +-+++4n)? 


s = 2017 : 
dejar 47 (4j41 + A542 + +++ + 4541008) 


Consider the sum in the denominator: 


2017 
K= 3 (aj41 + Qj4o +++ + a541008). 
j=l 
We have 
2017 
1 
Kk = 5 AjQp 
J,k=1 
JAR 


where p = a, +42 +a3 +--++42017. We have used Cauchy-Schwarz inequality 
in the last leg. Thus we obtain 


P 2x 2017 _ 2017 
— Ip (i—s4-) «2016 ~——«*1008 


246. Let a, b,c be three positive real numbers such that ab+bc+ca = 1. Prove 
that 


oti tyo+t ters 2 avat vo+ vo) 


Solution: First we observe that 


1 ab+bc+ ca be 
a+ =a =a+b+c+— 
a a a 


2 


b 
=(b+c)+ (a+ *) > b+e+2vVbe = (vb+ ve) 
Thus we obtain 


forts yords fort >2(va+vb+ ve). 


247. Let a,b,c be positive real numbers such that a + b+ c= 3. Prove that 


aj+2 p42 ae 
b+2 c+2 at+27— 


Solution: Observe that 


a@+2 a2+14+1._ 3a 
b+2  db+2 ~ b+2’ 


with similar inequalities being true for the other two terms. Therefore, we 
obtain 


a+? +2 eo+2. a , 6 , ¢ 
Bo CED Gee SND. ee Gey 
Using Cauchy-Schwarz inequality, we also have 
5 ae b Ce 
bto)2< ! ! (a(b-+2)+b(c+2 2)). 
(at+tb+c)* < Gas be+3) ax) a(b+2)+b(c+2) +c(a+2) 
This gives 
a, 6b pr See (a+b+c)? 
b+2° c+2' at+2~ abtbce+cat2(a+b+c) 
But 1 
ab + be + ca < gat ote) =3. 
Therefore 
a b c 9 
+ S =1, 
b+2 c+2 a+27~ 34+6 
This gives 
ae+2 b64+2 +2 


> 3. 
b+2 c+2 a+2 ~— 


Equality holds if and only ifa=b=c=1. | 


248. Let a,b,c, d be real numbers such that a? + b? + c? + d? = 4. Prove that 
(2+a)(2 +5) > ed. 


Solution: We observe that 


Qed? +d =4-a? — 0? =8- (4+47 +57) 
= 2(2+.a)(2 +b) — (4a + 4b + 2ab+ 4+ a? + 0?) 
= 2(2+.a)(2+6) —(a+b+ 2)’. 


This shows that cd < (2+ a)(2+ )). a 


249. Find all real \ such that 


2 b2 
an" Avab4 a=? z 


holds for all positive real numbers a, b. 


Solution: Taking a = ), the inequality is 
a>dAat+(1—A)a, 


which is a true statement for any \ € R. Hence we may assume a # b. After 
some algebraic manipulation, we see that the inequality is equivalent to 


(a — 6)? 
ee (ee See) 


This must hold for all a 4 b. Take a = 1 and b = 1+ €, where € is an arbitrarily 
small positive real number. Then we must have 


e2 
2A\>1-—. 
A2 16 


Since this is true for every € > 0, it follows that 4 > $. 
Consider \ = $. The inequality is 


2 b2 
at+b>vab+4/" : 


After squaring and simplifying, this can be rewritten as 


24 p2 
(a+b)? >4 a(* = ), 


2 


This is equivalent to (a + b)* > 8ab(a? + 67). But this follows from AM-GM 
inequality: 


24 6? 4 O0b\* 
8ab(a? + b?) = 4 x (a? +b?) x (2ab) < 4 (a) = (a +b)’. 


FO) = West tl yf" 


is a decreasing function of A. If Ay < A2, we have 


702) = 40) = (a=) (Yad oF) 


Now we show that 


But 


Therefore, for any A > 5, we see that 


FO) < f0/2) < , 


as we have observed earlier. Hence it follows that for all A > $, the given 


inequality holds. 
| 


250. Let a,b,c,d be real numbers having absolute value greater than 1 and 
such that abc + abd + acd + bed +a+b+c+d=0. Prove that 


Solution: Let us introduce new symbols g, y, z, w: 


a+1 b+1 c+] _ d+ 


eed eS ge Sea ey 


Since |a| > 1, we see that x > 0. Similarly, y > 0,z > 0 and w > 0. The 
condition of the problem translates to ryzw = 1. Observe that 
1 2 
a+ l 


. ee ~ a—l1? 


and similar expressions for y — 1, z — 1 and w — 1. Thus we need to prove 


This is equivalent tox +y+z2+w > 4. Using AM-GM inequality, we have 
atytz+w >A(ryzw)/4 =4. 


Here equality holds only if« = y= z= w. This impliesa =b=c=d. 
The given condition now gives a? + a = 0 forcing a = 0. But this contradicts 
|a| > 1. We conclude that «+ y+ 2+ w > 4 and this leads to the required 


inequality. 


251. Show that 
1 1 1 


aa) 
eye fe Dye 1) 


for all positive real numbers z, y. 


Solution: We start with the inequality 
A(x + 1)(y +1) < (e@+y42)?. 


Thus it is sufficient to prove that 


1 4 ¥ 1 
etytl (@+y+2)? © 11’ 


for « >0,y > 0. Introducing x + y+1=t, we have to prove that 


1 4 oe 
t (t+12 li 


for t > 1. Equivalently, we have to prove that t? — 9t? + 23t — 11 > 0 for 
t > 1. This takes the form (f — 1)(t — 3)(¢-— 5) +4 > 0 fort > 1. Note that 
(t —1)(¢-—3)(t —5) < 0 only when ¢ € [8,5]. But in this case 0 <t—1< 4 and 
(t — 3)(t —5) = (4)? —1 > —-1. Hence (t — 1)(t — 3)(t — 5) > —4. Equality 
in the first inequality holds when ¢t = 5. But then (¢ — 3)({— 5) = 0. In the 
second inequality, equality occurs when t = 4. But then t — 1 = 3 and hence 
(t — 1)(¢— 3)(t — 5) = —3. Thus we see that (¢ — 1)(t — 3)(¢-— 5) +4 > 0 for 
tlk | 


252. Let a,b,c be three positive real numbers such that abc = 1. Prove that 


1 ae 1 a 1 3 
b(a+b)  c(b+c) a(e+a)~ 2 


Solution: We use rearrangement inequality. Since the inequality is cyclically 
symmetric, we may assume a <b<cora>b->c. In both cases, we have 


1 1 1 1 1 1 


= | | | 


~ b(a+b) | c(b+c) | a(e+a) =a ee) aero) 


b(c +a) 


Therefore 


2A > A+B 
1 1 1 1 1 i, 
7 Bab) | b+) ale+a) ' ada+d) ab+e) ' Bea) 
- b+e c+aq@ | a+b 
~ be(a+b) ° calb+e) * ab(e+a) 
28: 


We have used AM-GM inequality and the given condition that abc = 1. It 
follows that A > 3. Therefore 

1 £ 1 & 1 3 

b(a+b)  c(b+c) a(c+a)~ 2 


253. Let a,b,c be positive real numbers such that a+6+c=1. Prove that 


a b? C 9 


Gio Gee Gaps —s 


Solution: We can write the inequality in the form 
a? b? é ee = 9 
(l1—a)? ° (1-5) (1-3 = 8’ 
for positive reals a,b,c with a+b+c = 1. Consider the function f(x) = 


x? /(1 — x). We observe that 


; _ 2e W _ 2(1 + 32) 


Therefore f” (a) > 0 for 0 < « < 1. It follows that f(a) is a convex function 
on (0,1). By Jensen’s inequality, we get 


p (EIFS) < F(1la) +10) +410), 


3 ~ 3 
for all a,b,c € (0,1). This gives 


a b? ce a ae f ; 
ana t moet Tage (A) =97(5) <3 


254. Suppose a, b,c are positive reals such that ab+ bc+ca >a+b+c. Prove 
that 


(a+b+c)(ab + be + ca) + 3abe > 4(ab + be + ca). 


Solution: Using Cauchy-Schwarz inequality, we have 


4(ab+be+ ca)? = (a(b 


c(a b))” 
< (at+b+c)(a(b 


b(c +a)? + c(a + b)’). 


a) 


c)? 


On the other hand a+b+c< ab+bc+ca gives 


(ab + bc + ca)? > (ab+be+ca)(at+b+o), 


and 


| 
255. Let a,b,c,d be four real numbers such that a+b+c+d=0. Prove that 


(ab + ac + ad + bc + bd + cd)” + 12 > 6(abe + abd + acd + bed). 


Solution: Let us introduces =a+1,y=b4+1,z=ct+landw=d+l. 
Then «+y+2+w=4. Then we see that 


yw + zw) —-3(@+y+z2+w)+6 


| 
= (rytazt+awt+yz+ywt+ zw) —6; 
and 


(abc + abd + acd + bed) 
= (ayz+aywt+azw t+ yew) —2Aecy+az+ecw+yz+ywt zw) 
+ 3(etytz+w)—4 
= (ayz++aywt+aezwt+ yzw) —Aeytazt+acwt+yzt+ywt zw) +8. 


The inequality to be proved is 
(cy +azt+aewt+yzt yw zw)? > 6(ryz + cyw + czw + yzw). 


If csyz+a2yw+auzw+yzw < 0, the result is immediate. Suppose xyz + xyw + 


zzw+yzw > 0. We write 


(cytaztawt+yz+ywt zw) 
= (ay)? + (xz)? + (aw)? + (yz)? + (yw)? + (zw)? + 2aye(x + y + 2) 
+2xyw(x + y+ w) + 2ezw(a+ 2+ w) + 24yzw(y+ 24+ w) + 6ryzw 
= (xy— zw)? + (Qeyz + 2ryw + 2ezw + 2yzw)(e@t+ytz+w) 
+ (az) + (ww)? + (yz)? + (yw)? 


8(xyz + cyw + xzw + yzw) 


IV 


> 6(ayz+ayw+azw + yzw). 


256. Consider the expression 


ryt 23 yrzta3 Bztys 


~ ere P UG ee rae Py 


Find the maximum value of P when 2, y, z vary over the set of all positive real 
numbers. 


Solution: We show that the maximum value of P is -. First we observe 
that 
a+y* > sya? +y*), (wy +27)? > day2?. 


Therefore, it follows that 
Ax*y?2? (a? + y*)(a? + yz) 
dey? 2?(a2 22 + y22? + Qa?y?). 


(xt +y*)\(ayt+ 27)? > 
= 


We have used the fact that x? + y? > 2ay. This gives 


aiytz3 ds a3y2z3 
(ett yD(ayt 22> ~ dery222(a2z? +2? + 20242) 
xyz 


4(x?2? + y? 2? +4 2x7 y?) : 


Thus it is sufficient to prove that 


xyz me 3 
A(x222 + y222 + Qe?y?) ~ 4’ 


cyclic 


for all positive reals z,y,z. Let us introduce a = zy, b = yz, c = zx. The 
required inequality is now 


for positive real numbers a,b,c. If a > b > c, we see that ab > ac > be and 


1 1 1 
> = ; 
2c? +42 +b? — 2674+ c2 +a? — 2a2+ 62 4+ 2 


Hence rearrangement inequality gives 


Se ee ee 

4 2a2 +02 +¢c2 — 44 a2 +624 2c?’ 
cyclic cyclic 

On the other hand AM-GM inequality leads to 


ab (a+ b)? a? b? 
4 Se ee a XK = 3. 
Det ee ee (atatace 


cyclic cyclic cyclic 


We have used the following: 


(a+b) — @ b? 
Atm 7 Xp? 


which can be easily verified. Thus it follows that P < ~. Equality holds when 
L=y=z= 1. |_| 


257. Let a,b,c be the sides of an acute-angled triangle. Prove that 


Vae+P—2+/bP+e2—a2+ Ve? +02 — 8 < \/3(ab+ be + ca). 
Solution: We introduce new positive numbers ; 
eae +P ae, YHrt+e-a, 2a +ae?—P. 


This is possible since the triangle is acute. We can solve for a, b,c; 


7 22 + a? pes x? + y? 7 y? + 2? 
a= 5) 5 = 5) ; c= \/ 5) e 


The inequality to be proved is: 


(m@t+ytz)?< 


5 (V@ETAE TH) + VERT ATP + VE FTA). 


Cauchy-Schwarz inequality gives 


a? +bc< Va2 +b Va2 + e?. 


Thus we obtain 


V3 (VG? +P +2) + VP) + VE FY TA) 


3 
> [S002 +a? + 2? + aut ye +2). 
Therefore it is enough to prove that 


Wa t+y+2)? <3(e? +y? +2? + ay t+ y24+ 22). 


This reduces to 2? + y? + 2? > xy + yz + za, which follows from 


(e—y)’ +(y—2)? + (2-2) 20. 


Alternately, we can use trigonometry and reduce the problem. Let a,8,y be 
the angles of the triangle opposite to the sides a,b,c, respectively. Then the 
lhs of the inequality is 


\/2ab cosy + V2becos a + \/2ca.cos B. 


and by Cauchy-Schwarz inequality we see that this is not larger than 


/ (ab + be + ca)\/2(cos a + cos 8 + cos 7). 


Thus it is good enough to prove that 


/ (ab + be + ca),/2(cos a + cos 8 + cosy) < /3(ab + be + ca). 
Equivalently, this reduces to the geometrical inequality: 
3 
cosa + cos 8+ cosy < 5) 
This is a standard inequality; see 3.4.9. | 


258. Let 21,22, 23,... , pn be Positive real numbers such that x1 279%73---¢p = 
1. Let S = a} + 23 + 23 +---+ 23. Prove that 


71 +2 3 + Ba Ln 24 
S—aj+ap? S—a34+23 S-—234+23 S98 fae 


Solution: By the Cauchy-Schwarz inequality, we get 


(aj +23 +03 +--+ +05)" 
< (ap +a3ta3+---c8)(ap +a. +23+++>+4n). 


Thus it follows that 


& Fe rer fo asta a Eee 
(af +224 234 + Xn) 
This gives 
1 (aj + @2 +43 4+-+++ an) 
S—at+a? ~ (x¢+034+ 03 +---4+ 22)? 
Thus we see that 
3 7 eC ee 
fal i ae ae (2? + 03 + 23 4 + ¢2)2 ; 
But we can write 
n n n 
Peace +g t+ +851 +05 + 0y41 +--+ + an) =) a3+2 S- abies 
j=l j=l j,k=l 
j<k 
Here we use the following result. 
Lemma: If a), a2,... ,@y, are n positive real numbers such that ajaq---a, = 1, 
then 
n n 
m m+1 
aes dary, 
j=l j=l 
for any integer m > 1. 
Proof of Lemma: We have for any j, 1 <j <n, 
acer +aytt Be ae aera at (nm | 1)a' m+1 ae anh aah +qm 
m+1 ae gett m+1 aor) m+1 m+1 Arad) 
> n(m +1) (aj a a; HL ) 
Since the product of a1, da2,... ,@n is 1, this reduces 
att 4 att agit +... amtl + (nmt art) + amit +--+ amet 
ra 1 (a(m-+1)) 
>n(m+ 1) (a5 pace 2”) =n(m-+ 1a” 


Summing over j, we get 


n 
n(m+1)Soa?t* > n(mt1) Soa”. 


j=l j=l 


This completes the proof of the lemma. 


By lemma, it follows that 


3 
3 


Therefore 
n 
Sa +09 + +++ + 05-1 + 05+ 541 +-++++2n) < La 425023 xe eek 
j=l j,k=1 
j<k 
2 
n 
= 2 
7 ss vj 
j=l 
This estimation shows that 
n 
oa 
=e 2 
oar S Ly + £5 
Here equality can occur when 71 = 72 =%3 =...=%p, = 1. 
| 
259. Let M1, 02,03, ...,@n, be n(> 1) positive real numbers whose sum is 1. 


Define bk = sw4qa, 1 <k <n. Prove that 


ie: De 
Sierra) Sars 


k=1 k=1 


Tha 


Solution: For p > 1, consider the function f(a#) = x? defined on [0,00). This 
is a strictly increasing function. In fact 


f'(x) = px? * > 0, for >0. 


Hence, it is convex and we can apply Jensen’s inequality. If x1,22,... ,@n 
are non-negative and a1,Q2,...,Q@p are non-negative real numbers such that 
n 


Soa; = 1, then 
j=l 
n n 
eel <}aje 
j=l j=l 


Taking x; = a; =a; and p= 2m —1 with n > 1, we obtain 


2m—-1 


n-1 


fy Qj = aj, 1 <7 <nand p= (2m —1)/(m—1) we 


Similarly, taking 7; = a 


get 
(2m—1)/(m~1) 


n n 
2 
Soap oye 
j=l 
Combining both the inequalities, we obtain 


m 
n n 

2 m 2m 
dea} | dar] < da. 
j=l j=l 


This is valid for any m > 1. Using 
for 1 < 7 <n, we obtain 
for all m > 1. Now we use the known result 


x 
gi” 
Ds 1-2 


m=1 


for |a| <1. This leads to 


3 


a aa 

k k 
<5 . 

pan Ok wae ee) 3 


Alternate solution: We may assume that a, > ag > a3 >--: > ay. Let 


n 
= 2 
S= ) a;. 
j=l 


Then by = a?/S so that by > by > b3 > --- > by. We observe that by + bs + 
--- +6, =1. Forl1<k<n, let 


Observe D,, = 0, since 


For 1 <k <n, we have 


Here we have used the ordering of a’s. Since S > 0, it follows that D;, geqO for 


1<k<n. Since aja,(a, — dn) > 0 unless ay = ag = ... = Gn, we see that 
D, > 0 forl1 <k <n unless ay = ag =... = ay. Now for anya #1 andb¥1, 
we have 
b aoe (b— a) 

1-b l1-a_ (1—a)(1—6)’ 

Taking 
1 

Cp es 

7 (1—a;)(1 — b,) 
we obtain 


n n 


bj ” 
ae ers ar = Si ej(bj - ay) 


jai 


= (e7= C1) D5, 


where we have used D,, = 0. Since a; > aj41 and b; > b;41, we can check that 
cj > cj41, for 1 <j <n. It follows the sum above is non-negative. Thus we 


obtain 
nm nm 


b; a; 
S ib », eae 2 y 


j=l j=l 


260. Suppose a, b,c,d are positive real numbers. Prove that 


s at a+b+c+d 
a? + a2b+ ab? + 63 — 4 , 


cyclic 


Solution: We first observe that 


at — b4 
— ib = U. 
Y See dYil@ ) 0 


cyclic cyclic 


Hence 


at a a* +04 
ae+atb+ab?+b3 2 \ai+a2b+ab? +63 /° 


It is sufficient to prove that 


S oa atb+ct+d 
‘a +a2b4+ ab? 4+ 53 — 2 , 
cyclic 
But we see that 
a* + b4 a+b 


ae +a2b+ab?+b3 ~ 4 
This follows from 
4(a* + b*) — (a + b)(a® + ab + ab? + 6°) 
= (a? — 6°)? + 2(a — b)(a® — 5°) 
> (a? — b7)? + 2(a — b)? (a? + ab +67) > 0. 


261. Let a,b,c be non-negative real numbers satisfying a? + b? +c? = 1. Prove 
that 


Va+b+vVb+e+ Vea > d5abe+2. 


Solution: We prove this inequality in two stages: we first prove that 


Vatb+vbt+e+vVeta> V7(atb+c) —3, (261.1) 


and then we prove that 


T(a+b+c)—3> dabe +2. (261.2) 


Let us writea+b+c= 2. Then ab+be+ca = (a? —1)/2. By Cauchy-Schwarz 
inequality, we obtain 


l=e4+0' +e? < (atb+c)? <3(? +6 4+) =3. 


This shows that 1 < x < V3. We can write 


(Vatb+ vore+ Vera) = Aatb+e)+ YS V(atd)(b+e) 


cyclic 
x? —1 
= 2 2 ; 
w+ ps ie ae 5 
cyclic 
We prove that 
2] -1 
e+ Sat (261.3) 
2 2 
Equivalently, 
Dist 2 1 si 2 
= >a(a—1)4 oy 
2 4 


This further reduces to (2 — 1)(a+3-— 4a) > 0. Since a < 1 < a, this result is 
true there by proving (261.3). Therefore 


(Vatb+Vbye+ vera) = ae +2 > yar+ 24 


cyclic 
27 + 2(a+b+c)+3(x—-1) 
= Tr-3=7(a+b+c)-3. 


IV 


This proves (261.1). 
We know by AM-GM inequality that 


ab + be + ca > 3(a2b?c?)¥/3. 


3/2 2 3/2 
wee (cee) _ (: i) | 


2 4\ 3/2 
24+ babe < 245 (4 ; *) 


Thus it is sufficient to show that 


a1 3/2\ 
2+5( 6 ) < 7x -— 3. (261.4) 


This further reduces to 


This gives 


and therefore 


25(a@? —1)?(@+1) .. 5/6(a? — 1)'/?4(2 +1) 
1) <0. 
( 216 9 eas 0 
Sincel <a< J3, it is sufficient to prove that 
25(a@? — 1)?(a@ +1 21/2441 
5(a )?(a@ + 1) i 5V6(x )/* (a +1) <7. (261.5) 


216 9 


But the left side f(a) is an increasing function of x. Hence it is enough to 
verify (261.5) at 2 = V3. However, we see that 


f(vV3) = apie Pea 


This proves (261.4) and completes the proof of the main result. 
| 


262. Let x,y,z be positive real numbers such that x? + y? +22 <a+y+z. 
Prove that 5 4 . 

x ance +3 | z es 

etl ysl 2417 


Solution: Let us introduce f(t) = (?+3)/(t8+1), for t > 0. Since t?+1 > 2, 
we get 


Introduce new variables: x? —x+1=a, y2-y+1=band 27-z+1l=c. 
Then 
atb+e= (2? +4? 4+27)-—(e@+y4+2)4+3 <3, 


by the given condition. Therefore 


i) 
i) 
a 
(oe) 


2 
2 ee > 6; 
fe) + fy) +1@)2 = +5422 Bs 
we have used AM-HM inequality here. | 


263. For any three positive real numbers a, b,c, prove that 


aS ee % 3a+2b—c 
a+b’ b+e7 4 : 
Solution: AM-GM inequality gives 


a? a+b b? b+e 
a 
at+b 4 ~—” b+e 4 


Adding both, we obtain 


2 2 
a penny b pA Sa Ae 
a+b 4 b+e 4 
Therefore 
a? b? a+b b+e 
a+b b+e 4 ' 4 


264. Let a,b,c be the sides of a triangle with perimeter equal to 1. Prove that 


VP+P + VP4e+ Vere <1tS, 


Solution: Without loss of generality, we may assume a > b > c. We are 
given that a+b+c=1. Therefore a < b+c=1-—as0 that a < $. Since 
b > a, we have 

V2 


Va? +B? < V20? = V2a< >. 


Since c < b, we also have 
ce 2 
P+ <P+be<P+bct+ 5 = (+5), 


which gives 


Vb? +c? < b4 


c 
5° 
Similarly, we can also get 


Ve +a? <at 5. 


Adding all three inequalities, we obtain 


5) 2 
J++ VPHEt VFeE <atbses en 14, 


265. Let a,b,c be the sides of a triangle. Prove that 


Ja? tab +P? + JP +bce4+24+ /2+cat a? 
< /5(a? + b? + c?) + 4(ab + be + ca). 


Solution: Let us introduce 
c=at+ab+h, y=RPt+be+?, z=P+cata’. 
We have to show that 


Vet Vyt+Vz< (3S tat+ytz, 


where S = a? + b? +c? + ab+be+ ca. Using Cauchy-Schwarz inequality, we 
get 


x y Zz 


(Ja+Jyt+ V2)? < ( 


This gives 
(Ve+Vytvz)  @ oY de <8 
8S +atyt+z ~a2+S yt+S' 245° 


Thus it is enough to prove 


x y z 
ale < 
+S y+S 24+57 


1. 


Equivalently, we have to show that 


Qeyz+ S(xy t+ yz+22) < 8°. (265.1) 


But 
S? — (xy + yz+ 22) = Soa b+ S- a” be. 


sym cyclic 


Here sym means one has to take symmetric sum. Thus we have to prove that 


2(a? + ab + b*)(b? + be +c?) (x? + ca + a”) 


<(7 +0 +e? +ab+be+ca) |S a®b+ S° abe}. 


sym cyclic 


After considerable simplification, this reduces to 


2 | 3a7b7c? +2 ys a®b?e + = a+ S- a*be + S- ab? 


sym sym cyclic sym 


< S- a°b +2 2 ab? + 45° a®b?c+ ys a*be + Ss a‘b? + 3a7b2c?. 


sym sym sym cyclic sym 
This is equivalent to 
Satb? + 307d? < So a®b+ S© ate. (265.2) 
sym sym cyclic 
By AM-GM inequality, we know that 
3ab?c? < S© atbe. (265.3) 
cyclic 
We also observe that 
a°b + ab? — (a*b? + a?b*) = ab(a — b)?(a? + ab + 07) > 0. 


Hence 


Soa bre ab: (265.4) 


sym sym 


Adding both (265.3) and (265.4), we get (265.2) and hence (265.1). This com- 
pletes the proof. a 


266. Suppose a, b, c are non-negative real numbers such that a? +b? +c? +abe = 
4. Prove that 


a®b + b8e+ Ca < 3. 


Solution: We may assume that a = max{a,b,c}. Suppose b = min{a, b,c}. 
We can write 
c(a® + 6° +c?) + abc? = 4c. 


We can write the inequality in an equivalent form: 


a°b + 8c + c8a < 34 (a2c + b'e + ct 4+ abc? — 4c). 
This is again equivalent to 


ac® + a°b < a®c+ abc? + (c* — 4c +3). 


By AM-GM inequality, we have 
f+3=clh+14141> 4c 
Moreover 
ac® + a°b — a®c — abc? = ac*(c — b) — a®(c — b) = alc? — a”)(c — b) < 0, 
since b is the minimum among a,b,c. A similar, proof works when c = 


min{a, b,c}. 
a 


267. Let a,b,c be positive real numbers such that abc = 1. Prove that 


ye ihe iy" 
(«. ) (0+ ) (c+ ) > 3(a+b+cH+1). 
b Cc a 


Solution: By Cauchy-Schwarz inequality, we have 


yy (+t) = > («+7) (o+2). 


cyclic cyclic 


But 


1 1 b 
S- ot) (hs Vea bee te tS ag a pee 
b c c a b 


cyclic 


Here we have used abc = 1. However, AM-GM inequality gives 
b 
ab+—>2a, bet . > 2c, Gee > 2c. 
a b a 


Thus we get 


1\? 
S- («+3) > 2a4+ 2b4+ 2c+34+a+b+c=3(a+b+cH+1). 


cyclic 


268. Let a,b,c be positive real numbers with abc = 1. Prove that 


a b Cc 3 


GL) Sb) eta 2 


Solution: Since abc = 1, we can find positive reals x, y, z such that 


a= ae b= a ea 
Yy z x 
The inequality transforms to 
ee y? se 3 
+ 2 
zla+y) eyt+z) ylz+a)~ 2 


By Cauchy-Schwarz inequality, we have 


; Pe y Pp 
(c+ytz) <(245 fe tD aa} (2(2y + yz + 22)). 
Therefore, 
a y? # (2t+y+z) 3(cytyz+2x) 3 


+ | : 
z(iaty) a(ytz) yet) 2Aaytyzt 2x) ~ AWey+yz+z2xr) 2 
We have used (x + y + z)? > 3(xy + yz + zx) which simply reduces to 
=o bw=2) Fea)" 2 0. 


Equality holds if and only if =y =z and hencea=b=c=1. | 


269. Let a,b,c be positive real number such that abc = 1. Prove that 


1 1 1 


1+ q20l4 + 1 + 62014 1 + c2014 >i. 


2014 — p2014 — 2014 
y=", z=c 


Solution: Taking « =a , we see that xyz = 1. The 


inequality to be proved is 


So (l+2)(l+y) >(l+2)(1+y)(1+2). 


cyclic 


z 


This reduces to 


34 (cyt yz+2@)+2(a+y+z2z)>14+(a@+ytz) t+ (cyt yz + 2x) + ryz. 
Equivalently, this takes the form 
l+xt+y+z>0, 


which is true by positivity of x, y, z. = 


270. For positive real numbers a, b,c, prove the inequality 


Ug ot al 1 " 1 s 9 
a bc Pg ae eee — abe: 


Solution: Using AM-GM inequality, 


1 1/a 
a ie S 1+1/a 


cyclic cyclic 
5 1/abc 
. , 
3 
- Vabe/ (1+ 1/a) (1 + 1/0) (1+ 1/c) 
3 3 
> Yabe 3+ (Ja) + (17) + Go) 
Hence ; ' F 
a > 
oo 
eT 
Using ; 
SE ea 
we obtain ‘ ; : 
02702 = Yabe(Vabe +1)" 


However, we observe that (1 + 2°) — 2#(1+ 2) = (a ¥ 1)(z — 1)? > 0 for any 
non-negative real x. It follows that x(x +1) < 1+2° and hence 


Vv abe(V abc + 1) <1+ abc. 


This proves the given inequality. | 
271. Let x, y, z be positive real numbers such that «+ y+ z = 3. Prove that 
Vat //ytVz2>xytyzt 22. 

Solution: We have 


Setyt+2)=(et+yt2P Ha? ty? + 27 + Way + yz + 22). 


Hence it follows that 


1 
wy + yz + ae = 5(30 x? + 3y — y? + 3z — 2”). 


Then 
atyte—(cytyz +22) 
= (vet+Vyt+vz2)4 (2 3a + y? — 38y+ 27 —3z) 

: (y? — By + 2) + (2? — 32 + 2V2)) 
= ve(ve-1) (ve+2) + vo(vo-1) (vo+2) 
+ ¥2(vz-1) (vz+2) 


l| 
faa 
— 
8 
bo 
w 
8 
bo 
5 
Ww 


> 0. 


Therefore 
Vit /ytVz2> cyt yet 22. 


272. Let a,b,c be positive real numbers. Prove that 


9abc ab? bc? ca? Z a+b? +c? 


ape pe oes bac eter 2 


Solution: We begin with the observation ab+bc+ca < a?+b?+c?. Therefore 


ab? bc? ca? _ a a 1 as 1 
a+b | b+e | c+a et op 2 ie a eae 
iz b? + ab C+be C+ca 
a a | 4 
_ a +0? +c? +ab+ bet ca 
7 4 
e24+P4+ e244 R42 
< 
— 4 
a+h?+e 
= 2 


We have used AM-HM inequality. This proves the right side inequality. On 
the other hand, AM-GM inequality gives 


ab? bc? ca? 3abc 


“+ = ‘ 
a+b b+e cta™ %(atdb)(b+c)(c+a) 


Hence it is good enough to prove that 


3abe . 9abc 
Yat b+ ejlera) ~ Xtatb+e) 


Equivalently, we need to show 


Aatb+c)>3*/(a+b\(b+c)(c+a). 


This is a direct consequence of AM- GM inequality. 


273. For positive real numbers a, b,c, prove that 
abc 1 


ACES CLeO Cee ie 


(1+ 81° 
Solution: We write the product in the denominator as 
(1+ a)(a+ b)(b+c)(c+ 16) 
a 


c 
5 <) (c+8+8) 


b 
(a+ 54 5) (b 
3/a2 _ 3/ab2 v= = 
fF 3% af aS 


8labce. 


This gives the required inequality. | 


274. Let a, b, c, d be positive real numbers such that a+ b+c+d= 4. 
Prove that 


1 1 ie 1 1 ass 
a+1' 41° 241°) d4+17-~ 
Solution: We have 
2 2 
1 ” a >1 at 1 
a2 +1 a2 +1 2a 
Similarly, we get 
1 b 1 Cc 1 d 
>1 >1 rl . 
b2 +17 2 +17 2 d+17 2 
Adding these inequalities we obtain 
1 1 1 1 a+b+c+d 
| >4 =4-2=2. 
a2+1 Pal? eed d27+17— 2 


Equality occurs if and only ifa=b=c=d=1. 


275. Let a, b, c be the sides of a triangle. Prove that inequality 
64(s — a)(s — b)(s —c) < (a+ b)(b+ c)(c+a), 


where s = (a+b+c)/2 is the semi-perimeter of the triangle. 


Solution: Using AM-GM inequality, we have 
(a+ b)\(b+c)(c+a) > 2Vab- 2vVbc - 2\/ca = Babe. 
So, it suffices to show that 
8(s — a)(s — b)(s —c) < abe. 


This follows from (3.4.1). Equality occurs if and only if a = b = c. 


276. Let a,b,c be positive real numbers. Prove that 


1l+ab 1 1 
+a a mee, Se Var + 2+ VR +24 VHD. 
Cc a 


Solution: We can write the lhs as 


But we know that 


Thus we get 
1 1 1 1 1 1 
QOE| Se tae rh yt) O08 a a ee 
a b2 


Therefore 


1l+ab 1+bc I1+ca 1 1 1 
| >-+5+-+atbte. 
Cc a b a b e¢ 


But we also have 


at—> Va +2, 


as can be seen by squaring both sides. Similar relations hold for the other sums 
also. Thus we get 


i Poh 
Sg a hee Va? +24 V0? 424+ Ver +2. 


277. Let I be the in-centre of a triangle ABC. Let Ry, Rp, Rc be respectively 
the circum-radii of triangles BCI,CAI, ABI. If R is the circum-radius of 
AABC, prove that 

Rat+Rpet+ Ro < 3R. 


Solution: Using Sine rule, we have 


a 
=2R 
sin A : 


But 


Thus we obtain R sai 
A sin : 
— = —— = 2sin(A/2). 
R cos(A/2) a) 


Similarly, we get 


“2 = 2sin(B/2), “2 = 2sin(C/2). 


Thus we have to show that 


ge 
i Ss S : 
A, a Sawer 


This follows from (3.4.10). 


278. Let a,b,c be positive real numbers such that a+ b+c= 1. Prove that 


a? b? , Ce 


Berl e+ at+1 


Beep 5 


Solution: First we observe that a,b,c € (0,1). Hence b® < b, ct < ¢ and 


therefore, b? + c# +1<b+c+1=2-a. This gives 


a? & a? eis & 4 
Bb+ceA+1°7 2-a? | ns aa 
Similarly, 
b? 4 Ce 
2—b 2 
@+attl~ Pe ate+l” 
Together they give 
@ | b2 : @ 
B+ct+1' S+att+1 aF+bt+1 
4 4 
6 t+ b+ 
‘ C Eps Ge Gayo 
1 1 1 


But 2 —a,2— 6,2 —c are positive numbers. Using AM-HM inequality, we get 


See eee ae 9 _9 
Gg" Go§ 226 Ess bee 5 


Therefore, we finally get 


a? % b? ii (oa Bs 7,36 _1 
B+c4+1 8+att+1 ai +b441 7 


Alternate Solution: We can use Cauchy-Schwarz inequality: 


(a+b+c)? 


ar b? (oa 
< : ; 3). 
<(o5 span tase) (e+ Des 


cyclic cyclic 


However, we have 
So a+ So at4+3<34(at+bte)t+(atbte) =5. 
cyclic cyclic 
It follows that 
a? if b? eo (a+b+c)? 1 
Gerad, ese aed 


T = 


a+ b44+1 7 5 5! 


279. Let x,y,z be three positive real numbers such that xy + yz+ 2x = 3ryz. 
Prove that 
ey ty?zt 222 > AW(etytz)—3. 

Solution: We can write the given condition as 

1 oh 

=4=4==3. 

GS Zz 
Using AM-GM inequality, we observe that 


Therefore 


1 1 1 
eytyet2” > We+ytz)— (S++) 


Equality holds if and only ife#=y=z=1. 


280. Let a,b,c and x,y, z be two sets of positive real numbers. Prove that 


SE i Z (c+a) 4 z (a +b) > \/3(ab + bc + ca). 


Yt Zz Z+aX c+y 


Solution: Since the inequality is homogeneous in a, b,c, we may assume that 
a+b+c=1. Thus the inequality can be written in the form 


Sf =a) 4+ 4 = 0) 4 8) Sea). 
yz Z+2z cu+y 
We write this in the form 
b 
Be ite eS ee aS Sie een re ORT) 
ytz 2z2+24 «£+y ytez 24+%H2 %«t+y 


Using Cauchy-Schwarz inequality, we have 


b 
ie sage 3(ab + be + ca) 


+ 
Yt2 2+ 4U4+Yy 


2 2 2 
<¥(4) +( u ) +( z ) (+e +e) 
yz Z+2 c+y 
3 3 
+ qv abt be + cat qv ab + bc + ca. 


One more use of Cauchy-Schwarz inequality gives 


b 
ne ae ace 3(ab + bc + ca) 


+ 
Yt2 £+U 4+Yy 


Teneo eae 


x (a2 + b2 + c?) + 2(ab + be + ca) 


GG) Ga) 


Hence (280.1) is proved once we prove 


2 2 2 

x Yy z 3 x y z 
+ + ties + : 
ytZ z+a uty 27 yt2z 2+0 ety 


On squaring, this further reduces to 


NI] ww 


(280.2) 


YZ 
Ger = 


cyclic 


However, (280.2) is the same as 


Da xy > 6xyz. (280.3) 
sym 
But (280.3) is a direct consequence of AM-GM inequality. | 


281. Let x,y,z be positive real numbers such that xy + yz + zz = 1. Prove 


that fa 
x 3V3 

bye een pene ee 

vt+1 y+1l 2+ 4 


Solution: We have 1+2?=2xy+yz+2e+2? =(x+y)(a + 2). Similarly, 
we obtain 1+ y? =(y+2)(y+z),1+22=(z4+2)(z+y). Thus we get 
ee 
l+a2 1+y° 142 
2 y z 
(cty)@+2)° Ytayta)  +a)(z+y) 
vy +z) +y(z+a) +2(e+y) 
(x+y)(y t+ 2)(z +2) 
2 
(x+y)\(yt z)(2+2) 


I 


But 


(c+ yt \(z +2) = (e+ yay yet et?) 
=(c+ y+? 


z)=atyt2(zat+zy)=a+yt+2—xryz. 
Using (2 + y+ 2)? > 3(xy + yz + 2x) = 3, we get r+y+z2> V3. Besides 


l=ay+yz+2n> 3(xyz)7”?, 


so that 1 
Lyz < ——=. 
YZ 33 
Therefore 
8 
e+ +z\(z2+a)=2+y+2-2 ys af 3 —. 
(x + y)(y + 2)( ) y y san 3/3 
Finally, we get 
x | y Zo 2 S 4 


+ = . 
Papa kya Le? fe yg bey ee) 34/3: 


282. Suppose x, y, z are positive real numbers such that «+ y+ z= 1. Prove 


that i ; ‘ 
(1+=) (1+=) (1+2) > 64, 
x y Zz 


Solution: Equivalently, we have to prove that 


2+ (ay + yz+ 2x) > 63xryz. (282.1) 


But we know that ry + yz + za > 3(ayz)?/%. Therefore it is sufficient to prove 
that 
24+ 3(ayz)?? > 63ryz. 


Taking (ayz)!/3 = X, this reduces to 
63A° — 3\? — 2 <0. 


Or 
(3A — 1)(21\? + 64 + 2) <0. (282.2) 


Since x + y+z=1, AM-GM inequality gives 


3 3° 
Hence 3A < 1 and this implies (282.2). This in turn gives (282.1). 


A REE 28 


283. Let x,y,z be positive real numbers such that «+ y+ z= 1. Prove that 
1 il il 27 
< 


1—cxy | ia tee 8° 


Solution: We have to prove 


S © 8(1 — wy) (1 — yz) < 27(1 — wy)(1 — yz) (1 — 22). (283.1) 


cyclic 
This reduces to 
3—11(xy + yz + zx) + 192yz — (xyz)? < 0. 
By AM-GM inequality, we have 
ay +yz+ 2x < 3(xyz)?/. 


So it is sufficient to prove that 


3 — 33(ayz)?/> + 19ayz — (yz)? < 0. 


Taking \ = (xyz)!/3, and using 


Na Ae 
(yz) < “TERE Ke, 


we have to prove that 
27\° — 194? + 347 -3 <0 
for A € (0, 1/3]. Since 
OT SAGh? +3" = 3 — CATO ar? SO a NES) 


we need to show that 


Sp LEED Gael oe eee cp ce eos >a) 


for A € (0, 1/3]. However, we see that 
3—A-— 6d? > 3-— 3A— 61? = 3(14 A)(1— 2A) > 0, 
since 1 — 2A > 0 in the interval (0,1/3]. This completes the proof of (283.1). 
a 


284. Let x,y,z be positive real numbers such that «+ y+ z= 1. Show that 


zZ— xy XL — yz ’ Y— 2x 


+ 2 
etayty? ywryzte  2tezr+a? — 


Solution: Let us introduce the symmetric variables: p = x+y+2,q = 
zy +yz+z2x and r= xyz. We have 


x? +Iwyt+y? =(e4+y)? =(1-zP =1-z-2(1-—z) =1-z-2(2+y). 


Hence x? + zy t+ y? =1—2z-—g. Similarly, we obtain y? + yz+ 27 =1—2-q 
and 27+ za +a* =1-—y-—gq. Besides, we also have 


z—ay=1—(e+y)—gt2(e+y)=(1-g)- 1-2)’, 


and similar relations for the other two expressions. Thus the inequality is 


Fy oe Jaen 


1—q-2z) 


cyclic 


By a tedious algebra, we can reduce this to 


g+q —4q+4r+3qr+1>0. 
But we have observed that (refer 2.31) 


p® — 4pq + 9r > 0. 


Since p = 1, this is same as 1 — 4q + 9r > 0. Hence 
r= ae), 
~ 9 


Therefore, it is sufficient to prove that 


9q° + 9q? — 36q + (3¢ + 4)(4g—-1) +9 >0. 


However, 


q= xy t+ yz +20 > 3(ayz)?/? = 3r?/, 


And 


9q? + 9q? — 36q + (3q¢ + 4)(4q — 1) +9 
= 99° + 21g? — 23q + 5 = (3q — 1)(3q? + 8g — 5). 
This shows that it is enough to prove 
3q7 + 8q-5 <0. 


Since q < 1/3, we see that 


5=-2<0. 


285. Let a,b,c be positive real numbers define 
ye? 
u=a+t+b-+e, 3. =ab+be+ca, w-=abc, 


where v > 0. Then 


Apes 
(u + v)*(u 2v) ene 
27 ccumas 27 
Solution: We have to find the maximum and the minimum of w = abc in 


terms of ab + be + ca = (u? — v?)/3. If v = 0, then 


(a+b+c)? 
5 : 


ab+be+ca= 


Therefore (a — b)? + (b—c)? + (c— a)? = 0 giving a= b =c. In this case 


Suppose v # 0. Then 


ab+be+ca= < = 


In this case (a — b)? + (b—c)? + (c— a)? > 0. Hence a,b,c are not all equal. 
Consider the function 


f(x) = (2 — a)(x — b)(2 — c) = 2? — ux? 4 rw. 


Observe that 


B52 
fi (x) = 3a? — Que + a 
Hence f’(xz) = 0 has two roots: 
utu U-—v 
y= r2 = . 
1 3 ’ 2 3 


Hence f’(x) < 0 for 71 < x < xg and f’(x) > 0 for x < x; and x > x». Besides 
f" (x) = 6a — 2u. 


Hence 
f" (x1) = 6x1 — 2u = 2u + 2v — 2u = 2u > 0 


Hence f’(x) has a local minimum at x,. Similarly, 
f" (x2) = -2v <0, 


and f’(#) has a local maximum at x2. Since f(x) has zeros at a,b,c, if we 
assume a <b <c, then f(x) > 0 between a and 0; and f(a) < 0 between b and 
c. Therefore a < (u—v)/3 < band b< (u+v)/3 <c. It follows that 


f(t2) >0, f(x1) <0. 


Hence ( 2 +2) 
U— Vv U— Vv U UV 

r( 3 )- 4 20, 
one (u+v)?(u— 20) 
utv utv)“(u— 2v 

r( 3 ie 27 wso 


Combining both, we get 


(u+v)2(u— 2v) Sie 
27 27 


286. Let a,b,c be positive real numbers. Prove that 


a+ +b44+c4> abc(at+b+o). 


Solution: As in problem 3.6, let us introduce p = a+6+.c, ab+bce+ 
ca = (p* — q”)/3 and r = abc. We may also assume that p = 1 so that 
ab + bc + ca = (1 — q?)/3. 

Then we have 


attbtgd = (a2 +02 402)? —2(020? +e + a?) 
14+29q?\7 1 sy he 
= 1 — 2q? + 4q4 — 18 
( 5 ) 9 ( q + 4q r) 
2q4 24 
Se es a“ + 4r. 


The required inequality is therefore 


2q* + 89g? -— 1 


9 + 3r> 0. 


Equivalently, we have 
DG? 48g? 1 EF Dir S 0. 


In view of the conclusion of the problem 3.6, it is sufficient to prove that 
Qq* + 8g? —14 (14+ 4)?(1 — 2g) > 0. 


This reduces to 
q’ (2q" — 2q+5)>0. 
But 


irs: o 
2? - 29+5=2( 4-5) Fae °: 


This proves the required inequality. 


287. Let a,b,c be real numbers such that a? + 6? + c? = 9. Prove that 
2(a+b+c) —abc < 10. 


Solution: | We employ technique similar to the one used in problem 3.6. 
2 2 

We introduce p = (a+b+c), wa) = ab+be+ca and r = abc. Using 

(a+b+c)? =a? +b? +c? + 2(ab + bc + ca), we observe that 


7 py + 2q? 


2 
e+P4e =p 5 (” @’) 


Thus the given condition is 
p? + 2q7 = 27. 


Using problem 3.6, we have 


2 
—2 
2(a+b+c)—abe=2p—r < 2p ip + 4)" (p = 24) 


27 
— pQ27+ 5q’) + 2% 
= 37 : 
It is sufficient to prove that 
p(27 + 5q7) + 2q < 10. 
27 
This simplifies to 
p(27 + 5q”) < 270 — 29°. (287.1) 


But 


(270 — 29°)? — p? (27 + 597)" 
= (270 —2q°)? — (27 — 297)(27 + 59”)? 
= 27(q—-3) (20 4 1292 + 49q? + 1469 + 219), 
since p? = 27 — 2q? by the given condition. Since the right hand side is non- 
negative, this proves the inequality (287.1) and completes the proof of the 


required inequality. 
a 


288. Let a,b,c be positive real numbers such that a+ b+ c= 1. Prove that 


9 
a? +07 +c + 3abc > ZL 


Solution: We will homogenise the inequality, using a+ b+ c= 1, as follows: 
9(a+b+c)(a? +b? +c?) + 27abe > 4(a +b+0)* (288.1) 
This simplifies to 
5(a® + b® + c®) + 3abc > 3(ab(a + b) + be(b +c) + ca(e +a)). 


By Schur’s inequality, we have 


a? +b? +c + 3abe > ab(a +b) + bc(b +c) + ca(c +a). 
Since (2, 1,0) ~ (3,0,0), Muirhead’s theorem gives 
4(a® + b® +c?) > 2(ab(a + b) + be(b + c) + ca(e + a)). 
Adding these two inequalities we get (288.1). | 


289. Determine the maximum value of X such that 
a+b+c>Aa 
for all positive reals a,b,c with aVbce + b/c + c/a > 1. 


Solution: We give here two solutions. 


Solution 1. We show that the maximum of ) is /3. Taking a = b = c = 1/V3, 
we see that 


aVbc +b/ca+cVab=1, and at+tb+c=Vv3. 


Therefore the largest value of X is < /3. We show that a+b+c > V3 whenever 
av/be + by/ca + eVab > 1. 


Using AM-GM inequality, we have 


b 
o(“4*) -o(*) He(S ) 2 ave naa + evab > 1. 
Hence ab + bc + ca > 1. Therefore 


(a+b+c)? > 3(ab+ bc + ca) > 3. 


Hence a+b+c> V3. 


Solution 2. Again we have 


4 3 
(a+ b+)" = atbte -3(atb+c) 
9 3 
> 8abc(a+b+c) 
(abc + abc + abc)(a + b+ c) 
_\2 
> (avbe + bV/ea + eva) >) 


We have used Cauchy- Schwarz inequality at the end. Again we get a+b+c> 
V3. : 


290. If a,b,c are real numbers such that a+ b+c=1, prove that 


10(a® +6? +) —9(e° +82 +) > 1. 
Solution: We know that 


+P+3 = (a+b4+c%—3(at+b)\(b+c(c+a) 


Similarly, we can show that 


a+b +e =1-—5(a+b)(b+e\(e+a)(a? +b? +c?7 + ab+ be + ca). 


Therefore 


10 Soa? }-9{ Soa} 1 


cyclic cyclic 


# 10/1-3 ]J @+)]-9 1-5 TJ (@+5)( So (e? + a8) >I 


cyclic cyclic cyclic 


S 45(a + b)(b+ c)(c + a)( > a? + ys ab) > 30(a+ b)(b+ c)(c +a) 


cyclic cyclic 
S S- a’ > S- ab. 
cyclic cyclic 
But this is immediate. 
|| 
291. Suppose aj, a2, 43,... ,@,, are n positive real numbers such that 
1 1 1 1 2 
(a1 + a2 +03 +--+ an) Sp a ee eon oh 
ay a2 a3 An 


Show that for any three distinct numbers j,k,/ the numbers a;, az, a; form the 
sides of a triangle. 


Solution: Suppose the contrary that for some choice of distinct j,k,1 the 
numbers a;,a%, a, do not form a triangle. We may assume 7 = 1,k = 2,1 = 3. 
We may also assume that a; + a2 < a3. Thus we have 


(E) a) 


1<k<l<n 
(k,1)A(1,3),(2,3) 


a; t+a 1 1 a a 
de ype +a, (2 +2) + 3 (#42) 
a3 ay a2 1<k<l<n al ak 
(kU) A(1,3), (2,3) 


4 
as ace = +2((3)-2). 
a3 a, + a2 2 


Taking t = a3/(a; + a2), we see that 


At 4 . 5= waver) > 0, 


IV 


since t > 1 by our assumption. Thus we obtain 
(5) (2) 2 (() -2) +540 


= n(n—-1)+14+n=n7 +1. 
This contradicts the given hypothesis. We conclude that for every choice of 
distinct indices j,k,1, the numbers aj, az, a, form the sides of a triangle. | 


IV 


292. Let a,b,c be positive real numbers. Prove that 


8 
24abe < ja? +b? +c? —- (at+b+c)*| < gat ote). 


Show further that equality holds in both the inequalities if and only ifa = b =c. 
Solution: We observe that 
a+b? +c —(a+b+c)? = —-3(a+b)(b+c)(c+a). 


Therefore |a? + b3 + 3 — (a+b +c)9| = 3(a+6)(b+c)(e+a). By AM-GM 
inequality, we have 


ae) 8 


(a+ b)(b+ c)(e+a) < ( 3 


Here equality holds if and only if a = b = c.This gives the right side inequality. 
We also have 


> (2Vab) (2Vbc) (2\/ea) = 8abe. 


(a+ b)(b+c)(e+a) 


Here again equality holds if and only if a = b = c. We get the left side 
inequality. 
| 


293. Two circles [,, [2 with respective centre S;, Sg and radii r;, rg are 
externally tangent to each other and lie in a square ABCD of side a units so 
that I’; touches DC, DA while I'z touches CD, CB. Prove that the area of at 
least one of the triangles AS,S2 and BS,S> is no more than 50 units. 


Solution: First we observe that $; lies on the diagonal BD and S52 lies on 


AC. Hence AS: | BS. Let P be the point of intersection of the diagonals 
AC and BD. We also observe that DS, = riVv2 and C'S, = roV2. Hence 


BS; =(a- r1)v2, PS, = (5 - r1) V2, 
AS = (a—r2)V2, PS) = (5 — ra) V2. 


Thus 


[ASiS.] = 5481: PS =(a—m)(F—n), 
[BS:S2] = =BS,- PS) =(a—r) (F -72) 
Therefore 
[45152] + [BS1S2] = (a ra) (5 r1) + (a n)(5 r) 


3 
=@— yulra + rz) + 2ryre. 

Let K be the point at which [, touches AD; H,L be the points at which I, 
touches C'D, CB, respectively. Let M be the point of intersection of KS; and 
HS». (See Fig 6.30) 


Fig 6.30 


By Pythagoras’ theorem for triangle S;]/S2, we have 


(a—ry—12)? + (rz — re)? = (ry +12). 


Therefore 
a-7T1—-7TQ = 2/7112. 


This gives 
a=ry+7r2+2Vrir—-2=(f/ri+ fa)” > 4/172. 


We obtain 
a2 


ryrea S Te" 
We also observe that the length of the side DC’ is not greater than the length 
of the polygonal segment K\$,52L. Therefore a < 2r; + 2r2. Hence 


[AS1S2] + [BS1 $3] = a? ca sa(r + r2) + 2rir2 


3 1 3 
< a? a? + =a? = =a?. 


2 8 8 


ae 


This implies that at least one of the areas cannot exceed 7a". 


294. Find all \ > 0 such that the inequality 


Va? + Ab? + v/b? + Aa? > a+b4+ (A—1)Vab 
holds for all positive real numbers a and b. 


Solution: If a=b=1, then we must have 2/A\+1>.A+41. Hence X < 3. 
We show that for any \ € (0,3], the inequality holds for any choice of real 
numbers a,b. If X € (0, 1], the result is immediate. Suppose A € (1,3]. Using 
Minkowski inequality, we obtain 


Va? + pb? + v/b? + pa? > /1+ pla +b). 


Using AM-GM inequality, we also have 


a+b+(p—1)Vab<a+b+(p 1) (*) _ aaa) 


Now we must check that 


Kipyiaps Cee) 


This is equivalent to 1 + p < 2. Since p € (1,3], the conclusion follows. 


295. Let a,b,c be positive real numbers such that abc = 1. Prove that 


atb+c> y/la+2)(0-+2)(c+2). 


Solution: By AM-GM inequality, we have 
OLS te, Pet Sob. eo bie 


Therefore 
a+h+e4+3>2%(at+b+c). 


The AM-GM inequality also gives 
ab + be + ca > 3(abc)?/? = 3. 


Similarly, 
Go eb? 7 > 3: 


Therefore 
3(a? + 6? +c?) +6+4(ab+ be + ca) > 4(a+b+ce) +1243. 
Adding 2(ab + bc + ca) — 6 both sides, we obtain 
3(a+b+c)? > 2(ab+ be + ca) + 4(a+b+c)4+9. 


Using abc = 1, we write 
2(ab + be + ca) + 4(a+b+c)+9 
=8+4(a+b+4+c) + 2(ab+ be + ca) + abc 
= (a+ 2)(b+ 2)(c+ 2). 


Thus we get 
3(a+b+c)? > (a+ 2)(b+ 2)(c +2), 


which leads to the required inequality 


(a+b+c)> ve + 2)(b+ 2)(c+ 2). 


296. Let 71, %2,%3,...,2n ben > 3 positive real numbers with 7127273 +--+ Lp, = 


1. Prove that 
n 8 


> 
4,74 \)2 9) 
a Dj+1(UF +2541) ~ 2 


where p41 = 21. 
Solution: We first observe that for any two positive reals a,b the inequality 
(a> + b°)? > 2ab(a* + b*) (296.1) 
holds. In fact, we see that 
(a? + 6°)? — 2ab(a* +64) = a® + 2038? + b° — 2a5b — 205 
G— by = 27d FH) 0; 


I 


since 
a’ — a*b* + bt > at — 2076? + bt = (a? — b’)? > 0. 
Using (296.1), we have 


n 


(x5 a UF 41) Bj j41 
a 

2 
gai (€3 + 0341) 


2(23) 


jal (ae + 3,4)" 


(x5 ae = oe 


a=. 


IV 


Using Holder’s inequality with p = 3 and q = 3/2, we have 


n n 
x 2/3 
3 = S- j Sind 
ye j 3 3 273 ( a itt) 
j=l j 


[oP 


This gives 


Combining both, we obtain 
n 8 n 


eee: 


j=l (x} + wea )Ej44 


V 
wle 
lg 

nate 


IV 


297. Let a,b,c be positive real number such that . +++ =1. Prove that 


be ca 


a +b?+c%+ab+be+ca—3 + a bo ¢ 
5 ~b ca 


Solution: The condition that 


gives 
a+b+c=abe. 


Hence the given inequality is equivalent to 
(a? +b? +c? +ab+be+ca)(a+b4+c) > 5(a2e+b?a + c’b). (297.1) 


This reduces to 


a? +b? +c? > 3(a?c + b* + cb) — 2(a7b 4 be 4 ca). 
However, we observe that 


3(a7c + b* + c*b) — 2(a7b+ B?c4+ 7a) = a? +b?a+c7b+ 2(a—b)(b—c)(c—a). 


Hence we have to prove that 


e+e +e > atct+b'a+ cb + 2(a—b)(6—c)(c—a). (297.2) 


We prove (297.2), considering the sign of (a — b)(b— c)(c— a). 

Suppose (a — b)(b—c)(c—a) > 0. By rearrangement inequality, we already 

know that 
CA 46 Seb 6 eb: 
Hence (297.2) follows if (a — b)(b—c)(c—a) < 0. 

Suppose (a — b)(b—c)(c — a) > 0. We may take a to be the least among 
a,b,c. Thena < banda <c. Thus c—a>0 and a—b < 0. We must therefore 
have b—c < 0 and therefore a << b<c. Takeb=a+z2,c=a+2+y, where 
x,y are positive. In this case (297.2) transforms to 


a+(at+c)?+(at+e+y)? 


>a@(ataet+y)t+(atz)yat+(atet+y)(a+z) + 2ay(z+y). 
A further simplification gives 
a(20? + 2y(x + )) + eo +y°- xy) > 0. 
But observe that 
wo +y? — xy = (a+y)(e—y)? tyra 2 0. 
This completes the proof of (297.2) and hence that of (297.1). | 


298. Show that for all positive real numbers x, y, z, the inequality 


nQx—y) , y2y-2) 222-0), 
yQz+a) * 2(Qe+y) | eQy+z) ~~ 
Solution: We may write 


x(2x — y) ih 2(x? + yz) 
y(2z + 2) © y(Qz+2)’ 


and similar identities to the other two expressions. Thus the inequality is 
equivalent to 
2 2 
ype ee (298.1) 
y(2z +2) 


cyclic 
Using Cauchy-Schwarz inequality, we have 
a an? S (2+y+z) 


y(Qz+a) ~ 3(ay + yz +22) 


cyclic 


Similarly, we also have 


Si z (2+y+2z) 


= F 
Qz+a) ~ 2(a? + y? + 27) + (ay + yz + 2x) 


cyclic 


Adding these two we get 


S 2(a? + yz) 
cyclic y(2z a @) 
(@+yt2)) | (c+y +2)" 
= 3(aytyz+ 20) © (x? + y? +22) 4 (ay + yz + 22) 
_ A(x +ytz)4 
3(ey +yz+ zn) (2(22 +y? 4+ 27)4+ (ay tyzt+ z2)) 
- 2(a+ytz)4 
3(ey +yzt+ zx) (2(2 +yt2z)? -3(ry+yzet zx)) 
iy 4 
> 2(a+y+z) : 
3(ay + yz + za) + (Q(z? +y2% +27) 4 (cyt yzt 22) 
2 
=. 22; 
This proves (298.1) and hence proves the required inequality. | 
299. Suppose 
cia La a 
aye ee 


for all real numbers z,y,z € (—2,2) with x? + y? + 22+ xyz = 4. Find the 
smallest value of K. 


Solution: We claim K = 1 is the smallest value for which the inequality 
holds. Taking 


_l+v5  _ 1-¥5 1-5 
c= 2 ’ y= 2 ’ z 2 ’ 


we see that x,y, z satisfy the conditions of the problem and 


(az + yz+y) 

ryty2+2274+1 — 
We show that 

2eztyz+y) 2, (299.1) 

cytyr?t+224+1 7 ; 


for all x,y, z € (—2,2) which satisfy x? + y? + 27 + xyz = 4. 
We first observe that 


2 2 xy\? 2 a? 
ry+y +z +1=(y+5) +2 +(1-4)>0. 


If z(az + yz + y) < 0, the inequality (299.1) is obviously true. Hence we may 
assume that z(az + yz + y) > 0 and we have to show that 


sytyrt+24+1—2(2z+yz+y) > 0. (299.2) 


But we can write the lhs as a sum of two non-negative quantities as follows: 


sy ty? t+22741—2(ezt+yzty) =$14 So, (299.3) 
where 
2 
ae? 
a> eortgey 
4— x? 2(az + 2y)\? 
Sy = 1 
4 4— gy? 
Indeed, 
i z+ 2? z 2: 2 UZ ee a 
x = = x z t t 5 
y 5) y ¥Y—Y ri A mn 
and 
4-2? 2(az + 2y)\? — 4-a*  2(az+2y)  2?(az + 2y)? 
4 4— a ee 2 4(4 — x?) 
_— 4-a%  2(az+2y)  2°(4- 2?) 
4 2 4 ; 


We have used x? + y?+27+ayz = 4 in the last equality. Adding these, we get 
(299.3). This implies the inequality (299.2), and in turn proves (299.1). | 


300. Suppose a, b, c are positive real numbers such that a?+b? +c? = a4+b4+c?. 
Prove that 


a ' b op Cc fa 
a? + 63 + 3 b2 +3 + a3 2+3+a3 — 


Solution: By Cauchy-Schwarz inequality 


a 
(a+b+c)?< Sowa ae S > aa? +b? +c?) 


cyclic cyclic 


But 

>> a(a? +6 +c?) = (a+b+e)(a? +b? +c*) 

cyclic 
since a? +b? +c? =a* +b*+4+ c+. Hence it is enough to prove that a+b+c> 
a? + b°? + c?. Again Cauchy-Schwarz inequality gives 


(74+bU4+e) < (at+b+ce\(a+? 4+), 
(ete Per = esr eee ree). 


Using a® + b°? +c? = a+ +44 4 once again, we obtain 
g 


Cae +e Seok 


301. Let a,b,c be positive real numbers such that a+b+c=1. Prove that 


a*+5b4  b44.5c4 c+ + 5a? 
>1 b+b ‘ 
a(a+2b)  b(b+2c)  c(c+2a) ~ ee) 


Solution: Note that it is enough to prove 


a* + 5b4 b4+5c4 c++ 5a4 2 
> P+c+abtb : 
aaehon Gee) cea) ee 


sincea+b+c=1. Using Cauchy-Schwarz inequality, we have 


4 
2 2 2\2 a 2 
b < +b+c)*. 
(a° + 0° +c)" < a ala + 3b) (a Cc) 
Therefore i 
a 
> (a? +0? + c*)?. 
Dena e) 
cyclic 
Similarly, we can also obtain 
e > (+0 +c)? 
a(a + 2b) — 


Together, these give 


Now we show that 


67 +P 4°)? >a? +h? +c +ab+be+ca. 


But we know that a? + b? +c? > ab+be+ca. Hence 


a? +6? -+¢ +.ab+be+ ca < 2(a? +6? +c’) < 6(a? +07 +)’, 


because jc ; 
2.47242 2 
+ b* 4 > b4 =-. 
a c23 (a Cc) 5 
| 
302. Let ao, a1, a@2,...,@y be real numbers in the interval (0. 5) such that 


T 7 7 7 
tan (a0 ~ 7) tan (a: — 7) tan (a2 — 7) ---tan (an — 4) >n-1. 


Prove that 
tan(ag) tan(a;) tan(a2)---tan(a,) >". 


Solution: We have tan(x) = tan ((e- T) 4 t) = _ where y = tan (x—). 


Taking 


bj =tan (a; - 7), O0<j<n, 


The given condition can be written as 
1+b; = 5 (1 — bx), 
k#j 
for any j € {0,1,2,... ,n}. By AM-GM inequality, we have 
1+ b; 1/ 
oo oS = n 
ee [[G-%)!”. 
Aj 
Taking product over j, we obtain 


n 


I : _ > Il [[G-&)”" = [[G-4). 
j=0 


j=0 kx] j=0 


Hence 


303. Let x,y, z be positive real numbers. Prove that 


1 1 1 9 
a (9p [game iF) 27a 


Solution: Here we give three solutions. 


1. The given inequality is equal to 


A(ay + yz+22) S\(at+yP(y +2)? > et yP(y+2)2(z+2)?. (303.1) 


cycle 


Let us introduce p=a2+y+2,q=aytyz+ 2x and r= xyz. We see that 


(et y)(y+z)(2+2) = (pq-r)’, 


and 


(et+yP(ytz)? + (ytzP(z+2)? + (z+ 2)? (e@+y) (yt z) 
= (p? + q)* — 4p(pq — r). 


Then the above inequality reduces to 
4a((p? +49)" — 4p(pq — r)) > 9(pq—r)?. 
This further reduces to 
3pq(p* — 4pq + 9r) + q(p* — 5p?q + 4q? + 6pr) + r(pq—9r) > 0. — (303.2) 


If we introduce 


the inequalities for symmetric functions give 

v3 S v2 S Uy. 
(Refer theorem 11.) This gives pq —9r > 0. Now using results in example 2.31 
we get (303.2). 


2. We introduce new variables a,b,c by x+y=a,y+z2=bandz+a4=c. 
We can get x,y,z in terms of a,b,c by 
cta-—b yat+b-c =f PROSG 


Be 8 se 


i 


The positivity of x,y, z show that a,b,c are the sides of a triangle: a+b>c, 
b+e>aandc+a > b. It is easy to obtain 


_ 2ab + 2be + 2ca — a? — b? — 7 
_ 4 


ry t+yz+ 2x 


The inequality is now transformed to 


(2ab + 2be + 2ca — a? — b? — c”) (a7? + B?c? + ca”) — 9a7b*c? > 0. (303.3) 


This can be rewritten in the form 


os (= = =) (a—b)? >0. (303.4) 


cyclic 


Suppose a = b so that « = z. Then (303.3) reduces to 


(2a? + 4ac — 2a? — c?)(a* + 2a7c?) — 9a4c? > 0. 


This reduces to 
4a(a — c)? + 2c?(2a — c) > 0. 


Since 2a = a+b >, this result is true. Hence the given inequality holds if 
x = z. Similarly, we can show that the result is true if any two of x,y,z are 
equal. This observation reduces the problem to distinct a,b,c. Since (303.3) 
is symmetric in a,b,c, we may assume a > b > c. We consider two different 
cases. 


Case 1. Suppose 2c? > ab. We claim that 2a? > be and 2b? > ac. If 2a? < be, 
then 
907 — be< OX De? iad. 


This implies that (a — c)(2c + 2a +b) < 0, forcing a < c. This contradict 
a>b>c. Similarly, we can show that 2b? < ac is also not possible. So in this 
case 

2c? > ab, 2a? > be, 2b? > ac. 


Thus all the terms on the left side of the inequality (303.4) are non-negative, 
which in turn implies the inequality. 


Case 2. Suppose 2c? < ab. Here again we prove 2a? > bce and 2b? > ac. If 
2a < be, then we get 2(c? + a?) < (ab + bc). But then we have 


(c+a)* < 2(c? +a”) < W(c+a), 


which gives c+a < b and this contradicts that a,b,c are the sides of a triangle. 
Hence 2a? > be. Similarly, we prove 2b? > ca. Now we can put the inequality 
(303.4) in the form 


(2 = z) (a—c)? + (F - =) (b—c)* > (3 = =) (a—b)*. (303.5) 


Here we observe that 


(a—c)* = (a—b+6—c)? > (a—b)? + 6-0)’, 


since (a — b) and (b—c) are both positive. Hence it is enough to prove 


(2-5) (0 + 6-0) + (2-4) 6-07 2 (4-3) oo 


Equivalently, we need to prove 


St a, 88 a oe ae ee : 
| a , 
( 5 ; =) (b—c)" > ( a oe + z) (a — b) (303.6) 


ac 


However Using b+ c > a, we observe that 


Hence it is enough to prove that 


2 1 1, 2), (op 
ac bw? a be) ~— Be ~ 


However, observe that 


ac” az’ be” 02° 


Simplification gives (a + b)bc > a(a — b)*. But a—b < c. Hence 
a(a — b)? < ac? < (a+ b)be, 


since ac < ab < b(a +b). This completes the proof. 


3. Since the inequality (303.1) is homogeneous, we may assume xy+yz+zux = 3. 
Thus we have to prove 
1 1 ‘ 1 a 3 
G+ wre Graeme 


Setting x + y+ z = 3a, we see that 
9a? = (x+y +z)? > 3(zy + yz +22) = 9. 


Hence a > 1. The inequality (303.1) takes the form 


(3a—z)? ' Ba—a2)? ° (Ba—y)? — 4 


1 1 1 3 
> 


This can be written in the form 
3(12a? — 1)(3a? — 4) + zyz(34a — xyz) > 0. (303.7) 
We can also write this in another form: 
12(3a? — 1)? + 208a? > (17a — xyz). (303.8) 


If 3a? — 4 > 0, then 12a? — 1 > 0 so that (303.7) holds. Suppose 3a? — 4 < 0. 
We consider (303.8). Schur’s inequality gives 


(ct+ytz)%—4(a+y+z)(ry + yz + zx) + 9aryz > 0. 


Using cy t+yz+2z2 =3 and x+y+z = 3a, this reduces to 3a? — 4a+ xyz > 0. 
Therefore 17a — xyz < 13a + 3a3. Since 3a? — 4 < 0, we can check that 
17a — xyz > 0 Hence 


12(3a? — 1)? + 208a? — (17a — xyz)? 
> 12(3a? — 1)? + 208a? — (13a + 3a°)? 
= 3(4—11a? + 10a* — 3a°) 
3(1 — .a”)?(4— 307)? > 0. 
This completes the solution. a 


304. Suppose a, b,c are positive real numbers such that abc = 1. Prove that 


a? + be 
———— > ab+b . 
S- Pb +o) 2 ab+ be+ca 


cyclic 


Solution: We first observe that 


1 1 1 ab+be+ca 
Se Ss =ab+be-+ ca. 
a b oe abc 


So we need to prove 


S- a? + be ee 1 
a(b+c) a bic 


cyclic 


However 
a?+be 1 (a—b)(a-c) 


az(b+c) a a%(b+c) 


We use the following generalisation of Schur’s inequality. 


Lemma: Let a,b,c be non-negative real numbers. Suppose a,b,c are three 
positive real numbers such that a >b>cora<b<c. Then 


Proof of Lemma: We may assume that x > y > z. Suppose a > b > cc. Then 
c(z — x)(z — y) > 0. Consider 


a(x — z) — b(y — z) = (ax — by) + z(b—a). 
Since x > y, we see that ax — by > ay — by = y(a — b), so that 
a(x — z) — bly — z) 2 y(a— b) + 2(b— a) = (y— z)(a— b) > 0. 
Multiplying by x — y => 0, we get 
a(x — y)(x — z) + Wy — z)(y—«) 2 0. 


Similarly, we can prove for a < b<c. Therefore the lemma follows. 


Suppose a > b > c. Consider 


a*(b+c) —b*(c +a) = ab(a— b) + c(a +b) (a — b) = (a— b)(at+ b+) >0. 
Hence a?(b+c) > 6?(c +a). Similarly, we prove b?(c + a) > c?(a +b). Hence 


1 1 1 
< < ; 
a2(b+c) ~— bB(c+a)~ (a+b) 


Now the lemma gives 


(a — b)(a—c) 
>» a?(b+c) 3 Pa 0 


This implies the required inequality. 


305. Let a,b,c be non-negative real numbers. Prove that 
4(a® +b? +c?) + Lbabe > (a +b+0)°. 


Solution: Since it is homogeneous in a,b,c, we may take a+b+c=2. The 
inequality reduces to 


a? +B? +03 + 3abe > S > ab. 
sym 
But this is just Schur’s inequality: 
a(a — b)(a—c) + b(b— c)(b— a) + c(c—a)(c— b) > 0. 


306. Let a,b,c be positive real numbers such that a+6+c=1. Prove that 


1 ; 1 1 3 
at++b+e 


T T < . 
bt+eta cétat+b~ atdbte 


Solution: The Cauchy-Schwarz inequality gives 


(a? +b? + ¢7)? < (e*# +b+e)(1+6% +). 


Therefore 
1 1408+ 


a+*+b+c7 (a2+6? 4c?) 


Thus we have 


> 1 Z 1 Ot +e) = 3+ 2(a? sae A 


a4++b+c™7 (a24+b?+¢ (a? + b? 4 c?)? 


cyclic cyclic 


Equivalently, we need to prove 
(3 + 2(a° +b? +.c%))(a+b+c) < 3(a? + 062+ 02)”. 


Introducing p=a+b+c,q=ab+bc+ca and r = abc, this can be written in 
the form 


2 

p(3 + 2p(p* — 2q) + 6r) < (p? _ 2q) ‘ 
Simplification brings this to the form 

(p” — 3q)” + q° — 3p + 2(q° — 3pr) > 0. 
The given condition is 4abe = a+b+c¢+1> 4(abc)!/*. Therefore r > 1. This 
implies that q? — 2p > q? — 3pr. Thus it is sufficient to prove that 

(p* — 3g)” + 3(q° — 3pr) = 0. 
But 
q° — 3pr = (ab + bc + ca)? — 3abe(a +b +c) > 0. 


Hence the result follows. 


307. Let a,b,c be positive reals. Prove that 


1 
a*(b+c)+b4(c+a)+c(a+b) < pp latb+e). 


Solution: We use the transformations p= a+b+c, q=ab+bc+ca and 
r = abc. Observe that 


a‘(b+c)+b(c+a)+c(a+b) = a ®(ab+ac) +b3(bc + ba) + c3(ca + cb) 
= a®(q— bc) +b°(q— ca) +.c7(q — ab) 
= g(a? +b? +c?) —abc(a? +b? +c’) 
= 4(p(p* — 39) + 3r) — r(p* — 2g) 
= q(l—3q) +r(5q— 1). 


Thus we need to prove that 


1 
q(1 — 3q)+r(5qg—-1) < =. 
12 
Using 1 = p? < 3q, we get g < 1/3. If q < 1/5, then r(5q—1) < 0 and 


1 
ql —3q)+r(5q¢—1) <q(l—-3¢q) = 3 oa(1 — 34) 
2 
ees eee ee 
= 3 D) 12 


Suppose g > 1/5 so that + <q< z. Consider the function 
f(q) = 41 — 3g) + r(5q— 1). 


Its derivative is f’(q) = 1—6q+5r. Since pg > 96, we have q > 9r. Hence 


This gives 


308. Suppose a,b,c are positive reals such that ab+ bc + ca = 1. Prove that 


1 b+e 1 1 
+ > 
a+b + cec+a atb+c7 


Solution: Clearing the denominators, the inequality is 


(at+b)(b+e) + (b+ o(cta) + (ctal(a+b) - 1 a5 
(a+ b)(b+c)(c+a) ~ a+tb+e 


We introduce p=a+6+c, q=ab+6bc+ca and r = abc. However, we know 
that 


Using q = ab+ bec + ca = 1, we get the equivalent inequality: 
p’(p—2)+r(2p+1)>0. 

If p > 2, this is obviously true. Suppose p < 2. We use p® — 4pq + 9r > 0. 

Since g = 1, this is just p> — 4p + 9r > 0, or r > (4p — p®)/9. Thus it is enough 

to prove 

2 , (4p—p*) 

9 


(2p +1) >0. 
This reduces to 
—p(p — 2)(p — 1)? > 0. 
Since p < 2, this is true. | 


309. Let a, b,c be positive real numbers such that ab+ bce+ca = 1. Prove that 
Let a bet © chee? 5 
(a+b)? ° (b+c)? © (eta)? ~ 2 


Solution: We homogenise the inequality using ab + bc + ca = 1 and write it 


in th form eit ‘ 242 
5 
S- zs a 2 5 (ab + be + ca). 


cyclic 


This can be written in the form (after some rearrangement of terms) 


fa(b—c)? + fo(c— a)? + fo(a — 6)? > 0, 


where 

ab+ be + ca 
. Se 

f. (b+ c)? 

ab + be + ca 

= = 
to eae? 

a ab + be + ca 
—— (a+b)? © 


We may assume a > b> cso that fa < fo < fc. Moreover 


(c+a)?—(ab+be+ca) c%+(a—b)(at+c) 


fo (c+ a)? (c+ a)? 
Therefore f. > fy > 0. It is easy to check that F-€ > ¢. We also observe that 
b+ be+ ca ab + be + ca 
2S ae ae a +b? (1 
Ufo + Os . (c+ a)? (b+ c) 
_ a(t ala-Y) , o(2+(c+D6-a) 
7 (c+ a)? (b+)? 


= 4 (elaet ceue) + eae? 


Therefore 


fa(b—c)? + fole—a)? + fela—b)? > falb—c)? + fo(e— a)? 


= (0-0) (t+. (Gs J) 


(b—c)? pea SG 


IV 


equality holds if and only if a= b =c=1/V3. a 
310. Let a,b,c,d be non-negative real numbers. Prove that 
ab he ds + abe Sa hare bed ere te eed: 


Solution: This is known as Turkevicius inequality. We may assume that 
a>b>c>d. Let us write 


f(a,b,c,d) =a*+b*+ c++ d* 4+ 2abed 


It is easy to check that 
f(a,b,¢,d) — f(vae, b, Vac, d) = (a — ¢)*((a +e) — (b° +d") > 0. 


Thus f(a,b,c,d) > f(,/ac, b, /ac, d). Hence it is enough to prove that 


f(a,a,a,xz) >0 when a> z. 
But 
f(a,a, a,x) = 304 + x* + 2032 — (304 + 3470”) = 2* + 2a3x — 3072. 
By AM-GM inequality, we have 
x +232 = 2+ +022 4+ a®x > 30722. 


Hence we get f(a,a,a,x) > 0 


311. Let a,b,c be positive real numbers. Prove that 


b 
s8+a+64+c+-4+-4 ca rE >s/ 


(a+ 1)(6+ 1)(c+1) 
Ge bo Co fps ie i 


1+ abc 


Solution: The inequality can be reduced to proving 


1 1 1 a bee 
a+b+c4 tf-+—+-+4+->3 
a b ecb eceioa 


a+b+c+ab+be+ca 
1+ abc ; 


This may be written in the form 
1 2 a 
abc de VO Pot On age dat dD) ab 
cyclic cyclic cyclic cyclic cyclic cyclic 


However we have, 
2 b 2 c 2 a 
a“be+-—->2ab, b*ca+— > 2bc, cab+ = 2 2ca 
Cc a 


and 
1 1 1 
Ges SS 2G, b?a + — > 2b, eb+ 5 2 2c. 
Cc a 


Adding all these, we get the required inequality. a 


312. Let a,b,c be distinct positive real numbers such that abc = 1. Prove that 


a® 
S- Ces > 15. 


cyclic 
Solution: Consider a cubic polynomial whose roots are a,b,c. We get 
P(x) = 2° — px* + qu —r, 


where p=a+b+c, ¢q=ab+bc+ca and r = abc. We observe that 


n b” 


c” eo a”(b—c) 
)* (boa) * (e—ayle—b) pe (a — 6)(b—e)(e-— a) 


cyclic 


a 


(a—b)(a—c 


Let us write 


S, = 3 a"(b—c) 


cyclic 
We have 
g _ a(b—c)+b(e—a) +c(a b) 9 
aa (a—b)(b—c)(c—a) 
Moreover, 


(In fact, we have 


a*(b—c) + O(c —a) + (a —b) = (a7 — ab”) + (6c — ac) + P(a —d) 
= (a — b)(ab— c(a +b) +c?) = —(a — b)(b— c)(c— a). 


Since a, b,c are the roots of P(x) = 0, we have 


a®—pa?+qa—r = 0, 
be — pb?+qb—r = 0, 
&—pe+qe—r = 20; 


Multiply the first by b — c, the second by (c — a) and the third by (a — 6), we 
obtain 


a*(b—c) — pa?(b—c)+qa(b—c)—r(b—c) = 0, 
b?(c — a) — pb?(e— a) + qb(c—a)—r(c—a) = 0, 
c(a — b) — pe?(a — b) + qce(a—b) —r(a—b) = 0. 


Adding all these and dividing the sum by —(a — 6)(b — c)(c — a), we obtain 
S3 — pS2 + q5i = 0. 


Hence 
$3 = 


Now multiply the first by a , the second by b and the third by c and divide 
through out by —(a— b)(b — c)(c — a) to get 


S4 —pS3 + qS2—rS; = 0. 


Hence 
S,=p’ —4q. 


Similarly, we get 
Ss — pSa + qS3 — rS2 = 0, 


or Ss = p(p? — q) —qp +r = p® — 2pq+r. Now we also get 
Se — p55 + qS4—rS3 =0. 
This gives 
Se = p(p? — 2pq+r) — a(p? — q) + rp = p* — 3p*q + 2pr +’. 


We can write it as 
Se = p*(p” — 3q) + 2pr + q?. 


p’ —3q = (a+b+c)? — 3(ab+ be+ ca) = a? +b? +c? — ab— be—ca> 0. 


Se > 2pr +q? = 2abc(a +b +c) + (ab+ be+ ca)? >64+9=15. 


313. Let a,b,c be real numbers such that a? + b? + c? = 1. Prove that 
a+b+c< 2abe+ V2. 


Solution: We have 2ab < a? +b? < a2 +0?4+c? =1. Similarly, 2bc < 1 and 
2ca <1. We have 


2—(a+b+c-— 2abc)* 
= 14+@+?+c?—(a+b+.c) + 4abcla+b+c) — 407b?c" 
= 1-2(ab+be+ca) + 4abe(a + b+ ¢) — 4a7b?c? 
(1 — 2ab)(1 — 2be)(1 — 2ca) + 4a7b?c? > 0. 


It follows that 
(a+b+c-—2abc)? < 


This gives a+b+c¢ < 2abe + V2. Equality holds if and only if one of a,b,c is 
zero and the other two are equal to 1/\/2 each. = 


314. Let a,b,c be positive real numbers. Prove that 


(b+c—a)? 
a? + (b+)? 


(cta—b)? | (a+b—c)? 38 
b+(cta)?  c&+(a+b)2 ~ 5 


Solution: Let us introduce z, y, z by 


b+e ct+a a+b 
t= ? y= ’ a= : 
a b Cc 


Then z, y, z are positive numbers such that xyz = x+y+z+2. The inequality 


7 a iF , WawP GaP 3 


x2+1 y+ +1 75 


Using Cauchy-Schwarz inequality, we obtain 


(@-1P , @-1P | G1, (ety 42-3? 


etl yt 241 7 wtyrt+2243° 


Hence it is enough to prove that 


(x+yt+2z-—3)? = 3 
eet y2+ 22437 5 


This reduces to 


(a+ yt 2)? —15(@ + y+ 2) +3(ey+ yz +22) 4+18>0. 


Substituting « + y+ 2 = vyz—2 and using zy + yz + za > 3(aryz)?/%, it is 
enough to prove that 
r? —19r + 9r2/3 +52 > 0, 


where r = yz. If we substitute u = r!/%, this reduces to 


u® — 19u + 9u? + 52 > 0. 
We check that lhs is factorisable and 
a® —19u? + 9u? +52 = (uw — 2)? (o* + 4u3 + 120? + 130+ 13) > 0. 


This completes the proof. a 


315. Let a,b,c be positive real numbers such that a+b+c=1. Prove that 


rE ne i+y3 i 142 1 1>6. 
a b b c c a 


Solution: Introducing a = xy,b = yz and c= za, we have xy+ yz+z@ = 1. 
Hence we can write 


x= tan >, y=tan 5, a=tan, 


2 
where a, 6,y € (0,7) anda+6++7=7. We observe that 


(yf RES. [age 


{sewer fly? 1 


Ly2z y sin(3/2)- 


Similarly, we can get 


\e-ayt-1 ~ ny’ \e-1y3-1 z TCE 


Thus we need to prove that 


1 1 1 


sin(a/2) ' sin(@/2) * sin(y/2) = 


But AM-HM inequality implies that 


1 1 1 9 
sin(a/2) 7 sin(3/2) sin(y/2) 2 sin(a/2) + sin(8/2) + sin(y/2) 


Hence it is enough to prove that 


gin(o/2) ein /2) + sin) < 7 


This follows from (3.4.10) of chapter 3. 
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Abbreviation 


We have used the following abbreviations in the text. 


AMM 
CRUX 
IMO 
CRMO 


INMO 


— American Mathematical Monthly; 
— Crux Mathematicorum; 
— International Mathematical Olympiad; 


— Central Regional Mathematical Olympiad(this is the 
first level examination for selecting students to rep- 
resent India in IMO); 


— Indian National Mathematical Olympiad(this is the 
second level examination for selecting students to 
represent India in IMO). 
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